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TRANSPORT  PHENOMENA  AND  INTERFACIAL  KINETICS 
IN  MULTIPHASE  COMBUSTION  SYSTEMS 


1.  INTRODUCTION 

The  performance  of  ramjets  burning  slurry  fuels  (leading  to  condensed  oxide  aerosols  and 
liquid  film  deposits),  gas  turbine  engines  in  dusty  atmospheres,  or  when  using  fuels  from  non- 
traditional  sources  (e.g.,  shale-,  or  coal-derived),  depends  upon  the  formation  and  transport  of 
small  particles  across  non-isothermal  combustion  gas  bound^  layers  (BLs).  Even  airbreathing 
engines  burning  "clean"  hydrocarbon  fuels  can  experience  soot  formation/deposition  problems 
(e.g.,  combustor  liner  burnout,  accelerated  turbine  blade  erosion  and  "hot"  corrosion).  Moreover, 
particle  formation  and  transport  are  important  in  many  chemical  reactors  used  to  synthesize  or 
process  aerospace  materials  (turbine  blade  coatings,  optical  waveguides,  ...).  Accordingly,  our 
research  is  directed  toward  providing  chemical  propulsion  systems  engineers  and  materials- 
oriented  engineers  with  new  techniques  and  quantitative  information  on  important  particle-  and 
vapor-mass  transport  mechanisms  and  rates. 

The  purpose  of  this  report  is  to  summarize  our  research  methods  and  accomplishments 
under  AFOSR  Grant  89-0223  (Technical  Monitor:  J.M.Tishkoff)  during  the  2-year  period: 
1  Januaty  1989-31  December  1990.  Readers  interested  in  greater  detail  than  contained  in  Section  2 
are  advised  to  consult  the  published  papers  cited  in  Sections  2  and  5.  Copies  of  any  of  these 
published  papers  (Sections  5. 1,5.2)  or  preprints  (Section  5.3)  can  be  obtained  by  writing  to  the  PI: 
Prof.  Daniel  E.  Rosner,  at  the  Department  of  Chemical  Engineering,  Yale  University,  Box  2159 
Yale  Station,  New  Haven  CT  06520-2159  USA.  Comments  on,  or  examples  of,  applications  of 
our  research  (Section  3.4)  will  be  especially  welcome. 

An  interactive  experimental/theoretical  approach  has  been  used  to  gain  understanding  of 
performance-limiting  chemical-,  and  mass/energy  transfer-phenomena  at  or  near  interfaces.  This 
included  the  further  development  and  exploitation  of  seeded  laboratory  flat  flame  burners  (Section 
2.1),  flow-reactors  (Sections  2.2.5  and  2.3),  and  new  optical  diagnostic  techniques  (Section  2.3). 
Resulting  experimental  rate  data,  together  with  the  predictions  of  asymptotic  theories  (Section  2), 
were  used  as  the  basis  for  proposing  and  verifying  simple  viewpoints  and  rational  engineering 
correlations  for  future  design/optimization  studies. 

2.  RESEARCH  ACCOMPLISHMENTS  AND  PUBLICATIONS 

Most  of  the  results  we  have  obtained  under  Grant  AFOSR  89-0223  can  be  divided  into  the 
subsections  below: 

2.1.  Transport  Properties  of  aggregated  Submicron  Particles: 
Experiments  and  theory 

The  ability  to  reliably  predict  the  thermophoretic  properties  of  isolated  and  aggregated 
flame-generated  particles  (carbonaceous  soot,  AI2O3,  ...)  is  important  to  many  technologies, 
including  chemical  propulsion  and  refractory  materials  fabrication.  In  1989  we  reported 
preliminary  measurements  of  the  thermophoretic  diffusivity  (ajD)  of  flame-generated  submicron 
Ti02(s)  "soot"  particles  using  a  TiCl4(g)-seeded  low  strain-rate  counterflow  laminar  diffusion 
flame  technique  (Gomez  and  Rosner,  1990,  1991).  Inferred  (aTD)-values  based  on  observed 
particle-free-zone  thicknesses,  LDV  measurements  of  Vz<z)  (via  Vr<z»  and  measured 
(thermocouple)  temperature  gradients  were  well  within  7%  of  values  expected  using  Waldmann's 
kinetic  theory  approach /or  an  isolated  dense  spherical  particle.  Similar  conclusions  were  reached 
in  earlier,  rather  different  experiments  on  flame-generated  submicron  "soots",  both  organic  (eg., 
Eisner  and  Rosner,  1985)  and  inorganic  (Rosner  and  Kim,  1984)  even  though  the  soot  "particles" 
in  these  systems  are  heavily  aggregated.  Our  most  recent  theoretical  studies  provide  an  interesting 


explanation  and  confirmation  for  this  remarkable  and  quite  useful  insensitivity  of  (orientation- 
averaged)  cefD  to  aggregate  particle  size  and  morphology,  viz.  addition  of  a  primary  particle  to  an 
aggregate  containing  N  such  spherical  particles  increases  the  thermal  force  and  drag  bv  nearly  the 
same  amount,  and  this  is  true  in  both  Knudsen  number  limits.  Our  results  in  the  near-continuum 
limit  (Knp«l)  are  shown  in  Fig  2.1-1  (Rosner  et.  al.,  1991)  and  even  smaller  departures  from 
unity  are  found  in  the  free-molecule  limit  (  Knp»l ).  In  marked  contrast,  it  should  emphasized 
that  the  Brownian  diffusion-,  inertial-,  and  opflcaZ-properties  of  such  aggregates  are  quite  sensitive 
to  size  (N)  and  morphology.  There  are  many  interesting  consequences  of  these  differences  both  for 
predicting  particle  ^position  rates  and  for  sampling  combustion-generated  aerosols  (Rosner  et.al., 
1991). 

2.2.  Multiphase  Transport  Theory 

2.2.1  Transport  behavior  of  nonspherical  aggregated  particles 

Because  of  the  need  to  accurately  predict  the  Soret  'diffusion'  of  large,  highly  nonspherical 
molecules  (e.g.,  polycyclic  aromatic  soot  precursors  and  large  metal-organic  vapors  used  to 
deposit  thin  films  with  useful  optical  properties)  and  the  thermophoretic  transport  of  nonspherical 
submicron  particles  (e.g.,  long  soot  aggregates)  we  have  continued  our  research  on  predicting  the 
shape-  and  orientation-dependence  of  their  thermal  diffusion  velocities  (Garcia- Ybaira  8c  Rosner, 
1989),  and  photophoretic  velocities  (Rosner,  et.dl.,  1989,  Mackowski,  1990),  including  the 
implications  of  these  effects  for  agglomeration  rates  (Park  and  Rosner,  1989a)  and  combustion 
deposits  formed  from  agglomerated  particles.  Our  recent  theoretical  studies  of  the  transport 
properties  of  asymmetric  two-sphere  aggregates  (see  Fig.2.2-1  and  Mackowski,  1990)  reveal  a 
strong  tendency  for  them  to  align  themselves  with  respect  to  the  local  value  of  grad  Tg,  (tespite  the 
inevitable  randomizing  effects  of  Brownian  rotation  in  a  bath  gas  of  local  temperature  Tg. 
Moreover,  unsymmetrical  binary  aggregates  (eg.  aggregates  comprised  of  two  diferent  size 
spheres,  or  spheres  of  different  thermophysical  or  optical  properties)  are  expected  to  exhibit 
"anomalous"  Brownian  motion,  which  will  probably  render  "dynamic  light  scattering"  (DLS) 
techniques  unreliable  for  such  particles.  Because  particle  size  and  shape  also  affect  Brownian 
diffusivities,  we  initiated  the  development  of  useful  engineering  methods  for  predicting  total  mass 
deposition  rates  from  'coagulation-aged'  distributions  of  suspended  particles  —  inducting  'fractal' 
agglomerates  and  linear  chains  of  uniform  sized  "primary"  spherical  particles  (see,  e.g.,  Rosner, 
1989;  and  Rosner  and  Tassopoulos,  1989,  and  Rosner,  1990)). 

2.2.2  INERTIAL  effects  ON  THE  TRANSPORT  OF  SUBMICRON  PARTICLES  ACROSS  NON- 

ISOTHERJyiAL  BOUNDARY  LAYERS 

Another  important  example  of  the  competition  between  submicron  particle  inertia  and 
particle  thermophoresis  (Park  and  Rosner,  1989b)  has  been  clarified  for  the  case  of  particle-laden 
laminar  boundary  layers  on  surfaces  with  streamwise  curvature,  as  in  the  case  of  combustion 
turbine  blades)  (Konstandopoulos  and  Rosner,  1991).  Even  for  particles  small  enough  to  be 
characterized  by  small  (subcritical)  Stokes  numbers  (Stk«l),  large  inertial  effects  on  convective- 
phoretic  mass  transfer  rates  are  found  when  Stk(Re)*^=0(l). 

In  principle,  thermophOTesis  "alone"  can  also  be  used  to  "clean"  a  dusty  gas  well  below  the 
"inertial  threshold",  especially  if  heat  addition  to  the  gas  is  a  simultaneous  goal.  For  this  reason  we 
calculated  (Park  and  Rosner,  1990)  the  (dimensionless,  stretched)  thickness  of  the  "dust-free" 
layer  adjacent  to  a  hot  wall  toward  which  a  heavily  loaded  submicron  dusty  gas  is  directed.  This  is 
the  same  phenomenon  we  exploit  in  our  counterflow  flame  measurements  of  (aTD)p  (Section  2.1) 
except  these  calculations  were  for  hot  solid  walls  and  included  high  (non-negligible)  particle  mass 
loadings. 
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2.2.3  thermophoretic  effects  on  the  coagulation  dynamics  of 

COMBUSTION-GENERATED  PARTICLES 

Our  recent  studies  of  submicron  particle  migration  in  host-gas  temperature  gradients  and 
radiation  fields  (see,  eg.,  Rosner,  et.  ah,  1991,  Castillo  et.  ah,  1990),  Mackowski,  D.W.,  1990) 
suggest  that  even  spherical  particles  thermally  out  of  equilibrium  with  their  local  host  gas  can 
coagulate  with  particle-particle  encounter  rate  constants  quite  different  from  the  usual  "isothermal" 
Brownian  values.  This  leads  to  unusual  population  dynamics,  including  the  possibility  that  initially 
broad  coagulating  "overheated"  particle  populations  can  become  narrower  than  ordinary  "self¬ 
preserving"  populations.  This  is  illustrated  in  Fig.  2.2-3  (Rosner  et  ah,  1991),  which  shows  the 

predicted  dependence  of  the  (log-normal)  spread  parameter,  Og,  and  geometric  mean  size,  dg,  on 
dimensionless  elapsed  time  for  radiatively  heated  carbonaceous  particles  in  the  near-continuum 
limit.  We  have  also  investigated  the  frequently  occurring  converse  case:  ie.  the  strong  tendency  of 
radiatively  cooled  large  particles  to  grow  still  larger  by  rapidly  "scavenging"  smaller  ones.  Because 
of  the  formal  analogy  between  our  thermophoretically-augmented  Brownian  coagulation  rate 
constant  and  earlier  expressions  derived  for  the  coagulation  of  electrostatically  charged  particles, 
we  anticipate  that  similar  effects  would  be  observed  in  "unipolar"  soot  aerosol  systems. 

2.2.3  ROLE  OF  SOOT  PARTICLE  PHOTOPHORESIS  IN  COMBUSTORS 

WITH  HIGH  RADIATIVE  HEAT  FLUXES 

Small  suspended  particles  can  drift  (exhibit  ’phoresis’)  as  a  result  of  nonuniform  photon- 
induced  particle  heating  in  a  ’host’  gas.  Our  earlier  analysis  (Mackowski,  1989)  of  the 
photophoretic  velocity  of  aerosol  particles  (which  includes  both  the  ’free-molecular’  and  the  more 
important  ’slip-flow'  regimes)  showed  that  photophoresis  can  be  a  significant  transport  mechanism 
for  micron-sized  absorbing  particles  in  high  radiative  transfer  combustion  environments  (see,  e.g.. 
Fig  2.6-1  of  Castillo,  Mackowski  and  Rosner,  1990).  To  demonstrate  this  we  have  predicted 
dimensionless  transport  coefficients  (proportional  to  the  ordinary  Stanton  number  for  mass 
transport)  as  a  function  of  radiative/convective  energy  flux  ratio  and  carbonaceous  particle  size  for 
laminar  boundary  layer  flow  past  a  cooled  solid  surface.  Large  effects  on  the  deposition  rate  of 
intermediate  size  absorbing  particles  (eg.,  between  1  and  10  nucrometers)  were  found  if  the 
radiative  flux  is  comparable  to  or  exceeds  the  OTdinary  (Fourier)  energy  flux.  For  details  the  reader 
should  consult  Castillo,  Mackowski  and  Rosner,  1990. 

2.2.4  'MOMENT  METHODS  FOR  TRANSPORT  PROBLEMS  INVOLVING  PARTICLE  POPULATIONS 

Many  flow  problems  involving  coagulating  and  migrating  particle  populations  can  be  solved 
conveniently  by  derivingAntegrating  a  closed  set  of  differential  equations  for  selected  "moments"  of 
the  particle  size  distribution  (PSD-)function.  This  is  particularly  true  when  the  PSD  shape  is 
relatively  simple  (e.g.,  single  mode  log-normal)  and  does  not  markedly  change  as  a  result  of  the 
participating  phenomena.  One  such  class  of  problems  occurs  in  the  theory  of  aerosol  sampling — i.e. 
correcting  PSD  instrument  data  for  the  systematic  size-dependent  effects  of  wall  losses  and/or 
coagulation  in  the  upstream  sampling  tube.  We  have  recently  shown  that  the  necessary  correction 
factors  can  be  calculated  by  direct  upstream  integration  of  a  closed  set  of  3  moment  equations 
(Rosner  and  Tassopoulos,  1991).  As  a  representative  example.  Fig.  2.2-4  shows  the  correction 
factor  for  total  particle  number  density  as  a  function  of  the  scaled  length  of  the  sampling  system  and 
the  spread  parameter  of  the  aerosol  measured  at  the  instrument  (for  turbulent  gas  flow  in  the  absence 
of  appreciable  coagulation).  These  methods  can  be  readily  generalized  to  include  diabatic  sampling 
tubes,  as  encountered  in  extracting  soot  samples  from  jet  engine  combustors. 

2.2.5  KINETICS  AND  MORPHOLCXIY  OF  CVD-MATERIALS 

A  small  impinging  jet  (stagnation  flow)  reactor  has  been  designed  and  built  for  studying  the 
CVD-rates  of  refractory  films  on  inductively  heated  substrates  (see,  also.  Section  2.2.6  below).  To 
help  understand  the  topography  of  CVD  film  surfaces  in  the  limit  when  thermally  driven  mass 
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transfer  dominates  concentration  diffusion  we  recently  completed  a  linear  stability  theory  (Castillo, 
et.al.,l99l;  jointly  supported  by  NASA-Lewis  RC)). 

2.2.6  VAPOR  PHASE  IGNITION’  IN  CVD  BOUNDARY  LAYERS 

Optimizing  the  growth  rate  and  properties  of  CVD  films  growing  on  heated  surfaces  will 
often  r^uire  reactor  design/flow  conditions  such  that  the  onset  of  external  diffusion  limitations 
approximately  coincides  with  the  onset  of  homogeneous  reactions  within  the  vapor  BL  (Rosner 
et.al.,  1990,  1991).  For  this  purpose,  a  simple  asymptotic  CVD  theory  is  bdng  developed  which 
exploits  the  high  activation  ener^  of  the  homogeneous  reactions. 


2.3  Gasification  Kinetics  of  Solid  Boron  and  Pyrolitic  Graphite 

Because  of  the  energetic  potential  of  boron  as  a  solid  fuel  (or  fuel  additive)  and  the  likely 
role  of  surface  reactions  involving  the  gaseous  oxidant  B203(g)  in  the  processes  of  fine  boron- 
particle  ignition,  combustion  and  extinction,  we  previously  completed  and  have  now  submitted  for 
publication  flow  reactor  measurements  of  the  intrinsic  kinetics  of  the  gasification  of  B(s)  at  surface 
temperatures  between  about  ISOOK  and  21(X)K  (Zvuloni  et.  al.,  1989,  Zvuloni,  1990 ).  While  the 
chemical  propulsion  implications  of  these  measurements  are  emphasized  in  our  AJAA  publication 
(Zvuloni  et.  al.,  1991),  the  experimental  techniques  and  the  mechanistic  implications  of  our  results 
are  emphasized  in  full-length  manuscripts  now  being  prepared  for  /.  Phys.  Chem.  (Zvuloni, 
Rosner  and  Gomez,  1991)  and  for  a  forthcoming  symposium  on  the  combustion  of  boron-based 
solid  fuels  (Gomez  et.  al.,  1991).  As  mentioned  in  our  previous  Final  Report  we  also  completed  a 
preliminary  set  of  measurements  of  the  remarkably  efficient  gasification  of  pyrolytic  graphite  by 
OBOBO(g)  (Zvuloni  et.  al.,  199()c).  These  measurements,  which  have  not  yet  been  supplemented 
or  written  up  for  publication,  will  have  interesting  implications  for  boron-containing  systems  in 
which  are  present  suspended  organic  soot  particles  and/or  pyrolytic  graphite  containment  walls. 


3.  ADMINISTRATIVE  INFORMATION: 

PERSONNEL,  PRESENTATIONS,  APPLICATIONS, 

"COUPLING”  ACTIVITIES 

The  following  sections  summarize  some  pertinent  'non-technical'  facets  of  the 
abovementioned  Yale  HTCRE  Lab/AFOSR  research  program: 

3.1  Personnel 

The  present  results  (Sections  2  and  5)  are  due  to  the  contributions  of  the  personnel  listed  in 
Table  3.1-1.  It  will  be  noted  that,  in  addition  to  the  results  themselves,  this  program  has 
simultaneously  contributed  to  the  research  training  of  a  number  of  students  and  recent  PhDs,  who 
will  now  be  in  an  excellent  position  to  make  future  contributions  to  critical  technologies  oriented 
toward  high-performance  air-breathing  chemical  propulsion,  and/or  high-tech  materials  processing. 
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Table  3.1-1  Summary  of  Research  Participants  on  AFOSR  Grant  :89-0223 
TRANSPORT  PHENOMENA  AND  INTERFACIAL  KINETICS 
IN  MULTIPHASE  COMBUSTION  SYSTEMS 


Name 

Status^ 

Date(s) 

Castillo,!. 

PDRA-VS 

’89,'90 

theory  of  vapor  condens.  in  BLs 

Collins,!. 

GRA 

'89,'90 

CVD  of  ceramic  coatings 

Garcia- Ybarrad*. 

PDRA-VS 

•89,'90' 

kinetic  theory  of  theimophoresis 

Gomez,  A. 

PDRA-I 

'89, '90 

meas.  of  particle  transp.  props. 

Konstandopoulos,A.Gf.GRA 

'89,'90 

thermophoresisAnertia  coupling 

Labowsky,M. 

VS 

'89,’90 

method  of  images  calculations 

Mackowski,D.W. 

PDRA 

'89,'90 

aggregates,  photophoresis 

Rosner,  D.E. 

PI 

'89,'90 

program  direction-Xport  theory/exp 

Tassopoulos,M.-}- 

GRA 

89,’90 

aggregate  particle  deposition 

a  PDRA=Post-doctoral  Research  Asst  GRA^ 

-  Graduate  Research  Assistant 

I  =  Instructor  PI  =  Principal  Investigator  VS  =  Visiting  Scholar 
b  See  Section  5  for  specific  references  cited  in  text  (Section  2) 
f  PhD  work  expected  to  be  complete  by  mid  '91 


3.2  Cooperation  with  USA>Industry 

The  research  summarized  here  was  supported  by  AFOSR  under  Grant  89-0223  (completed 
31  December  1990).  During  this  two  year  period  the  Yale  HTCRE  Laboratory  has  also  been  the 
beneficiary  of  smaller  grants  from  U.S.  corporations,  including  GE,  Textron-Lycoming,  DuPont, 
SCM-Chemicals,  Babcox  and  Wilcox,  Shell  and  Union  Carbide,  as  well  as  the  feedback  and 
advice  of  scientists/engineers  from  each  of  these  corporations  and  Combustion  Engineering  (now 
ABB).  We  appreciate  this  level  of  collaboration,  and  expect  that  it  will  accelerate  inevitable 
applications  of  our  results  in  areas  relevant  to  their  technological  objectives  (see,  also.  Section  3.4, 
below). 

3.3  Presentations  and  Research  Training 

Apart  from  the  publications  itemized  in  Section  5  and  our  verbal  presentations  (of  progress) 
at  regular  AFOSR  Contractors  Meetings  (including  the  Boron  Workshop),  our  results  have  also 
been  presented  at  annual  conferences  of  the  following  professional  organizations: 

AAAR  Combustion  Inst. 

AIChE  Fine  Particle  Society 

ASME  Electrochemical  Soc. 

MRS  IHTC-9(Intersociety) 

In  addition,  during  the  period:  1/1/89  -12/31/90,  seminars  have  been  presented  at  the  following 
Universities: 

Princeton  UNED-Madrid  Technion  (Haifa) 

In  all,  a  total  of  20  talks  were  given  by  Yale-HTCRE  people  based  in  part  on  the  results  of  this  2- 
year  research  program. 

This  program  involved  the  PhD  dissertation  research  of  two  graduate  students 
(A.G.Konstandopoulos  and  M.  Tassopoulos;  cf.  Table  3.1-1)  expected  to  complete  their  degree 
requirements  in  1991,  and  one  (J.  Collins)  expected  to  complete  his  work  (jointly  sponsored  by 
NASA-Lewis  RC)  in  1992. 


3.4  Known  Applications  of  Yale-HTCRE  Lab  Research  Results 

It  has  been  particularly  gratifying  to  see  direct  applications  of  some  of  this  AFOSR- 
supported  particle  and  vapor  mass  transfer  research  and  high  temperature  interfacial  kinetcs 
research  in  more  applications-oriented  investigations  reported  in  recent  years.  Indeed,  the  writer 
would  appreciate  it  if  further  examples  known  to  the  reader  can  be  brought  to  our  attention. 

The  Pi's  transport  textbook/ treatise  (Rosner,1986,1988,1990)  entered  its  third  reprinting  in 
1990,  indicating  sustained  worldwide  interdisciplinary  interest.  As  noted  in  the  preface,  much  of 
the  presentation  of  combustion-related  topics  is  the  result  of  the  author's  OSR  sponsored  research 
on  these  (or  closely  related)  subjects. 

Our  earlier  AFOSR-  and  NASA-  sponsored  studies  of  O-  and  N-atom  recombination  on 
thermal  protection  system  surfaces  and  incomplete  energy  accommodation  (for  a  review,  see,  eg., 
Halpem  and  Rosner(1982))  have  apparently  bwn  playing  a  significant  role  in  recent  EEC  (Hermes 
vehicle),  Russian  (Buran),  and  Japanese  R&D  on  glide  re-entry  vehicles  (Dr.  C.D  Scott  of  NASA- 
Johnson  Space  Center,Houston  TX  77058  is  familiar  with  Aese  recent  applications  as  well  as 
relevant  follow-on  studies  at  NASA).  Likewise,  our  earlier  studies  of  the  chemical  attack  of  SiC  by 
O-  and/or  N-atoms  are  evidently  being  used  to  help  interpret  recent  arejet  materials  response 
measurements  at  NASA-Johnson  Space  Center  (D.M.CurryXOur  results  on  the  chemical  attack  of 
boron  by  OBOBO(g)(see  Zvuloni  et.  al.  (1991)  have  been  recently  incorporated  in  mathematical 
models  of  boron  particle  ignition/combustion/extinction  (Aerodyne  Corp.,  Princeton  Univ., 
UCSD). 

Our  new  results  on  the  thermophoretic  properties  of  aggregated  soot  particles  (Section 
2.2.1)  strengthens  considerably  the  basis  of  "thermophoretic  sampling",  already  widely  used  in  the 
combustion  research  community  (based  on  our  earlier  studies  (Eisner  and  Rosner(1985),  and 
Dobbins  and  Megaridis(1987))  as  a  supplement  to  'optical'  meAods  (including  dynamic  light 
scattering),  whose  inteipretation  is  complicated  by  aggregation  effects. 

Further  explicit  examples  are  provided  in  work  at  MIT,  and  Sandia  CRF,  both  groups 
having  incorporated  our  rational  correlation  of  inertial  particle  impaction  (e.g.  a  cylinder  in  cross- 
flow)  in  terms  of  an  effective  Stokes  numbe.  (Israel  and  Rosner,  1983,  Rosner,  1986).  This 
concept  has  also  proven  useful  to  correlate  inertial  impaction  in  external  supersonic  flows  and 
internal  flow  fixed  bed  filters. 

We  were  also  pleased  to  recently  learn  (letter  dated  1  August  1989)  about  applications  of 
our  earlier  AFOSR  and  DOE-supported  research  (on  the  correlation  of  inertial  impaction  by 
cylinders  in  crossflow)  by  the  National  Engineering  Laboratory  (NEL)  of  Glasgow,  Scotland 
(Contact;  Dr.  Andrew  Jenkins).  NEL  is  apparently  developing  mass-transfer  prediction  methods 
applicable  to  waste-heat  recovery  systems,  as  well  as  pulverized  coal-fired  boilers. 

In  the  area  of  alkali  sulfate  vapor  deposition  in  combustion  turbine  systems  additional 
applications  of  our  predictive  methods  (for  "chemically  frozen"  and  LTCE  multicomponent  laminar 
boundary  layers)  are  being  made  by  British  Coal  Corporation-Power  Generation  Branch, 
Cheltenham,  England  (Dr.  J.  Duxbury,  LFantom  contacts)  in  connection  with  their  topping  cycles 
which  will  run  gas  turbines  on  the  products  of  fluidized  b^  coal  combustors/gasifiers. 

Our  recent  work  on  Soret-transport  effects  in  CVD  systems  (see,  eg.,  Rosner(1980)  and 
our  follow-on  studies  on  the  prediction  of  transport-shifted  CVD  "phase  diagrams")  promise  to  be 
of  use  to  AF  contractors  producing  fibers  for  high  performance  composite  materials. 

Clearly,  other  fruitful  opportunities  for  applications  of  our  recent  mass  transfer/interfacial 
kinetics  research  now  exist  in  many  R&D  programs  currently  supported  by  the  US  Air  Force. 
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4.C0NCLUSI0NS 


In  the  OSR-sponsored  Yale  HTCRE  Lab  research  during  1989  and  1990,  briefly  described 
above,  we  have  shown  that  new  methods  for  rapidly  measuring  vapor-  and  particle-mass  transfer 
rates  ,  combined  with  our  recent  advances  in  mass  transport  theory,  provide  useful  means  to 
identify  and  incorporate  important,  but  previously  neglected,  mass  transpon  phenomena  in  many 
propulsion  engineering  and  materials  engineering  design/’optimization  calculations. 

Despite  formidable  complexities  to  be  overcome  in  the  design  and  operation  of  power 
plants  utilizing  a  broad  spectrum  energetic  fuels  the  abovementioned  techniques  and  results 
(Section  2)  are  indicative  of  the  potentially  useful  simplifications  and  generalizations  which  have 
emerged  from  our  present  fundamental  AFOSR-funded  research  studies  of  combustion-generated 
particle  transport  mechanisms  and  interfacial  reactions.  It  is  hoped  that  this  report  and  its 
supporting  (cited)  papers  will  facilitate  the  refinement  and/or  incorporation  of  some  of  the  present 
ideas  into  design  and  test  procedures  of  greater  generality  and  reliability.  This  woric  has  also  helped 
identify  new  directions  where  research  results  would  have  a  significant  impact  on  future 
engineering  practice. 
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ABBREVIATIONS 


BL 

boundary  layer 

CVD 

chemical  vapor  deposition 

DLS 

dynamic  light  scattering 

HTCRE 

High  Temperature  Chemical  Reaction  Engineering  (Lab) 

Knp 

LBL 

Knudsen  number  (based  on  particle  dimension) 
laminar  boundary  layer 

LDV 

laser-Doppler  velocimetiy 

LTCE 

local  thermochemical  equilibrium 

MIPES 

microwave-induced  plasma  emission  spec'TOSCopy 

CK  ) 

order  of  magnitude  (  ) 

Pr 

Prandtl  number  (of  host  gas  mixture) 

TBL 

turbulent  boundary  layer 

Re 

Reynolds  number 

Sc 

Schmidt  number  based  on  particle  Brownian  diffusivity 

Stk 

Stokes  number  based  on  particle  stopping  time 

R&D 

research  and  development 

PI 

principal  investigator 

PSD 

particle  size  distribution 

QE 

quasi-equilibrium 

VCE 

vapor/condensate  equilibrium 
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Fig  2.1-1  Predicted  normalized  thermophoretic 
diffusivity  of  aggregates  containing  N-primary 
spheres;  near-continuum  limit,  conductivity  ratio=0.1 
(after  Rosner  er.a/,  1991) 


temperoture  streom  function 


Fig.2.2-1  Predicted  isotherms  and  streamlines  in  the 
vicinity  of  an  asymmetric  two-sphere  aggregate  with 
identical  radiative  properties  but  a  size  ratio  of  2 
(kg/kp=0.1,  Knp«l)  (after  Mackowsld,1990) 
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Fig  2.2-3  Predicted  evolution  of  soot  PSD  parameters 
for  coagulating  populations  of  carbonaceous  spherical 
particles;  effects  of  particle  "overheating"  in  the  high 
pressure  limit  (after  Mackowski  et  a/., 1991.  Rosner 
et.al.  1990) 


Fig.2.2-4  Effect  of  size-dependent  particle  losses  to 
the  walls  of  an  upstream  sampling  tube;  correction 
factors  to  be  appM^  to  measur^  total  particle  number 
densities  using  a  tube  of  rescaled  L/d.  (For  turbulent 
gas  flow  in  both  particle  Knudsen  number  limits) 
(after  Rosner  and  Tassopoulos,1991) 
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containing  N  primary  particles  is  usually  within  about  8%  of  the  (a,  f7), -value  for  a  single  “primary"  sphere 
in  the  frec-moleculc  regime  and  within  about  21%  in  the  continuum  limit.  Among  other  things,  this  implies 
that,  especially  in  the  frce-moleculc  regime,  thermophorctically-dominated  transport  rates  can  be  adequately 
predicted  mrliuiii  a  detailed  knowledge  of  the  size  and  morphology  (-distribution)  of  the  aggregated 
particles  or  the  nature  of  gus/particic  surface  scattering,  which  is  definitely  not  the  case  for  particle  transport 
by  Brownian  diffusion  or  inertial  drift  (sce.e.g.,  Rosner,  1991).  This  result  also  implies  that  thermophoretic 
particle  sampling  from  "low  pressure"  flames  (Dobbins  and  Megaridis,  1987)  does  not  itself  introduce  a 
significant  bias  in  the  relative  populations  of  various  sampled  aggreBate  sizes  and  morphologies. 
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(Kccfh  ctl  Novemher  26,  1990:  in  final  form  May  14^1991) 

Abstract — There  is  now  convincing  theoretical  and  experimental  evidence,  assembled  and  discussed  here, 
for  the  remarkable  insensitivity  of  the  orientation-averaged  fhcrnioplioreiic  properties  of  aggregated 
particles  to  aggregate  size  and  structure  (morphology),  as  well  as  the  nature  of  gas/surface  scattering. 
Indeed,  theoretical  consideration  of  straight  chains,  and  uniformly  “packed"  quasi-spherical  agglomerates, 
as  well  as  recent  experimental  data  on  soot  aggregate  transport  in/from  laminar  flames  at  atmospheric 
pressure,  indicates  that  the  orientation-averaged  thermophoretic  dilTusivity,  <Oy£)>yv,  of  an  aggregate 
containing  N  primary  particles  is  usually  within  about  8%  of  the  (a,  i)), -value  for  a  single  “primary"  sphere 
in  the  frec-molecule  regime  and  within  about  2 1  %  in  the  continuum  limit.  Among  other  things,  this  implies 
that,  especially  in  the  frce-molcculc  regime,  thcrmophorctically-dominated  transport  rates  can  be  adequately 
predicted  nithoiit  a  detailed  knowledge  of  the  size  and  morphology  (-distribution)  of  the  aggregated 
particles  or  the  nature  of  gas/particlc  surface  scattering,  which  is  definitely  not  the  case  for  particle  transport 
by  Brownian  diffusion  or  inertial  drift  (see,  e.g.,  Rosner,  1991).  This  result  also  implies  that  thermophoretic 
particle  sampling  from  “low  pressure"  flames  (Dobbins  and  Megaridis,  1987)  docs  not  itself  introduce  a 
significant  bias  in  the  relative  populations  of  various  sampled  aggregate  sizes  and  morphologies.  As  a 
corollary,  local  gas  temperature  and  soot  volume  fraction  estimates  based  on  mass  transfer  rates-  or 
thermocouple  rc.sponsc-mcthods  (Eisner  and  Rosner.  1985,  1986)  will  be  negligibly  influenced  by  the 
inevitably  uncertain  sizes  and  morphologies  of  the  prevailing  soot  agglomerates.  Since  the  optical  proper¬ 
ties  {e  g..  cfTcclivc  cross-sections  for  light-scattering  and  extinction)  of  soot  aggregates  are  now  known  to 
be  size-  and  structure-temiV/ve  (Mackowski,  1987,  1988,  Dobbins,  Santoro,  and  Semerjian,  1990.  Dobbins 
and  Megaridis,  1991))  we  anticipate  that  the  drag  vs.  thermal  force  “compensation"  effects  that  produce 
<a^D>-values  in^cmtiiive  to  aggregate  size  (N),  and  structure,  and  the  nature  of  gas  moleculelsurface 
scattering  will  find  important  R  &  D  applications  for  many  systems  in  which  agglomeration  occurs.  It  is 
also  concluded  that  thermophoretic  means  would  not  be  useful  to  rapidly  separate  various  asymmetric 
particle  morphologies  unless  orientation-averaging  is  suppressed,  perhaps  using  external  fields  (E,  B). 

Key  word.r:  Soot,  aggregated  particles,  mass  transport,  thcrmojlDresis,  agglomerates;  Brownian  diffi'sion. 

1  INTRODUCTION 

In  many  technologies,  including  those  involving  organic-  and  inorganic  “soot”  pro¬ 
duction  in  combustors,  fine  suspended  particles  are  formed  by  chemical  reactions 
and/or  the  physical  nucleation  of  vapors,  yet  coalescence  rates  are  unable  to  compete 
with  the  inevitable  coagulation  rates,  leading  to  highly  “aggregated”  particles  (see, 
e.g.,  Ulrich  el  al.,  1977,  1982,  Megaridis  and  Dobbins,  1990).  These  aggregates  are 
comprised  of  much  smaller  "primary”  particles,  frequently  themselves  highly  spheri¬ 
cal  and  remarkably  “monodispersed”  (narrow-spread  in  primary  particle  diameters). 
The  simultaneous  presence  of  many  aggregate  sizes  and  morphologies  evidently 
complicates  the  task  of  predicting  the  evolution  and  transport  of  such  “particles”, 
including  their  deposition  or  capture.  It  also  complicates  the  research  task  of  measur¬ 
ing  their  numbers  and  characteristics,  especially  in  situ  using  optical  techniques  (see, 
c.g;  Dobbins,  Santoro,  and  Semerjian,  1990).  The  purpose  of  this  paper  is  to  point 
out  that  whereas  the  Brownian  diffusion-,  inerlial-and/or  optical  properties  of  such 
aggregates  are  indeed  quite  sensitive  to  aggregate  size  and  morphology,  the  thermo- 
plwrctic^^erf/e^  of  such  particles  (i.c.,  their  migration  behavior  in  reponse  to  an 
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imposed  temperature  gradient  in  the  gas  phase)  are  remarkably  insensitive  to 
aggregate  size  and  morphology,  with  rather  important  research  and  technological 
implications  briefly  discussed  below. 

The  situation  will  be  seen  to  be  particularly  striking  in  the  free-molecule  limit 
where,  for  example,  it  is  known  that  an  aggregate  containing  100  primary  particles 
would  necessarily  have  an  orientation-averaged  Brownian  diffusion  coefficient  <Z);v> 
less  than  4.6®/o  (  =  (100)“^'’)  that  of  the  primary  sphere,  and  <£>w>  could  itself  easily 
differ  by  nearly  an  order  of  magnitude  depending  upon  the  aggregate  morphology 
{e.g.,  linear?,  quasi-spherical,  fractal-like?,  .  .  .)  (see,  e.g.,  Rosner,  1990,  Rosner  et  al., 
1991).  In  contrast,  we  show  below  that  the  orientation-averaged  thermophoretic 
diffusivity  (^arD}fj  defined  by  the  drift  velocity  expression; 

=  <a,£>>^(-grad  T;)/?;,  (1) 

is  within  about  8%  of  the  value  for  an  isolated  “primary”  sphere  in  the  same  gaseous 
environment  for  all  aggregate  sizes  (designated  via  the  integer  index  N  for  the  number 
of  primary  particles  in  the  linear  aggregate).  The  underlying  reason  for  this  will  be 
seen  to  reside  in  the  similar  way  in  which  both  the  net  thermal  force  and  the  aggregate 
drag  depend  upon  aggregate  size  and  morphology.  This  approximate  “cancellation” 
of  size-  and  morphology-effects  also  occurs  in  the  near-continuum  (high-pressure-) 
limit,  but  to  a  somewhat  smaller  extent.  In  the  discussion  below  we  consider  both 
Knudsen  number  limits  {Kn  1  and  Kn  >  1),  bearing  in  mind  that  future  research 
will  be  necessary  to  better  characterize  the  transport  behavior  of  such  aggregates  in 
the  more  difficult  “transition”  regime  (intermediate  Knudsen  numbers). 


2  EVIDENCE  FOR  THE  SIZE-  AND  STRUCTURE-INSENSITIVITY 
OF  <ar£>>^ 

While  admittedly  incomplete,  there  is  already  convincing  evidence,  both  theoretical 
and  experimental,  for  the  insensitivity  of  to  both  aggregate  size,  N,  and 

morphology,  especially  in  the  free-molecule  limit  and  (to  a  somewhat  smaller  extent) 
in  the  near-continuum  limit.  The  evidence  is  briefly  reviewed  in  each  of  the  sub¬ 
sections  below.  For  additional  details  the  reader  is  directed  to  the  specific  references 
cited  (Section  5). 

2.1  Chain-like  {Elongated)  Particles  in  the  Free- Molecule  Limit 

In  free  molecule  flow  the  insensitivity  of  particle  thermophoretic  transport  to  particle 
structure  can  be  considered  separately  under  two  different  viewpoints;  size  and  shape 
effects.  First,  because  thermal  as  well  as  resistance  forces  are  both  proportional  to  the 
particle  cross-section,  this  factor  cancels  and  the  induced  thermophoretic  velocity 
does  not  depend  on  particle  size  {i.e.,  mean  cross-section).  Second,  although  non- 
spherical  particles  exhibit  differential  cross-sections  depending  on  each  particular 
orientation,  these  shape  effects  almost  cancel  out  when  averaged  over  all  possible 
orientations  attained  by  the  non-spherical  particles  due  to  Brownian  rotation.  As  a 
consequence,  the  orientation-averaged  thermophoretic  velocity  is  only  weakly  depen¬ 
dent  on  particle  morphology  due  to  these  shape  effects.  Detailed  calculations  have 
been  carried  out  recently  for  sphero-cylindrical  particles  by  Garcia-Ybarra  and 
Rosner  (1989).  Their  results  concerning  the  particle  aspectrratio  dependence  are 
summarized  and  discussed  briefly  in  the  following. 
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Focusing  attention  only  in  the  resistance  and  thermal  forces  acting  on  a  sphero¬ 
cylindrical  particle  (/.c.,  a  cylinder  of  length  L  and  radius  R  with  hemispherical  caps 
on  both  ends)  moving  with  velocity  V  relative  to  a  carrier  gas  subjected  to  a  tem¬ 
perature  gradient  grad  7"^,  the  total  force  on  the  particle  can  be  written: 

F  =  —  yJlnmkgTii  •  •  V  +  •  grad  In  Tg),  (2) 

where  A/,,  m  and  v  are  the  local  molecular  number  density,  the  molecular  mass  and 
the  kinematic  viscosity  of  the  carrier  gas,  respectively,  kg  is  the  Boltzmann  constant 
and  Tg  the  common  absolute  temperature.  The  dimensionless  thermal  force  matrix  ^ 
and  the  resistance  matrix  when  referred  to  the  principal  symmetry  axis  of  the 
sphero-cylinder,  are  found  to  be 


*^11  —  *^22 

+ 

11 

(3) 

=  ^  —  a 

(4) 

II 

II 

- 

(5) 

=  ■r„  +  oj. 

(6) 

=  0,  (/  J).  (7) 

Here  a  is  the  diffuse  reflection  fraction  of  the  impinging  molecules.  The  subscript  3 
refers  to  the  coordinate  axis  along  the  sphero-cylinder  and  the  subscripts  1,  2  to  the 
other  orthogonal  axes  on  the  normal  plane.  The  quasi-steady  thermophoretic  velocity 
of  the  particle  is  obtained  by  equating  the  components  of  F  to  zero  in  Eq.  (2).  Thus, 

\j  =  -  3v  •  gradln  r,,  (8) 

which  shows  that  does  not  depend  on  particle  cross-section  (particle  size)  and  that, 
in  general,  and  grad  T,  will  have  different  directions.  By  averaging  over  all  particle 
orientations  (assuming  equiprobability  in  the  absence  of  a  net  torque)  we  obtain 

<Vr>  =  -  (^v)  i  •Trace(^'' •^)gradlnr,  (9) 

Note  that  the  proportionality  factor  can  be  identified  with  the  orientation-averaged 
product  of  the  binary  thermal  diffusion  factor  ocy-and  the  Brownian  diffusion 

coefficient  D,  by  analogy  with  the  equivalent  result  of  kinetic  theory  of  gases  for  a 
quasi-Lorentzian  gas  of  spheres  (Mason,  1957;  Waldmann  and  Schmitt,  1966)  where 

=  4(1  taitlfy 


Then, from  Eq.  (9)  we  can  write 


[^T^]sph 


1  -E  07r/8 


3 


(11) 
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FIGURE  I  Predicted  thermophoretic  properties  of  straight  chain-like  particles  in  the  free-molecule 
(Kn  P  I)  limit,  with  diffuse  reflection  {a  —  I)  at  the  gas/particle  interface  (after  Garcia-Ybarra  and 
Rosner,  1989). 


Through  the  LjR  dependence  of  the  diagonal  components  of  09  and  ^  this  relation 
summarizes  the  shape  (aspect-ratio)  effects.  Remarkably  enough,  because  of  the 
appearance  of  ^j/^.j-ratios,  numerical  computations  show  that  over  the  entire  range 
of  LjR  values,  the  maximum  departures  from  the  spherical  value  correspond  to  a  =  1 
and  are  less  than  8%.  Figure  1  displays  our  results  for  the  normalized  values  of 
ioLrDy  as  a  function  of  the  modified  aspect  ratio  parameter  =  1  -f  {LjlR).  Also 
shown  are  the  values  of  this  thermophoretical  factor  for  frozen  Brownian  rotation 
when  grad  is  directed  along  the  sphero-cylinder,  (aLjD)p„,  =  (3/4)v,^33/^33,  and 
when  it  is  directed  perpendicularly,  (arZ?)^.,  =  (3/4)v,^,i/^i,. 

By  way  of  contrast,  for  the  case  of  the  Brownian  diffusion  coefficient,  we  have 

</?>  =  k,Tib\  (12) 

where  the  orientation-averaged  mobility  {by  is  obtained  exclusively  from  the  inverse 
resistance  matrix  '  as 


{by  =  {Np nR-  yjlnmkg T)  '-^Tracef^  ') 


(13) 
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Equations  (12)  and  (13)  show  the  strong  inverse  proportional  dependence  of  <Z)>  on 
mean  particle  cross  section  for  a  sphero-cylinder. 

Denoting  the  mobility  of  a  sphere  of  radius  R  as; 


3 

8  +  nn’ 


(14) 


then: 

^sph  —  (^5) 

and  the  corresponding  orientation-averaged  Brownian  diffusion  coefficient,  Eq.  (12) 
can  be  written 


</)>  8  -F  on  /  2  1  \ 

A,„  9  V-^..  ^33/’ 


(16) 


Introducing  the  abovementioned  values  of  .^,i  and  dtyj  we  therefore  obtain** 


Numerical  estimates  from  Eq  (7)  show  that  in  practical  situations  (with  a  =  ])  (D) 
for  a  sphero-cylinder  of  length  L  falls  off  rapidly  as  LjR  increases  (because  of  the 
(^,.)-'  terms).! 


2.2  Particle  Chains  and  Quasi- Spherical  Aggregates  in  the  Near-Continuum  Limit 

In  the  near-continuum  flow  regime  {Kn  (based,  say,  on  the  inverse  of  the  maximum 
load  surface  curvature)  1)  the  thermophoretic  motion  of  a  particle  of  arbitrary 
shape  can,  in  principle,  be  obtained  through  solution  of  the  diffusion  (conduction) 
equation  for  the  fluid  and  particle  temperature,  and  the  creeping  flow  equations  for 
the  fluid  velocity  (see,  e  g.,  Happel  and  Brenner,  1965,  and  Kim  and  Karrila,  1990). 
The  boundary  conditions  for  these  equations  must  account  for  the  temperature  and 
tangential  velocity  “jumps”  at  the  surface  of  the  particle,  due  to  the  inevitable 
presence  of  a  Knudsen  sublayer,  and  the  thermal  “creep”  slip  flow  at  the  surface 
arising  from  a  local  tangential  temperature  gradient  in  the  gas  (see,  e.g.,  Rosner, 
1989a). 

For  certain  particle  surfaces  conforming  to  an  orthogonal  coordinate  system,  exact 
solution  of  the  equations  is  possible.  For  example,  Leong  (1984)  investigated  the 


•This  expression  corrects  misprints  appearing  in  the  corresponding  equation  of  Garcia- Ybarra  and  Rosner 
(1989). 

tit  is  interesting  to  note  that  this  fall  off  is  such  that  the  product  of  <D>  and  the  orientation-averaged  cross 
section.  irR^l  +  (E/2/?)],  remains  nearly  constant  (to  within  about  25%).  However,  this  approximate 
dependence  on  orientation-averaged  cross-section  fails  for  small  values  of-o.  In  fact,  for  o  =  0  the 
cylindrical  part  would  move  freely  along  its  axis  of  revolution  and,  if,  in  addition,  L//?  -*  oo,  this  is  the 
only  allowed  direction  of  motion.  Yet,  the  diffusion  coelhcient  does  not  diverge  (nor  vanish)  but  reaches 
a  constant  value  equal  to  one  third  of  due  to  the  hemispherical  caps  at  the  cylinder  ends. 
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thermophoretic  behavior  of  prolate  and  oblate  spheroids  in  the  continuum  {Kn  =  0) 
limit  and  aligned  parallel  to  the  temperature  gradient.  Williams  (1987)  utilized  the 
bispherical  coordinate  system  to  formulate  the  thermophoretic  behavior  of  a  pair  of 
identical  spheres.  An  alternative  solution  of  the  two-sphere  aggregate  problem  was 
obtained  by  Mackowski  (1990),  through  use  of  a  coupled  spherical  harmonic  techni¬ 
que.  The  general  conclusions  of  these  investigations  is  that  the  thermophoretic 
velocity  of  an  elongated  particle,  when  compared  to  that  of  a  sphere,  is  greater  when 
the  temperature  gradient  is  parallel  to  the  long  axis  of  the  particle,  and  less  when  the 
gradient  is  perpendicular  to  this  axis.  Orientation  averaging  thus  produces  an  “effec¬ 
tive”  thermophoretic  diffusivity  that  is  not  significantly  different  than  the  volume- 
equivalent  sphere  diffusivity. 

Determination  of  the  thermophoretic  behavior  of  more  complicated  particles  than 
spheroids  or  binary  aggregates  would  provide  more  insight  into  the  structure  sensitiv¬ 
ity  of  the  thermophoretic  diffusivity.  A  particular  type  of  particle  that  occurs  fre¬ 
quently  in  nature,  yet  allows  for  a  tractable  mathematical  analysis,  is  an  aggregate  of 
several  spheres.  Solution  of  the  conduction  and  creeping  flow  equations  for  such 
structures  can  be  accomplished  using  an  extension  of  the  coupled  spherical  harmonics 
solution.  Details  of  the  formulation  will  be  published  in  a  separate  paper  (Mackowski, 
1991),  and  are  simply  outlined  here. 

The  analysis  is  based  on  the  fact  that  solutions  in  the  spherical  coordinate  system 
to  the  conduction  and  creeping  flow  equations  can  be  expressed  as  infinite  series 
involving  spherical  harmonics.  Specifically,  the  fluid  temperature  and  velocity  fields 
that  satisfy  these  respective  equations  and  vanish  at  finite  distance  from  the  origin  can 
be  written  as 

T,  =  i  i  9, (18) 

ss  0  ni  =  -  n 

=  Z  Z  0,  (j)} 

n  ^0  rti  —  -  n  v. 

-I-  b„,„  e,  0)  -  -  1)  ^ 

+  X  [r//„,„<r,  (?,  (^)]|,  (19) 

where  u„„{r,  0,  4>}  denotes  the  solid  spherical  harmonic; 

=  ^-<''^'>/7<cos(?>e"”^  (20) 

The  expansion  coefficients  a„,„,  b„„,  c„,„  and  d„„  are  specified  upon  application  of  the 
boundary  conditions  to  the  solutions. 

The  governing  differential  equations  and  boundary  conditions  are  linear,  so  a 
solution  valid  for  a  configuration  of  N  spheres  can  be  assembled  from  the  super¬ 
position  of  individual  solutions  written  in  spherical  coordinates  about  the  origin  of 
each  sphere.  Added  to  this  solution  is  the  external  field  (if  any)  imposed  upon  the 
spheres,  such  as  a  temperature  gradient  in  the  fluid.  For  the  particular  problem  at 
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hand,  ihc  solution  can  thus  be  written 

7;  =  vro-r  +  X  (21) 

I 

V  =  +  £  y/(r„0, (22) 

l>l 

To  formulate  the  boundary  conditions  on  the  surface  of  sphere  /,  the  “partial” 
solutions  written  about  all  the  other  spheres  in  the  configuration  must  be  transformed 
into  solutions  written  in  spherical  harmonics  about  i.  This  can  be  accomplished 
through  use  of  an  addition  theorem  for  solid  spherical  harmonics,  which  can  be 
written  in  the  form 

<cost?,>e‘'"">  =  X  t  ^7r'P/<cos0,>e’**',  ^  r,,  (23) 

/«0  *-  -It 

where  the  addition  coefficient  Al'P  is  dependent  only  upon  the  distance  and  direction 
of  translation  from  sphere  j  to  /. 

By  substituting  the  addition  theorem  into  the  series  expressions  for  the  partial  field, 
truncating  the  series,  and  applying  the  boundary  conditions  at  each  sphere,  a  linear 
relationship  among  the  field  expansion  coefficients  can  be  obtained.  This  relationship 
will  be  of  the  general  form 


o’  +t  =  r,  (24) 

where  a'  represents  the  vector  containing  the  field  coefficients  (either  (aj„„,  b'„„,  c‘„„)  or 
T-"  is  a  "translation”  matrix  from  origin  j  to  /,  and  f  contains  the  boundary 
condition  and  external  field  information.  Equation  (24)  written  for  each  of  the  N 
spheres  forms  a  complete  system  of  linear  equations  for  the  field  coefficients,  which 
can  be  solved  using  appropriate  iteration  or  elimination  techniques. 

Complete  description  of  the  thermophoretic  behavior  of  the  sphere  configuration 
begins  with  the  solution  of  the  temperature  field  for  a  given  external  temperature 
gradient.  This  solution  then  supplies  the  thermal  slip  boundary  condition  in  the 
creeping  flow  problem.  The  thermophoretic  force  and  torque  acting  on  each  sphere, 
and  the  agglomerate  as  a  whole,  are  obtained  directly  from  the  degree  n  =  1  expan¬ 
sion  coefficients  in  the  velocity  field  representations.  The  fluid  resistance  properties  of 
the  aggregate  are  characterized  from  the  solution  of  the  velocity  expansion  coefficients 
with  boundary  conditions  representing  aggregate  motion  and  rotation  in  the  fluid. 

The  thermophoretic  behavior  of  two  basic  types  of  aggregates  have  been  investi¬ 
gated  using  this  formulation  for  the  work  presented  here,  namely,  straight  chains  and 
relatively  dense,  randomly  packed  clusters.  Results  of  the  computations  are  sum¬ 
marized  in  Figure  2,  in  which  Oj-D,  calculated  for  continuum  {Kn  =  0)  conditions 
and  normalized  with  the  value  of  a  single  primary  sphere,  are  plotted  vs  the  number 
of  spheres  in  the  aggregate,  N.  The  ratio  of  the  particle  and  gas  thermal  conductivities, 
kjkf,,  was  taken  to  be  0.1  for  all  calculations.  Straight  chain  results  are  given  for  a 
gas  temperature  gradient  parallel  and  perpendicular  to  the  chain  axis,  and  the  random 
cluster  results  represent  the  average  values  computed  for  ten  different  configurations. 
The  solid  fraction  of  the  clusters,  based  on  the  smallest  sphere  completely  enclosing 
the  cluster,  was  between  0.25  and  0.35. 
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FIGURE  2  Predicted  thermophoretic  properties  of  linear-  and  quasi-spherical  aggregated  particles 
containing  N  primary  particles  in  the  continuum  {Kn  1)  limit;  thermal  conductivity  ratio  =  0.1  (after 
Mackowski,  1991). 


As  expected,  the  parallel  component  of  the  chain  aj-D  is  greater  than  the  perpen¬ 
dicular  component.  In  the  limit  of  infinite  chain  length,  the  parallel  and  perpendicular 
components  asymptote  to  approximately  twice  and  two-thirds  the  value  of  a  single 
sphere,  respectively.  The  random-orientation-averaged  value 


'par 


prr 


(25) 


is  thus  around  10%  larger  than  the  single  sphere  etj^D.  The  iocrDy  values  for  the 
random  clusters,  on  the  other  hand,  are  approximately  20%  smaller  than  the  single 
sphere  results  for  large  N. 

It  should  be  cautioned  that  in  many  environments  asymmetrical  aggregates  will  be 
formed  and  the  assumption  of  random  orientation  may  not  be  valid.  Recent  investi¬ 
gations  (Mackowski  (1990),  Rosner  et  al.  (1990))  have  indicated  that,  for  small 
aggregates  of  non-identical  spheres,  thermophoresis  can  result  in  an  orienting  torque 

counteraCTmg  tendency  of^rowniftn  rDtanon7XonseqViently7(“r^)w  for  a  chain 
aggregate  could  be  somewhat  larger  than  the  random-orientation  value  given  above 
(c/.  also.  Figure  1,  2;  curves  marked  “parallel  orientation”).  However,  for  dense, 
quasi-spherical  aggregates,  thermophoretic  alignment  will  have  a  less  significant  effect 
on  <arZ)>/v. 
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2.3  Experimental  Evidence 

In  several  experimental  studies  of  organic  soot  deposition  on  cooled  targets  (see,  e.g., 
Eisner  and  Rosner,  1986,  Makel  and  Kennedy,  1990)  from  atmospheric  pressure 
flames,  it  has  been  reported  that  the  thermophoretically  deposition  dominated 
absolute  deposition  rates  were  in  agreement  (say,  jfe  10%)  with  thermophoretic  dif- 
fusivities  estimated  from  Waldmann  kinetic  theory  for  small  spherical  particles.  From 
our  present  viewpoint  it  is  significant  that  this  agreement  occurs  despite  the  fact  that 
the  soot  prevailing  in  these  flames,  and  being  captured,  was  extensively  aggregated. 
Moreover,  in  very  recent  experimental  studies  of  the  thickness  of  thermophoretically 
induced  "dust-free”  zones  in  TiCl^-seeded  laminar  CH4-N2-OJ  counterflow  diffusion 
flames  (Gomez,  and  Rosner,  1990)  it  was  concluded  that  the  TiOj  particles  have 
<aj-Z)>/v-values  within  about  7%  of  the  Waldmann  (single  sphere,  Kn  1)  values. 
While  the  implications  of  this  noteworthy  agreement  were  not  really  addressed  in  any 
of  these  papers,  we  now  believe  that  the  explanation  lies  in  the  insensitivity  of 
to  aggregate  size,  N,  and  morphology,  which  is  the  focus  of  this  communication. 

2.4  Analogies  from  the  Electrophoresis  of  Colloidal  Particles  in  Liquid  Electrolytes 

In  the  domain  of  colloidal  particle  phoresis  in  visous  fluids  (see,  e.g.,  Anderson,  1989) 
a  noteworthy  and  interesting  “precedent”  is  the  electrophoretic  drift  of  a  "large” 
insulating  particle  in  an  unbounded  Newtonian  electrolyte.  M.  Smoluchowski  in  1914 
derived  an  expression  for  the  electrophoretic  velocity  of  an  isolated  spherical  solid 
particle  subjected  to  an  imposed  electrical  field,  and  proposed  that  the  result  would 
hold  for  an  insulating  body  of  arbitrary  size  and  shape  provided  that  the  fluid  sublayer 
of  nonzero  net  charge  (the  Debye  sheath)  adjacent  to  the  surface  is  small  on  the  scale 
of  the  local  radii  of  surface  curvature.  This  conjecture  was  supported  by  D.  C.  Henry 
in  1931,  who  also  treated  cylinders,  and  finally  proven  by  Morrison,  1970.  Under 
these  same  conditions,  Reed  and  Morrison,  1976,  showed  that  two  identical  spheres 
will  move  with  the  same  velocity  as  one  isolated  sphere  at  all  interparticle  separations 
and  orientations  relative  to  the  electric  field.  Very  recently,  Acrivos,  et  al.,  1990,  have 
proven  that  a  "cloud”  containing  N  identical  spherical  particles  of  arbitrary  con¬ 
centration  but  surrounded  by  an  infinite  expanse  of  particle-free  liquid  will  move  at 
the  same  velocity  as  a  single  isolated  spherical  particle.  Moreover,  these  results  also 
carry  over  to  the  surface-tension  driven  migration  of  bubbles  or  immiscible  liquid 
droplets  in  a  non-isothermal  Newtonian  host  liquid.  Indeed,  from  our  present  view¬ 
point  it  is  interesting  that  the  abovementioned  analyses  are  based  on  the  nonzero  “slip 
velocity”  at  the  outer  edge  of  the  Debye  sheath  induced  by  the  local  electrical  field, 
which  plays  a  role  similar  to  the  “thermal  creep”  velocity  appearing  in  the  near¬ 
continuum  analysis  of  isolated  particle  thermophoresis  in  gases  (see,  e.g.,  Brock,  1962 
and  Mackowski,  1990,  1991).  While  it  should  be  noted  that  aggregate  particles 
comprised  of  touching  spheres  evidently  do  not  satisfy  the  abovementioned  local 
radius  of  curvature  condition,  these  liquid  phase  "precedents”  help  explain  the 
remarkable  insensitivity  we  find  of  <arZ)>/v  to  size  and  morphology  for  aggregates 
comprised  of  primary  quasi-spherical  particles  in  non-isothermal  gases  at  /fn  <  1. 

3  ENGINEERING  IMPLICATIONS 
3. 1  Deposition  Rate  Predictions 

We  have  already  noted  (Section  2.3)  that  actual  soot  deposition  rates  from  atmos¬ 
pheric  pressure  combustion  gases  to  cooled  solid  targets  can  be  predicted  with 
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remarkable  accuracy  using  the  thermophorclic  difTusivity  expected  for  the  primary 
particles  themselves,  even  though  the  actual  soot  aggregate  sizes  and  morphologies 
are  non-uniform  and  complex.  Indeed,  the  insensitivity  of  aggregate  <arZ?)  to  size 
and  morphology  dramatically  simplifies  the  task  of  making  engineering  predictions  of 
soot  deposition  rates  from  flowing  combustion  gases,  at  least  up  to  the  level  of  shear 
stress  necessary  to  cause  deposited  particle  “re-entrainment”  (Makelt  and  Kennedy, 
1990)  or  the  inability  of  an  arriving  particle  to  “find  a  stable  home”  in  the  deposit 
(Konstandopoulos  and  Tassopoulos,  1990,  1991).  It  is  now  well  known  that  thermo- 
phoretically  dominated  particle  deposition  rates  from  laminar  boundary  layers 
(Goren,  1977,  Gokoglu  and  Rosner,  1984,  1986,  Batchelor  and  Shen,  1985)  and 
turbulent  boundary  layers  (see,  e.g.,  Rosner  and  Fernandez  de  la  Mora,  1982)  are 
nearly  proportional  to  the  product  <arZ)>,  unless  the  mainstream  particle  loading  is 
appreciable  (Rosner  and  Park,  1988).  Thus,  the  abovementioned  size/structure  insen¬ 
sitivity  of  the  <ar£)>-value  for  aggregated  particles,  especially  in  the  free-molecule 
limit  but  even  in  the  near-continuum  limit,  translates  directly  into  an  insensitivity  of 
soot  deposition  rates  to  the  aggregate  size/morphology  distribution  in  the  gas  main¬ 
stream.  In  contrast,  from  our  previous  comments  about  the  Brownian  difTusivity 
<Z),v>  itself,  and  the  fact  that  convective-diffusion  deposition  rates  are  nearly  propor¬ 
tional  to  in  lightly-loaded  systems,  it  follows  that  one  can  not  make  accurate 

predictions  of  convective  diffusion-controlled  soot  deposition  rates  {e.g.,  in  nearly 
isothermal  circumstances)  without  a  detailed  knowledge  of  the  size-  and  morphology- 
distribution  of  the  prevailing  aggregated  particles  (see,  e.g.,  Rosner,  1991,  and  Rosner 
et  al.,  1991).  This  size/morphology  sensitivity  will  also  be  true  in  flow  systems  for 
which  particle  inertia  plays  an  important  role  in  determining  deposition  rates,  as  in 
the  case  of  the  flow  of  a  particle-laden  high  speed  fluid  over  solid  bodies  with 
streamwise  curvature  (Israel  and  Rosner,  1983,  and  Konstandopoulos  and  Rosner, 
1990)  or  even  turbulent  flows  over  straight  surfaces  (see,  e.g.,  Rosner  and  Tassopoulos, 
1989).  This  follows  from  the  Einstein  relationship:  <Z)p>  =  {k^Tlmp)'(^ti,'),  where 
</^>  is  the  (orientation-averaged)  particle  stopping  time,  which  plays  a  decisive  role 
in  determining  the  extent  of  dynamical  non-equilibrium  between  the  suspended 
particles  of  mass  m^,  and  the  accelerating/decelerating  carrier  fluid  at  local  tem¬ 
perature  T  (see,  e.g.,  Rosner,  1986,  1990). 

Returning  to  the  case  of  thermophoretically-dominated  aggregate  deposition  (the 
focus  of  the  present  paper),  it  should  be  noted  that,  whereas  total  mass  deposition 
rates  can  be  accurately  estimated  without  a  detailed  knowledge  of  the  aggregate 
size/morphology  distribution,  it  will  not  be  possible  to  predict  the  deposit  microstruc¬ 
ture  (and,  hence  all  microstructurally  sensitive  transport  properties,  including  the 
effective  thermal  conductivity)  without  this  additional  information  (Tassopoulos, 
O’Brien,  and  Rosner,  1989). 

3.2  Capture  Efficiency  Variations  in  Soot  Particle  Sampling 

On  the  plausible  assumption  that  particle  capture  efficiency  variations  would  be  much 
smaller  for  thermophoretic  sampling  than  for  capture  by  Brownian  diffusion  or 
inertial  impaction,  Dobbins  and  Megaridis,  1987  have  recently  exploited  and  recom¬ 
mended  this  “intrusive”  technique  as  an  indispensable  aid  in  studying  soot  dynamics 
in  hydrocarbon/air  flames.  They  also  indicated  that  their  observed  morphology 
distributions  were  insensitive  to  probe  size.  The  transport  evidence  assembled  and 
discussed  here  confirms  their  basic  assumptions  and  indicates  that  relative  popula¬ 
tions  of  soot  aggregates  as  seen  on  a  lightly  loaded  cold  electron  microscope  target 
cannot  be  very  different  from  the  relative  aggregate  populations  existing  in  the 
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combustion  gas  stream  being  samples,  especially  for  atmospheric-  or  subatmospheric- 
pressyre  flames.  In  the  near-continuum  limit  our  recent  results  for  the  modest  size  and 
morphology  dependence  of  <0^0)  (Figure  2,  Section  2.2)  combined  with  thermo- 
phoretic  capture  theory  (see,  e.g.,  Eisner  and  Rosner,  1986)  would  begin  to  allow 
systematic  corrections  to  be  made  for  the  associated  capture  efficiency  variations  in 
the  thcrmophoretic  sampling  process  at  higher  pressures. 

3.3  ShelStructiire  Insensitivity  of  <ar^)  Compared  to  Size  I  Structure  Sensitivity 
of  Aggregate  “Optical”  Properties 

Non-intrusive  “optical”  diagnostic  techniques  based  on  polarized  light  scattering 
and/or  extinction  arc  on  firm  ground  in  regions  where  the  primary  particles  are 
spherical,  homogeneous,  widely  separated  and  say,  log-normally  distributed  with 
respect  to  size.  However,  in  regions  where  the  particles  are  extensively  aggregated  the 
interpretation  of  extinction  and  light  scattering  data  becomes  problematic,  as  recently 
demonstrated  by  Dobbins,  Santoro,  and  Semerjian,  1990.  These  authors  compared 
inferred  soot  area/volume-values  based  on  the  isolated  sphere  theory  and  a  sinTplified 
quasi-fractal  aggregate  theory,  revealing  local  differences  of  about  a  factor  of  three, 
and  much  larger  differences  in  the  corresponding  inferred  soot  growth/oxidation 
rales. 

Using  transient  thermocouple  response  techniques  Eisner  and  Rosner,  1986 
demonstrated  that  in  regions  free  of  extensive  “vapor  growth”  or  heterogeneous 
oxidation  (gasification)  the  laws  of  thermophoresis  could  be  used  to  infer  local  soot 
volume  fractions  (and,  indirectly,  local  gas  temperatures)  independent  of  assumptions 
regarding  particle  size  spectra  or  optica)  properties.  It  now  becomes  clear  that 
such  local  “immersion”  methods  are  largely  independent  of  the  size/morphology  of 
inevitable  soot  aggregates  present  in  these  regions,  adding  considerably  to  their 
attractiveness.  Nonetheless,  it  is  likely  that  combinations  of  optical  techniques  with 
careful  sampling  techniques  will  be  necessary,  and  continue  to  bear  fruit. 

3.4  Consequences  for  “Dust -Free  Zone"  Thickness  and  Brownian  Sublayer 
Thickness 

A  corollary  of  the  findings  discussed  above  is  that  the  state  of  soot  aggregation  will 
not  appreciably  influence  the  boundary  position  of  the  so-called  “dust  free”  zone  near 
a  hot  solid  surface  (Park  and  Rosner,  1987,  1991,  Friedlander  era/.,  1988)  or  diffusion 
flame  “sheet"  (Gomez  and  Rosner,  1991).*  However  the  thickness  and  internal 
structure  of  such  a  “front”,  being  dictated  by  the  (distribution  of)  Brownian  diffusivi- 
ties,  will  change  appreciably  with  the  degree  of  aggregation.  Put  another  way,  if  one 
were  trying  to  separate  soot  aggregates  of  different  sizes  and  morphologies,  thermo- 
phoretic  means  (without  asymmetrical  particle  orientation  using  electric  and/or  mag¬ 
netic  fields)  would  not  be  particularly  effective.  The  results  shown  in  Sections  2. 1-2.2, 
however,  indicate  that  thcrmophoretic  separation  of  orien/ednonspherical  aggregated 
particles,  e.g.  straight  chains,  remains  feasible,  and  would  be  most  effective  in  the 
near-continuum  (high  pressure)  limit. 


•Zachariah  rt  at  (1989),  appear  to  conclude  from  their  optically  interred  silica  particle  diameter  axial 
profiles  that  there  is  a  broad  spectrum  of  thcrmophorctically  determined  particle  stagnation  planes, 
spanning  over  a  I  mm  distance  depending  upon  particle  size.  This  interpretation  seems  to  us  to  be  unlikely 
for  the  Knudsen  numbers  ((Xl))  encountered  in  their  silane-seeded  hydrogen/oxygen  experiments. 
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3.5  Conjccliircs  Regarding  Polydispcrscd  Primary  Particles,  Tangential  Momentum 
Accommodation,  Particle  Thermal  Conductivity,  and  Intermediate  Knudsen 
numhers 

While  the  size  distribulion  of  the  primary  particles  is  quite  narrow  in  many  laminar 
systems  with  negligible  backmixing  (see,  e.g.,  Megaridis  and  Dobbins,  1990),  in 
general  one  might  find  that  the  primary  particles  comprising  the  aggregates  are 
themselves  “polydispersed”.  This  kind  of  spread  is  known  to  influence  the  drag 
behavior  of  linear  chains  of  quasi-spherica!  primary  inorganic  particles-^ndeed,  Kops 
ct  ai,  1975  and  G.  Kasper,  1982  have  provided  empirical  formulae  allowing  this  effect 
to  be  included  in  the  estimation  of  linear  chain  aggregate  capture  by  convection- 
Brownian  diffusion  or  inertia.  However,  from  the  aggregate  themophoresis  results 
discussed  in  this  paper  for  several  important  morphologies  we  conjecture  that 
for  aggregates  comprised  of  nonuniform  size  quasi-spherical  particles  will  also  be 
insensitive  to  the  spread  of  the  primary  particle  size  distribution  function,  especially 
in  the  free-moleculc  limit.  If  confirmed  by  future  research  this  feature  will  further 
simplify  the  engineering  prediction  of  aggregate  particle  deposition  rate^n  non- 
isothermal  systems  characterized  by  broad  distributions  of  residence  times. 

Our  recent  results  for  the  free-molecule  limit  (Garcia-Ybarra  and  Rosner,  1989) 
also  suggest  that  the  abovementioned  size/structure  insensitivity  will  be  further 
improved  when  tangential  momentum  accommodation  is  incomplete  upon  gas/solid 
encounters  with  the  primary  particles.  Indeed,  we  found  that  (.a^D)  is  independent  of 
sphero-cylinder  particle  aspect-ratio  for  the  case  of  purely  “specular”*  gas  molecule 
reflection.  While  the  factors  that  determine  the  scattering  properties  of  primary 
particle  surfaces  are  not  yet  well  understood  (see,  c.g.,  the  recent  paper  of  Schaefer 
and  Martin,  1989),  it  appears  that  departures  from  the  diffuse  reflection  limit  will 
favor  the  size/structurc  insensitivity  of  {(XtD').  In  the  near-continuum  limit,  the  same 
can  be  said  for  the  effects  of  increasing  particle  thermal  conductivity  (Mackowski, 
1991). 

Finally,  while  we  have  not  yet  studied  the  intermediate  Knudsen  number  regime, 
from  the  well-known  size  dependence  of  the  single  sphere  aj-ZJ-value,  we  expect  that 
sufficiently  “compact”  aggregates  will  have  <arZ)>-values  which  fall  off  appreciably 
with  N.  However,  it  can  be  conjectured  that  sufficiently  “open”  or  elongated  aggre¬ 
gates  will  probably  also  have  A^-insensitive  <arZ)>-values  even  when,  say,  the  gas 
mean-free-path  is  comparable  to  the  aggregate  radius  of  gyration. 


4  CONCLUSIONS,  FUTURE  WORK 

Our  recent  calculations  for  a  variety  of  canonical  aggregate  particle  configurations 
3nd  available  experiments  on  soot  transport  from/in  flames  point  to  the  following 
important  simplification  in  treating  the  migration  of  aggregated  particles  through 
noni^thermal  gases;  Due  to  a  near-cancellation  between  incremental  thermal  force 
and  incremental  drag  the  orientation-averaged  thermophoretic  dijfusivity  of 

aggregates  comprised  of  N  uniform  sized  primary  particles  is  remarkably  insensitive  to 
aggregate  size,  N,  and  morphology,  being  within  about  8%  of  the  value  for  a  single 
primary  particle  in  the  frcc-molectde  limit  and  within  about  21%  of  the  value  for  a  single 


‘Since  Wakimann's  result  for  a  single  spherical  particle  contains  the  factor  [I  +  (na„„„/8)]' '  it  is  known 
that  thermophoretic  velocities  for  the  case  of  no  tangential  momentum  accommodation  (specular  reflec¬ 
tion)  are  greater  than  for  the  case  of  complete  tangential  momentum  accommodation  (“diffuse"  reflection) 
by  the  factor  of  only  (1  -t-  (n/8))  =  1  .3927 
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primary  panicle  in  the  continuum  limit.  It  is  reasonable  to  expect  that  this  result  will 
also  hold  if  the  primary  particles  are  themselves  not  uniform  in  size,  and  even  in  the 
Knudsen  transition  regime  unless  the  primary  particles  are  “tightly  packed”.  It 
follows  that  the  reported  size/morphology  insensitivity  of  will  often  allow 

sufficiently  accurate  engineering  predictions  of  total  mass  deposition  rates  (Rosner, 
1989)  to  cooled  targets  based  only  on  a  knowledge  of  the  total  soot  volume  fraction 
in  the  mainstream;  moreover,  our  present  conclusions  support  the  efficacy  of  thermo- 
phoretic  soot  sampling  methods  (sec,  e.g.,  Dobbins  and  Megaridis,  1987)  and  thermo¬ 
phoresis-based  probes  of  local  soot  volume  fraction  and  gas  temperature  (Eisnef  and 
Rosner,  1986),  as  well  as  the  inefficiency  of  aggregate  size/morphology  separation  by 
thermophoretic  means  unless  the  aggregates  are  asymmetrical  and  orientation¬ 
averaging  {via  Brownian  rotation)  can  be  prevented. 

Future  research  will  be  necessary  to  better  define  the  limits  of  validity  of  these 
conclusions  and  conjectures,  and  extend  the  presently  cited  calculations  to  include 
other  important  aggregate  morphologies  and,  ultimately,  intermediate  Knudsen 
numbers. 
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An  investigation  into  the  phoretic  behavior  arising  from  thermal  slip  of  an  asymmetrical  aerosol 
particle  in  thermal  nonequilibrium  with  the  carrier  gas  is  presented.  The  asymmetrical  particle  is  modeled 
as  an  aggregate  of  two  spheres  unequal  in  size  and/or  composition,  with  gas/particle  thermal  nonequi- 
librium  arising  from  radiative  transfer  between  the  particle  and  an  isotropic  background.  The  particle 
and  gas  conduction  equations  and  the  creeping  flow  equation  are  solved  for  the  binary  sphere  system 
using  a  spherical-harmonics-based  method.  In  high  temperature  ( e.g.,  combustion )  environments,  results 
indicate  that  the  thermal  slip  forces  arising  from  radiative  cooling  of  an  asymmetric  aggregate  tgn  lead 
to  significant  phoretic  velocities.  The  velocity  is  body-fixed,  i.e.,  directed  along  the  aggregate  axis,  and 
in  the  absence  of  alignment  forces  the  aggregate  motion  is  stochastic.  The  "efFective"  diffusion  resulting 
from  this  motion  can  be  orders  of  magnitude  larger  than  ordinary  Brownian  diffusion  for  a  volume- 
equivalent  sphere.  Conventional  thermophoresis,  resulting  from  a  temperature  gradient  in  the  bulk  gas, 
can  act  to  align  the  aggregate  axis  with  the  temperature  gradient.  Under  these  conditions,  the  body-fixed 
motion  of  the  aggregate  will  become  deterministic,  and  can  lead  to  a  considerable  increase  or  decrease 
in  the  “apparent”  thermophoretic  diffusivity  of  the  aggregate,  e  iwo  Acniemic  Pit».  inc. 
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hydrodynamic  force 
bulk  gas  temperature  gradient 
nth  moment  of  dimensionless 
internal  heat  source  distribu¬ 
tion  within  a  sphere 
thermal  conductivity 
Boltzmann's  constant 
Knudsen  number  =  l/a 
pressure 
Pcclet  number 
Legendre  function 
particle  thermal  energy  genera¬ 
tion  rate 
radial  position 

sphere  separation  distance,  =fli 

+  02 

temperature 

y  component  of  hydrodynamic 
torque 

velocity  at  sphere  surface 
gas  velocity  vector 
particle  velocity 
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A'mn,  Ymn.  vclocitv  boundaiA'  condition  ex- 

Zmn  pansion  coefficients 

Zc  center  of  hydrodynamic  stress 

ax  thermophoretic  diffusivity  factor 

t  emissivity 

tp  azimuth  angle 

6  polar  angle 

ij  gas  dynamic  viscosity 

^  stream  function 

K  gas /particle  thermal  conductivity 

ratio 

p  cos  6 

V  gas  kinematic  viscosity 

p  gas  density 

a  Stephan-Boltzmann  constant 

ff,  tangential  stress  vector 

f  dimensionless  radial  position, 

=rla 

Suhscripis 

b  body-fixed 

env  radiation  environment 

g  gas 

p  particle 

rot  rotational 

T  thermal  slip,  thermoporetic 

V  translational  component 

.v,  V.  r  cartesian  components 

r,  0,  <f  polar  components 

a'  rotational  component 

0  local  ambient 

1  INTRODUCTION 

While  its  remarkable  consequences  are  of¬ 
ten  overlooked,  a  temperature  gradient  along 
a  macroscopic  solid  surface  can  result  in  a 
“slip”  flow  of  a  gas  adjacent  to  that  surface  in 
the  direction  of  the  gradient  ( 1 ) .  This  phe¬ 
nomenon.  known  as  “thermal  slip.”  was  first 
identified  by  Maxwell  in  1879  in  his  expla¬ 
nation  of  the  “radiometer”  effect  (2).  In  the 
realm  of  aerosol  research,  thermal  slip  over 
particles  in  the  near-continuum  Knudsen 
number  limit  is  responsible  for  the  transport 
mechanisms  of  thermophoresis  and  photopho¬ 
resis.  In  the  former  mechanism,  the  temper¬ 
ature  gradient  along  the  surface  of  the  aerosol 
particle  is  provided  by  a  gradient  in  the  bu’k 


gas,  whereas  in  the  latter  the  surface  temper¬ 
ature  gradient  arises  from  the  nonuniform  ab¬ 
sorption  of  radiation  within  the  particle. 

Not  surprisingly,  most  mathematical  anal¬ 
yses  of  thermophoresis  (3-5)  and  photopho¬ 
resis  (6-8)  have  proceeded  from  a  set  of  ap¬ 
parently  reasonable  simplifying  assumptions 
concerning  the  phenomena.  Foremost  among 
these  has  been  the  assumption  of  an  isolated 
spherical  particle.  Of  course,  “real”  aerosol 
particles  are  seldom  perfect  spheres,  yet  the 
mathematical  difficulties  associated  with  even 
moderately  nonspherical  objects  (e.g.,  ellip¬ 
soids)  are  formidable.  Indeed,  for  many  im¬ 
portant  properties  associated  with  aerosol 
particles,  e.g.,  mobility  and  radiative  extinc¬ 
tion,  shape  asymmetry  typically  contributes 
only  higher  order  effects,  and  the  particle  can 
be  considered  an  “equivalent”  sphere  having 
an  “effective”  diameter. 

However,  thermo-  and  photophoresis 
(combined  here  into  the  term  thermal-pho¬ 
resis)  are  essentially  related  to  an  asymmetry 
property  of  the  particle — namely,  the  asym¬ 
metry  in  the  gas  temperature  distribution  ad¬ 
jacent  to  the  particle.  For  spherical  particles 
with  radii  considerably  larger  or  smaller  than 
the  gas  mean-free-path,  one  can  derive  the 
general  relationship 

V  =:  const  •  I  Tjt  (r  =  o,  0)cos  0d0 
Jo 

=  const  •(T'^cos  e),  [1] 

where  I  is  the  thermal-phoretic  velocity  of  the 
particle  and  Tg  is  the  gas  temperature  extrap¬ 
olated  to  the  gas/solid  surface.  The  asymmetry 
factor  {Tgcos  0}  typically  arises  from  an 
asymmetry  in  the  external  field — either 
through  a  temperature  gradient  in  the  bulk 
gas  or  from  an  anisotropic  distribution  of  ra¬ 
diant  intensity  incident  upon  the  particle. 

Intuitively,  thermal-phoretic  motion  could 
also  be  significantly  affected  by  particle  asym¬ 
metry.  For  example,  the  uniform  addition  or 
removal  of  thermal  energy  (through  chemical 
reactions  or  radiative  absorption  or  emission ) 
will  produce  no  phoretic  motion  for  spherical 
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particles — because  the  bulk  temperature  of  the 
particle  would  be  raised  or  lowered  with  re¬ 
spect  to  the  gas  yet  no  tangential  temperature 
gradient  would  be  generated  at  the  particle 
surface.  However,  for  asymmetrical  particles 
this  action  could  result  in  a  nonzero  surface 
temperature  gradient.  The  asymmetrical  par¬ 
ticle  would  thus  experience  a  phoretic  motion 
even  in  the  absence  of  asymmetry  in  the  ex¬ 
ternal  field.  An  interesting  and  important  fea¬ 
ture  of  this  motion  is  that  its  direction  is  de¬ 
pendent  upon  the  orientation  of  the  particle, 
i.e.,  body-fixed,  as  opposed  to  space-fixed  mo¬ 
tion  encountered  in  “conventional”  thermo¬ 
phoresis  and  photophoresis  (9).  The  existence 
of  such  effects  has  indeed  been  recently  ob¬ 
served  in  a  series  of  experiments  by  Rohat- 
schek  (9),  who  concluded  that  the  photo- 
phoretic  force  on  nonspherical,  irregularly 
shaped  particles  was  significantly  greater  than 
that  predicted  for  spherical  particles. 

The  general  purpose  of  this  paper  is  to  pre¬ 
dict  the  consequences  of  aerosol  particle  shape 
asymmetry  on  thermal-phoretic  motion  in  the 
near-continuum  flow  limit.  Specifically,  the 
behavior  of  an  aggregate  of  two  nonidentical 
spheres  is  investigated  under  the  conditions  of 

( 1 )  a  linear  temperature  gradient  in  the  bulk 
gas  (conventional  thermophoresis)  and  (2) 
particle/gas  thermal  nonequilibrium.  This 
particular  model  of  the  aerosol  particle  was 
chosen  because  it  represents  a  commonly  oc¬ 
curring  shape  (such  as  agglomerated  soot),  yet 
allows  for  a  tractable  mathematical  analysis. 

2.  MATHEMATICAL  MODEL 

To  simplify  the  mathematical  analysis  and 
yet  retain  the  essential  features  of  the  problem, 
the  following  assumptions  are  made: 

( 1 )  The  aggregate  is  in  thermal  nonequi¬ 
librium  with  the  gas  through  radiative  transfer 
from  the  aggregate  to  an  isotropic  background. 
The  radiation  transfer  is  modeled  through  a 
volumetric  thermal  energy  generation  rate  ly, 
defined  for  each  sphere.  In  addition,  each 
sphere  is  taken  to  be  homogeneous  in  its  ther¬ 
mophysical  properties,  and  the  ratio  of  the 


thermal  conductivities  between  the  gas  and  the 
spheres  is  much  less  than  unity. 

( 2 )  A  steady  temperature  gradient  may  ex¬ 
ist  in  the  bulk  gas.  Thermophysical  properties 
of  the  gas  are  constant.  ' 

(3)  The  Knudsen  numbers  characterized 
by  the  gas  environment  of  the  spheres,  Kn, 
and  Knj,  are  each  significantly  less  than  unity, 
so  that  the  thermal  and  fluid  dynamic  analyses 
of  the  particle  can  be  approached  from  a  con¬ 
tinuum  viewpoint  with  jump-  and  slip-cor¬ 
rected  boundary  conditions. 

(4)  Both  the  Peclet  and  the  Reynolds 
numbers  of  the  spheres  are  small.  Conse¬ 
quently,  energy  and  momentum  convection 
compared  to  diffusion  can  be  neglected.  In  ad¬ 
dition,  the  spheres  and  gas  are  taken  to  be  in 
a  quasi-steady  state. 

(5)  The  area  of  contact  between  the  two 
spheres  is  infinitesimal,  and  heat  transfer  be¬ 
tween  the  spheres  occurs  solely  through  gas- 
phase  conduction. 

The  thermophysical-mathematical  model 
defined  above  is  admittedly  a  simple  one,  and 
several  of  the  approximations  and  assump¬ 
tions  can  be  readily  disputed.  For  example, 
the  validity  of  a  near-continuum  analysis  is 
questionable  in  the  regions  between  the  two 
spheres  close  to  the  point  of  contact.  Further¬ 
more,  there  will  always  be  some  direct  heat 
transfer  across  the  contact  area  of  the  spheres. 
Nevertheless,  our  goal  is  to  develop  a  model 
which  is  both  representative  of  the  key  features 
of  the  phenomena  under  investigation  (viz., 
particle/gas  thermal  nonequilibrium  and 
shape  asymmetry)  and  yet  simple  enough  to 
utilize  analytical  mathematical  techniques. 

Exact  solutions  of  the  conduction  and 
creeping-flow  equations  for  two  neighboring 
spheres  can  be  obtained  in  the  bipolar  coor¬ 
dinate  system  (10-12).  This  technique,  how¬ 
ever,  is  limited  to  two  panicles  and  would  thus 
block  our  future  plans  to  extend  the  analysis 
to  multiparticle  systems.  Therefore,  the  math¬ 
ematical  technique  used  here  involves  a 
spherical-harmonics-based  analysis  similar  to 
the  “method  of  reflections”  developed  by 
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Happel  and  Brenner  (13)  for  low  Reynolds 
number  hydrodynamic  interactions  between 
two  spheres,  and  the  “coupled  spherical  har¬ 
monics”  method  developed  by  Jeffrey  ( 14)  for 
solution  of  Laplace’s  equation.  Realizing  that 
the  equations  are  linear,  solutions  valid  for  the 
two-sphere  system  can  be  obtained  from  su¬ 
perposition  of  solutions  in  spherical  coordi¬ 
nates  centered  about  each  sphere.  The  solu¬ 
tions  for  the  separate  spheres  are  coupled  in 
that  the  field  (temperature  or  velocity)  origi¬ 
nating  about  one  will  appear  in  the  boundary 
conditions  for  the  other.  Details  of  the  method 
are  presented  in  the  following  sections  cov¬ 
ering  the  conduction  and  creeping  flow  equa¬ 
tions. 

3.  THERMAL  ANALYSIS 
i.  I.  Solution  of  the  Conduction  Equation 

Figure  1  illustrates  the  two  spherical  coor¬ 
dinate  systems  employed  in  the  analysis.  The 
fields  about  sphere  1  and  2  are  represented 
using  r,  and  6, ,  and  ri  and  0; .  respectively.  As 
the  spheres  are  aligned  on  the  r-axis.  the  azi¬ 
muth  angle  is  the  same  for  both  systems. 
Due  to  the  axial  symmetry  of  the  model,  the 
temperature  gradient  in  the  ambient  gas  is 
taken,  without  loss  of  generality,  to  lie  in  the 
x~z  plane.  The  gradient  is  characterized  by  its 
.V  and  z  components,  denoted  =  c, -vro 
and  g:  =  e^’S'To,  respectively. 


“IG .  1 .  Two-sphere  aggregate  model. 


Conservation  of  energy  in  the  gas  and  in  the 
individual  particles  is  expressed  via  the  PDFs 


V^Tg  =  0 

12] 

,^2’t-  Qo{r\,6\) 

''  -'pi  -  I, 

Apl 

[3] 

^  ^P2  -  z 

^2 

[4] 

where  the  gas  temperature  Tg  is  constructed 
from  contributions  expressed  in  terms  of  the 
two  coordinate  systems,  i.e.,  ~  Tg\(ri,  6u 

V*)  +  Tg2(r2,02,(p).  The  specific  nature  of  the 
particle  heat  generation  rate  ^  will  be  discussed 
at  a  later  point. 

The  problem  is  nondimensionalized  by  de¬ 
fining  the  following  normalized  variables  and 
parameters  f  =  (T-  To)/ To,  f  =  r/a,  k  =  kg/ 
/Cp,  q^  a^qJkpTo,g:  =  ag^/ To,  and  =  agj 
To,  where  To  is  the  local  ambient  gas  tem¬ 
perature.  At  the  surface  of  sphere  /,  i  =  1,2, 
the  thermal  boundary  conditions  are 

>‘.^(fg^  +  fg2)-^-0,  f,=  l  [5] 

Tgi  +  fg2  -  Tpi  =  CtKn,  —  (fgi  +  Tg2). 

Oil 

f,  =  1.  [6] 

The  first  boundary  condition  represents  con¬ 
servation  of  energy  at  the  particle /gas  inter¬ 
face.  Note  that  the  absorption  and  emission 
of  radiant  energy,  which  is  often  formulated 
in  the  boundary  conditions,  is  more  appro¬ 
priately  modeled  as  a  volumetric  process  for 
micrometer-sized  particles  and  thermal  radia¬ 
tion  wavelengths  (15).  The  second  boundary 
condition  expresses  the  familiar  temperature 
“jump”  at  the  particle  surface  due  to  the  pres¬ 
ence  of  a  Knudsen  sublayer.  For  complete 
thermal  accommodation,  the  value  of  the  di¬ 
mensionless  temperature-jump  coefficient  g 
has  been  reported  to  be  2. 16  ( 5 ). 

For  C  -►  oc ,  the  solution  for  the  gas  tem¬ 
perature  must  also  match  the  ambient  gas 
temperature  gradient.  This  is  met  by  imposing 
the  conditions 


Journal  of  Colloid  and  Interface  Science.  Vol.  1 40.  No  I .  November  1 990 


142 


DANIEL  W.  MACKOWSKl 


7’*i(fi  c»,  fl,, 

=  fi(#riCOS  dt  +  g^isin  dtcosp)  (7] 

T,2i^2-*  oc  ,e2,<p)  =  0.  [8] 

The  solutions  for  and  Tg2  can  thus  be 
written  as 


n=0 

+  £>',>i(^,)cos^)  + 

+  gxtPli^it'icostp)  [9] 


f*:=  Z  n'’'*'\D^oJPn(f^2) 

n»0 

+  D\Vp'„(H2)co&<P)  110] 

and  the  solution  for  the  particle  temperature 
within  sphere  /  can  be  written  ( 8 ) 

fp,=  z  fr(4>,(M,)  +  ^VM(M,)cos^) 

/i»0 

-  Gl.'Hr,)PAn.).  Ill] 

In  the  above  representations,  Dn,„  and  d„„ 
are  undetermined  expansion  coefficients.  ^ 
=  cos  6,  P„(n).  and  P'„( n )  are  Legendre  func¬ 
tions.  and 

X  q,(l,  fi)P„(fi)dnc/t  +  r*""'* 

X  J  q,(/,  f2)P„(M)dudtj  .  [12] 

To  satisfy  the  boundary  conditions  at  the 
surfaces  of  each  sphere,  mi,  *p)  must 

be  expressed  in  terms  of  ^2  and  fi2,  and  likewise 
for  Tg2-  This  is  accomplished  through  appli¬ 
cation  of  the  addition  theorem  for  solid  spher¬ 
ical  harmonics  (16),  which  can  be  expressed 
as 

Jountai  (^Coflotd  an4i  Interfacf  Scimce  Vol  140.  No  f.  Novcfnbtr  I9W 


(-1)" 


=  (0 
,-0  V"  + 


), 


->f.  [13] 

fli 


X  z  (-1)' 

r«0 


=(^) 

\v  +  m  I\a2 1 


(^2), 


->f2.  [14] 
02 


where 


v  -I-  n  \  (p  -I-  n)! 

v  +  m)  (n  -  my.(p  +  m)\ ' 


and  R  is  the  center-to-center  distance  between 
the  two  coordinates,  which  is  equal  to  fl|  -t-  02 
for  the  two  touching  spheres.  Combining  Eqs. 
1 5]- 1 14]  and  using  the  orthogonality  of  the 
spherical  harmonics  yields 


{n  +  n{n  +  1  )c,Kni  -I-  (n  +  1  )xi)£)ol,’ 


-  Ki)#.-^ni,  n=  1,  2,  3, . . .  [15] 


(n  +  n{n  +  1  )c,Kni  -1-  (n  -I-  1  )xi)Z)*il,’ 


=  — /2(  1  -  nc,Kni  -  Kj) 


X  Z  (-1)'"’ 

r-1 
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-  (1  -  c,Kni  -  <Ci)^Ai, 

n  =  1,  2,  3, ,  [16] 

where  6,„  is  the  Kroneker  delta  symbol,  and 
yj,'*  is  the  nth  moment  of  the  heat  source  dis¬ 
tribution  in  sphere  /,  defined  by 

A’  =  «Gi'>(l)-f;'.(l) 

=  ^  J  ^  QiiL  n)P„(u)i''*^dndl. 

[17] 

The  equations  for  sphere  2  are  of  similar  form, 
with  the  exception  that  ( - 1 )"  replaces  ( - 1 )' 
in  the  summation  term. 

For  n  =  0,  Eq.  [15]  reduces  to 
=  -Jq^/k,,  which  is  a  requirement  of  energy 
conservation.  The  higher-order  coefficients  are 
of  interest  here,  since  these  will  account  for 
tangential  gas  temperature  gradients  and  ul¬ 
timately  be  responsible  for  thermal  slip. 
Equation  [15]  reveals  that,  for  sphere  1  and 
m  =  0,  the  M  =  1  and  higher  coefficients  arise 
from  four  contributions.  The  first  term  on  the 
right-hand-side  accounts  for  nonuniformity  in 
the  radiative  emission /absorption  within 
sphere  1 .  The  second  term  represents  the  field 
at  sphere  1  arising  from  a  source  (or  sink)  of 
energy  of  strength  fo^  ’  located  at  the  origin  of 
sphere  2.  The  third  term  represents  the  per¬ 
turbation  in  the  field  about  sphere  1  due  to 
the  nonuniformity  in  the  field  about  sphere  2, 
and  the  fourth  term  superimposes  the  z-com- 
ponent  of  the  external  temperature  gradient. 
For  m  =  1  (Eq.  [16]).  the  field  at  sphere  1 
results  only  from  the  perturbation  due  to  the 
field  at  2  and  the  x-component  of  the  external 
gradient. 

3.2.  Radiative  Mode! 

An  accurate  description  of  the  radiative  ab¬ 
sorption/emission  distribution  within  each 
sphere  would  require  an  electromagnetic 
analysis  of  the  bispherical  system.  Fuller  and 
Kattawar  (17)  have  solved  the  vector  wave 
equations  for  multiple  sphere  systems  using  a 
superposition  technique  analogous  to  (but 


considerably  more  complicated  than )  that  de¬ 
scribed  above.  The  solution  is  dependent  upon 
the  radiative  size  parameter  jr  =  l-walX  (where 
X  is  the  radiation  wavelength),  and  refractive 
index  m  =  n  +  ik  of  each  sphere  in  the  system, 
as  well  as  the  geometry  of  the  system  and  di¬ 
rection  of  incident  radiation.  For  atmospheric 
pressure,  high  temperature  conditions,  and 
thermal  radiation  wavelengths,  particles  large 
enough  to  fulfill  the  near-continuum  approx¬ 
imation  will  also  have  size  parameters  in  excess 
of  unity.  Absorption  distributions,  which  are 
proportional  to  the  square  modulus  of  the  local 
electric  field  (15),  will  be  highly  nonuniform 
in  this  situation.  For  touching  spheres  the  dis¬ 
tributions  will  be,  in  addition,  strongly  depen¬ 
dent  upon  the  angle  between  the  aggregate  axis 
and  incident  radiation. 

In  the  analysis  presented  here,  however,  the 
nature  of  the  absorption  distribution  within 
the  spheres  will  be  neglected.  Justifications  for 
doing  so  are,  first,  the  incident  radiation  is  as¬ 
sumed  isotropic — which  results  in  a  degree  of 
averaging  of  the  absorption  distributions  with 
respect  to  6.  Second,  the  ratio  of  the  gas  and 
particle  thermal  conductivities,  k,  is  assumed 
to  be  much  less  than  unity  (which  is  physically 
often  the  case).  Under  these  assumptions,  the 
first  term  on  the  right-hand  side  of  Eq.  [15] 
(involving  yj,")  will  be  considerably  smaller 
than  the  second  and  third  terms.  Therefore, 
to  a  reasonable  approximation,  it  is  necessary 
to  consider  only  the  total  rate  of  radiative  en¬ 
ergy  transfer  from  each  sphere  ( i.e.,  yo)  in  pre¬ 
dicting  the  gas  temperature  field.  This  quantity 
could  be  obtained  from  knowledge  of  the  ab¬ 
sorption  cross  sections  of  the  individual 
spheres  in  the  agglomerate. 

Accurate  prediction  of  the  absorption  cross 
sections  would  in  itself  require  the  neighbor¬ 
ing-sphere  analysis  of  Ref.  (17).  Estimation 
of  the  individual  cross  sections  from  isolated- 
sphere  Lorenz /Mie  theory  is  not  justifiable. 
Rather  than  employing  the  neighboring  sphere 
analysis,  the  radiative  properties  of  the  indi¬ 
vidual  spheres  will  simply  be  parameterized, 
in  that  the  rate  of  radiative  transfer  from  the 
spheres  will  be  made  proportional  to  a  tern- 
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perature-independent  emissivity  t  having  a 
value  between  0  and  1 .  Because  the  relative 
difference  between  the  particle  and  surround¬ 
ing  gas  temperature  will  be  small  for  microm¬ 
eter-sized  particles,  the  temperature  at  which 
the  spheres  radiate  can  be  approximated  as 
the  local  gas  temperature  To,  and  radiation 
incident  upon  the  spheres  is  assumed  to  orig¬ 
inate  from  a  blackbody  environment  at  a  tem¬ 
perature  renv.  With  these  assumptions,  /d  ’  is 
written 

X'’= /  =1.2.  [18] 

The  above  assumptions  considerably  sim¬ 
plify  the  radiative  exchange  process  from  the 
aggregate.  However,  as  emphasized  before,  the 
aim  of  this  work  is  to  demonstrate  that  particle 
asymmetry’  and  thermal  nonequilibrium  can 
result  in  unusual  phoretic  behavior.  The  ra¬ 
diative  assumptions  may  limit  the  ability  to 
quantify  the  phoretic  behavior,  but  they  are 
not  so  broad  as  to  invalidate  the  general  con¬ 
clusions  of  this  investigation. 

3.3.  Sumer ica!  Computation 

By  truncating  the  series  in  Eqs.  [15]-(16] 
after  n  =  A' terms,  a  linear  system  of  2A' equa¬ 
tions  is  obtained  for  the  expansion  coefficients 
for  each  azimuth  (m)  mode.  In  matrix  form, 
these  equations  are  expressed 

[Ti,'ld!*'=  f!,;>.  m  =  0,  1  [19] 

[T;i,-]dL,'’  +  Iljd'?'  =  flJK  w  =  0,  I,  [20] 

where  [I]  is  the  identity  matrix,  [T^'j  and 
(T  i,-]  are  fully  populated  “interaction"  ma¬ 
trices  for  the  system  2  to  1  and  system  1  to  2, 
respectively,  and  dj4’  =  [I>I^, 

Equations  [19]  and  [20]  can  be  com¬ 
bined  to  yield 

[i-T^'T;,?]di,'>=  fi."-[Ti']f;,?>,  [21] 

which  results  in  an  uncoupled  system  of  N 
equations  for  dJJ’.  Upon  solution  ofEq.  [21], 
dm  ’  can  be  obtained  directly  from  Eq.  [20]. 

The  quantity  [T ^T m]d!„'’  represents  the 


field  at  surface  1  arising  from  the  “reflection” 
6f  the  field  originating  from  1  off  sphere  2.  On 
a  physical  basis,  the  spectral  radius  of  [Tj,,] 
E  [T  m  ]  must  be  less  than  unity,  in  that 
|dm’  1^  >  l(T m]dm  V-  Therefore,  a  solution 
of  [18]  and  [19]  can  in  principle  be  obtained 
from  the  expansion  (18) 

[I  -  Ti,]-'  =  [!]-(- [Tjl,] 

+  [Ti,]^  +  [Ti.]3+  •...  [22] 

The  above  formulation  is  seen  to  represent 
the  multiple  reflections  of  the  field  from  1  off 
of  2.  Solution  for  dJJ'  using  Eq.  [22]  is  equiv¬ 
alent  to  the  method  of  reflections  procedure 
presented  in  Happel  and  Brenner  (13)  for 
low  Re  hydrodynamic  interactions  between 
neighboring  spheres.  The  conv^gence  of  Eq. 
[  22  ]  is  very  slow  for  touching  spheres.  For  this 
situation  an  accurate  and  numerically  efficient 
solution  is  obtained  from  solution  of  Eq.  [21] 
with  inversion  techniques,  e.g.,  LU  decom¬ 
position  (19). 

The  number  of  terms  used  in  the  series  ex¬ 
pansions  of  the  temperature  fields.  A’,  is 
somewhat  arbitrary.  In  general,  this  number 
was  set  simply  by  testing  the  computed  pho¬ 
retic  velocities  ( discussed  in  the  next  section ) 
for  convergence.  For  near-equal  sized  spheres, 
typically  less  than  10  terms  were  found  to  be 
required  to  ensure  acceptable  convergence.  As 
the  sphere  sizes  become  more  disparate,  con¬ 
vergence  is  increasingly  slower.  Around  25 
terms  are  required  for  a, /Oz  =  4.  For  the  lim¬ 
iting  case  of,  say,  oi  -*■  oo  and  02  finite,  the 
spherical-harmonics  method  will  break  down, 
in  that  R/Ui  I  and  the  addition  theorem, 
Eq.  [13],  will  not  converge.  Fortunately,  the 
aims  of  this  work  can  be  obtained  without 
considering  spheres  of  highly  dissimilar  radii. 
Recalling  assumption  3,  if  the  spheres  were  of 
such  unequal  proportions  as  to  make  the 
method  unsuitable  for  numerical  computa¬ 
tions,  then  the  Knudsen  number  of  the  smaller 
sphere  would  invalidate  the  near-continuum 
assumption,  or  the  size  of  the  larger  sphere 
would  be  such  to  take  the  model  out  of  the 
realm  of  aerosol  physics. 
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4.  HYDRODYNAMIC  ANALYSIS 

4. 1.  Solution  of  the  Creeping  Flow  Equation 

Assuming  Re  <  1,  conservation  of  fluid 
momentum  reduces  to  the  “creeping-flow” 
form,  i.e..  - 


V^=-VP,  [231 

n 


where  v,  and  P  are  the  velocity  vector,  dy¬ 
namic  viscosity,  and  pressure  of  the  fluid,  re¬ 
spectively.  Using  the  above  equation  along 
with  total  mass  conservation,  the  solution  for 
the  velocity  field  in  spherical  coordinates  can 
be  obtained  in  terms  of  solid  spherical  har¬ 
monics  (20).  Using  the  notation  of  Happel 
and  Brenner  ( 13).  the  solution  is 

V  =  2  ^  [rX-(„+i)]  + 

n»0  V 


n-2 


2n(2n  -  1 ) 


1 


.u) 


[24] 


where,  for  the  problem  at  hand,  the  solid 
spherical  harmonics  X-(„*ii.  ())-(„+i,,  and 
p.,„4 1 )  are  expressed 

+  A,nPl,(M)cos  <p)  [25] 
=  r"’*"(BonPr(M) 

+  B,„Pl,{u}cos<p)  [26] 
X_,„4,,=  r'”"'’C,„/’i(*/)sinv5.  [27] 

For  reasons  which  will  become  obvious 
later,  the  normalized  velocity  v  is  defined  v 
=  yatv.  where  v  is  the  momentum  diffusivity 
(kinematic  viscosity).  The  boundarx  condi¬ 
tion.  from  which  the  expansion  coefficients 
A„r,,  B„„.  and  C„„  are  obtained,  is  basically 
that  the  velocity  is  prescribed  on  the  surface 
of  each  sphere,  i.e.. 

(>  CmK.n<T()j‘-i  “  L,(/^/.<^),  /  ~  1.2. 

[28] 


where  U/(/i,,  <p)  is  the  specified  normalized 
velocity  field  on  the  surface,  Cm  is  the  momen¬ 
tum  exchange  coefficient,  and  is  the  nor¬ 
malized  tangential  stress  vector,  given  in  com¬ 
ponent  form  by 


/>•  X  /I  dr,  d 

•,(f. ;..(») + 

/  1  di>i- 

\fsin  d  ^  df  f 


[29] 


The  tangential  stress  term  accounts  for  the 
“velocity  slip”  at  the  surface  of  the  sphere.  For 
complete  momentum  accommodation,  the 
value  of  Cm  has  been  given  as  1.13(5). 

The  procedure  for  determining  the  solution 
valid  for  the  two-sphere  system  is  analogous 
to  that  used  in  the  conduction  analysis.  The 
velocity  field  is  constructed  from  components 
written  in  terms  of  the  coordinates  about  each 
sphere,  i.e.. 


V  =  V,(f,,  d,,  (p)  +  V2(f2,  V?)-  [30] 

The  expansion  coefficients  for  V|  and  vj  will 
be  denoted  by  B!J„K  Ci,V  and  A!„^„\ 

B}^„\  respectively.  The  procedure  de¬ 
veloped  by  Brenner  (21 )  is  used  to  solve  for 
the  coefficients  from  the  boundary  condition. 
Three  equations  are  needed,  about  each 
sphere,  to  solve  for  the  expansion  coefficients. 
Instead  of  simply  mal'^hinj;  the  normal  and 
tangential  components  of  Eq.  [26]  (which  will 
not  yield  equations  that  can  utilize  the  or¬ 
thogonality  properties  of  spherical  harmon¬ 
ics),  the  boundary  conditions  at  sphere  ;  are 
written  as 

en-(Vi  +  ''2)f,=  i  =  er,-  u, 


=  z  (^oJPAu.)  +  ^l‘JPUf^,)cos<p)  [31] 
-f,V-(V|  -I-  V2  -  CmKn,(ff„  +  ff,2))f,.l 

=  =  i  (YonPrla.) 

n-0 

+  Y\'^PUn.)cosq>)  [32] 
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e„i‘,-V  X  (>  ,  +  V;  - 

Of. 

-  e„f,- V  X  0,  =  2  z;>i(M,)sin  >p.  1331 

n«0 


The  expansion  coefficients  Xml,  Yml-  and 
Zml,m  =  0.  1,  are  specified  from  the  partic¬ 
ular  nature  of  the  velocity  field  at  the  surface 
of  each  sphere. 

The  operation  of  the  vector  functions  in 
Eqs.  (3l]-[33]  upon  the  solution  for  v,  Eq. 
[24],  will  yield  results  in  terms  of  surface 
spherical  harmonics  and  is  discussed  in  Bren¬ 
ner  (21)  and  Jeffrey  and  Onishi  ( 22 ).  The  term 
corresponding  to  the  tangential  stress  vector 
<T,  in  Eq.  [32]  can  be  written 


=  1) 

--/—LA  ■  flA  1  d-  \ 
(sin  0  do  sin^Odip^j 


X  t-,(f  =  1)  -t- 


^ _ 1 _ 

df  f  sin  6 


which  again  only  involves  surface  spherical 
harmonics. 

The  formulation  of  the  system  of  equations 
for  the  velocity  expansion  coefficients  is  con¬ 
siderably  more  involved  than  that  for  the  con¬ 
duction  equation.  To  construct  these  equa¬ 
tions  from  Eqs.  [24]-[35],  it  is  necessary  to 
employ  the  following  geometrical  relations; 


er2^2  =  e.i  ( —  fi  -  —  cos  d|  I  +  e«i  —  sin  62 
\a2  02  I  02 


[36] 


f5  =  (-yfT  +  (-y-2^Af,  cosd, 

\02j  \02l  O2O2 


[37] 


and  the  recurrence  relations  for  Legendre 
functions; 


(2m  +  1  )cos  OP'^icos  d)  =  (m-  m  +  1 ) 


|34| 


f-l 


which  can  be  put  in  a  form  involving  surface 
spherical  harmonics  through  use  of  Legendre's 
equation  and  the  total  mass  conservation 
equation.  In  Eq.  [33].  the  tangential  stress 
term  is 


e,f -V  X  <r,(f  =  1) 


=  1351 


X  /’"4^|(cos  d)  +  (m  +  m)/’;r-i(cos  0)  [38] 


dF2’(cos  6) 

sin  d — =  ncosOP^lcosO) 
uB 


-  (M  +  m)F;r-i(cos  e).  [39] 


Using  the  above  along  with  the  addition  theo¬ 
rems  given  in  Eqs.  [13]  and  [14],  and  after  a 
considerable  amount  of  algebra,  the  following 
equations  for  the  velocity  expansion  coeffi¬ 
cients  about  sphere  1  can  be  obtained; 


/  RY”  .1  (  n  +  v\ 

2(m+  1)(I  +(2m+  1  )c„Kn,)/l J-j  Z  L  + 


n(2n  -  + 


I  fliy/M(2M 

(fl:/  l2(2M 


+  1) 


+  3) 


( 1  -  2c„Kn,) 


2m7^[m(2  -  v)  +  2i>  -  1]  —  m»'[m(2i'  —  1 )  +  2  —  i>]  /  R 


2if  2i'  —  1 )( M  +  I/) 


m 


(2m  -  I  =  [M  +  2(m'  -  1  )c„Kn,]A-|„V  + 


[40] 
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n  +  1 
2n-  \ 


(1  +(2n+ 


,,,  (  R\-”  *  /  n  +  1/  \(  R\- 

Wi/  ,7,  \n  +  m  \a2 


(•-+1) 


m2n+  Dd  +2t„,Kn,Mi;,.‘  +  |^y|"  +  (2n+  1 )( 1  +2c„,Kn,) 
2m-[^(2  -  !■)  2i-  -  1]  -  nt>[n(2v  -  i )  -E  2  -  k]  j^,2,  _ 


2j'(2i'  —  1  )(2«  —  1  )(n  +  i>) 


X  ( 1  +  2r^Kn,) 


m{2n+  1 ) 


+  2)(1  +  2«c^Kn,)A’|„'„'  +  (41] 


n(«  +  1)(1  +  («  +  2)tVnKn,)C;„V  +  (1  -(«-  DcmKn,] 


X  2  (-1 
! 


. (£!)(- 

\n  +  m  I  \  a2  /  \fl2/ 


=  [42] 


When  the  above  equations  are  written  in  terms 
of  sphere  2.  the  subscripts  and  superscripts  de¬ 
noting  spheres  1  and  2  arc  exchanged,  the  term 
(-I)'-"'  is  replaced  with  {-I)""",  and  the 
signs  of  the  C„,.  terms  in  Eqs.  [40]-[41]  and 
the  B„,  term  in  Eq.  [42]  are  changed.  For  the 
zero-slip  situation  (Kn  =  0).  Eqs.  [40]- [42] 
reduce  exactly  to  the  form  presented  by  Jeffrey 
and  Onishi  (22 ). 

Once  the  boundary  conditions  ( which  will 
be  discussed  in  a  subsequent  section )  are  spec¬ 
ified  the  solution  procedure  for  the  velocity 
expansion  coefficients  is  identical  to  that  used 
in  the  conduction  analysis.  The  series  are 
truncated  after  n  =  A  terms,  and  a  system  of 
(m  +  2)  -  A'  linear  equations  in  the  form  of 
Eq.  [21]  is  obtained  for  the  expansion  coeffi¬ 
cients  for  each  azimuth  mode. 

The  hydrodynamic  force  and  torque  acting 
upon  each  sphere  can  be  obtained  directly 
from  the  expansion  coefficients.  The  force  is 
conveniently  resolved  into  components  acting 
in  the  r-  and  .v-directions.  and  the  torque  is 
directed  along  the  y-axis.  For  the  velocity 
nondimensionalization  used  here,  the  force 
and  torque  are  (21 ) 

F'V  =  [43] 

FV  =  -4,rp,--B',V  [44] 

T['' =  -Sirpv^aiC'u  /  =  1,  2.  [45] 


4.2.  Thermal  Slip  arid  Fluid  Resistance 

To  characterize  the  phoretic  motion  of  the 
particle  through  the  fluid,  it  is  first  necessary 
to  solve  the  hydrodynamic  equations  with  the 
thermal  slip  boundary  conditions.  The  non- 
dimensional  velocity  due  to  thermal  slip  at  the 
surface  of  a  sphere  can  be  written 


Crfe-tr)  =  G(1  -  e,e,)rf,(j-=  I.O.vc). 

(46] 

where  the  subscript  T  denotes  thermal  slip  and 
1  represents  the  unit  tensor.  The  coefficient  of 
thermal  slip  c,  has  a  value,  for  perfect  mo¬ 
mentum  accommodation,  of  about  1.14  (5). 
When  put  into  the  form  of  Eqs.  [31]- [33], 
the  boundary  condition  expansion  coefficients 
are 


=  0.  allm.n.  [47] 


=  n{n  F  1  )C5 


D 


(I) 


X  Z  (-1) 

r»0 


[48] 


ZU:.i=0.  allm.n.  [49] 
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In  Eq.  [48  ] ,  Dl^i!  and  refer  to  the  expan¬ 
sion  coefficients  for  the  gas  temperature,  Eqs. 
[9]  and  [10].  For  sphere  2,  the  sub-  and  su¬ 
perscripts  1  and  2  in  Eq.  [48]  are  exchanged, 
and  the  term  ( - 1 is  replaced  by  ( - 1 

Using  the  above  boundary  conditions,  so¬ 
lution  of  Eqs.  [40] -[42]  for  the  velocity  ex¬ 
pansion  coefficients  will  yield,  via  Eqs.  [43]- 
[45],  the  forces  and  torque  acting  on  each 
sphere  due  to  thermal  slip.  The  net  thermal- 
slip  force  acting  on  the  two-sphere  particle  is 
simply  the  vector  sum  of  the  individual  sphere 
forces,  i.e., 

F-,t  =  F.-,V  +  [50] 

F,,t  =  F',V  +  [51] 

The  net  torque  in  the  _v -direction  at  a  point  a 
distance  r  from  sphere  I  is  due  to  the  torques 
arising  from  fluid  rotation  about  the  separate 
spheres  and  the  moment  created  by  the  x-di- 
rected  forces  and  the  distances  from  the 
spheres  to  point  r.  The  net  torque  due  to  ther¬ 
mal  slip,  Tyr(:),  is  thus 

r,T(.-)  =  -rF'V  +  (R-  :)F[V 

+  r:,V  +  rt?/.  [52] 

Thermal  slip  provides  the  “motor”  to  propel 
the  aggregate  through  the  fluid.  To  compute 
the  resulting  velocity  and  rotation  rate  of  the 
aggregate,  the  fluid  resistance  characteristics 
of  the  aggregate  as  it  moves  and  rotates 
through  the  gas  are  required.  This  involves  de¬ 
termination  of  the  translational  resistance 
components  in  the  r-  and  .v-directions.  the 
center  of  hydrodynamic  stress,  and  the  rota¬ 
tional  resistance  about  the  y-axis. 

The  translational  resistance  components, 
denoted  and  .  characterize  the  drag  due 
to  the  translation,  without  rotation,  of  the  ag¬ 
gregate  through  the  gas.  They  are  defined  by 

L.  =  ^  [53] 

.4.=^,  [54] 
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where  and  Fx,,.  are  the  components  of  drag 
experienced  due  to  velocities  and  re¬ 
spectively.  Using  the  reference  velocity  nor¬ 
malization  v/a,  the  boundary  condition  ex¬ 
pansion  coefficients  for  motion  of  the  aggre¬ 
gate  in  the  z  and  x  directions  become 


_ 

On.f 

\  Vjadv, 

[o. 

n  =  1 

n  +  1 

[55] 

- 

1/7,1-  ”  ’ 

[o. 

n  =  1 

n  +  1 

[56] 

=  : 

■4  mn,v  * 

?■(')  =0 
^  m/7,i- 

all  m.  n. 

[57] 

where  /  =  1,2.  The  velocities  K  and  are 
taken  in  the  computations  to  be  unity. 

The  center  of  hydrodynamic  stress  Tc  is  the 
point  located  such  that  a  force  acting  through 
this  point  will  not  produce  a  net  torque  upon 
the  body  (13).  By  virtue  of  the  symmetry  of 
the  aggregate  to  planes  passing  through  the  z- 
axis,  r,.  must  be  located  along  the  z-axis.  Re¬ 
ferring  to  Fig.  2.  the  distance  of  from  the 
center  of  sphere  1  is  denoted  Zc.  Translation 
of  the  aggregate  in  the  x-direction  will  result 
in  a  y-directed  torque  about  each  sphere,  de¬ 
noted  and  due  to  fluid  rotation 
about  the  sphere.  Because  the  two  spheres  are 
assumed  to  be  rigidly  connected,  the  drag  force 
will  also  produce  a  y-directed  torque 
about  the  center  of  sphere  1  equal  to  R- 
Fn\  and  likewise  for  The  center  of  hy- 


Fig  .  2.  Hydrodynamic  parameters  force  F„ .  torque  F, , , 
center  of  hydrodynamic  stress  Zc,  and  rotation  rate  ui. 
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drodynamic  stress.  Zc,  is  the  point  where  all 
of  these  torques  vanish,  and  is  thus  given  by 


RF[l'  +  TlV  +  T’tJ.' 


FU'  +  F 


(2) 


158] 


Characterization  of  the  rotational  resistance 
involves  solution  of  the  hydrodynamic  equa¬ 
tions  for  rotation  of  the  aggregate  about  an 
axis  parallel  to  the  y-axis  and  passing  through 
Tc-  Such  a  rotation  would  produce  no  net  hy¬ 
drodynamic  force  upon  the  aggregate.  Denot¬ 
ing  the  angular  velocity  of  the  aggregate  about 
Zc  by  ij3  (Fig.  2),  each  sphere  will  undergo  the 
rotation  oj  along  with  a  translational  velocity 
in  the  x-direction  of  and  I'ld’ 

=  (R  -  z^)u3.  Since  the  r-axis  is  always  taken 
to  be  along  the  line  of  centers  between  the  two 
spheres,  the  spheres  experience  no  r-directed 
translation  due  to  rotation  about  z^.  The 
boundary  condition  expansion  coefficients  for 
this  case  are 


v"’  -  f'-'  - 

=  0 

[59] 

,.(1) 
^  In.g 

[■-rcflio;/!'. 

n  =  1 

,,  =  • 

n  ¥=  1 

[60] 

[o. 

-  r, )a^a;/i'.  n  =  1 

. )  ___ 

[o. 

n  1 

[61] 

yd) 

=  } 

-'-1  =  0 
mn.ui 

all  m.  n 

[62] 

Cl'/I'. 

n  =  l. 

i  =  1.  2. 

[63] 

[o. 

n¥^  \. 

Solution  of  the  hydrodynamic  equations  for 
the  above  boundary  conditions  will  yield  the 
force  and  torque  Ty^  on  each  sphere  due 
*  D  the  rotation  rate  ut.  As  was  the  case  for  the 
translational  resistances,  w  is  taken  to  be  unity- 
in  the  computations.  The  rotational  resistance 
/  defined  as  the  net  torque  on  the  aggregate 
resulting  from  a  unit  rotation  rate  about  Zy,  is 
given  by 

w/U-  =  --cF^V  +  (F-  Zy)F'/J 

+  T['J  y  TllK  [64] 


Having  characterized  the  resistance  char¬ 
acteristics  of  the  aggregate,  the  thermal-pho- 
retic  velocities  in  the  z-  and  x-directions  and 
the  rotation  rate  about  the  j’-axis  can  be  ob¬ 
tained.  Realizing  that  the  net  force  and  torque 
due  to  thermal  slip  and  fluid  resistance  must 
be  zero,  the  above  quantities  are 

=  ^  [65] 

Jsv 


F^ 


[66] 


T^tIZc)  _  1  ,  .  r-d) 

-  — j, - jr  y-^crxi 

J  yyi  J  yul 

+  (R-  ZclF-'V  +  tIt  +  [67] 


The  formulation  of  the  hydrodynamic 
problem  and  the  numerical  computational 
scheme  were  tested  by  comparing  the  trans¬ 
lational  resistance  behavior  with  previously 
published  results  obtained  from  the  exact  bi¬ 
polar  coordinate  system  method.  The  quan¬ 
tities  used  in  the  comparisons  were  the  cor¬ 
rection  factors  to  Stokes  drag,  fi.-  and  Qx,  de¬ 
fined  by 


Fn 


biTTia  1 ; 


( 


1  -f  2Cn,Kn 
1  ■+  3CniKn 


fi,.  [68] 


For  particles  in  the  continuum  (i.e.,  Kn  0) 
regime,  the  bipolar  coordinate  system  method 
has  been  applied  to  the  cases  of  equal-sized 
spheres  moving  parallel  to  the  spheres  line  of 
centers  (11)  and  perpendicular  to  the  line  of 
centers  (12).  The  velocity-slip  case  ( Kn  <  0. 1 ) 
has  been  investigated  for  motion  of  equal 
spheres  parallel  to  their  line  of  centers  (23). 
In  all  cases  the  bipolar  coordinate  system 
method  results  and  the  spherical-harmonics 
method  results  were  in  agreement  to  five  digits. 
Ten  to  fifteen  terms  were  required  in  the  ve¬ 
locity  expansion  to  achieve  this  accuracy. 


5.  RESULTS 

5.1.  Thermal- Phoretic  Velocity  Due 
10  Thermal  Nonequilibrium 

Examined  in  this  section  is  the  aggregate 
thermal-phoretic  motion  in  the  absence  of  an 
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external  temperature  gradient.  The  motion  is 
body-fixed  in  nature  (i.e.,  directed  along  the 
aggregate  axis )  and  arises  solely  from  gas /par¬ 
ticle  thermal  nonequilibrium  induced  by  ra¬ 
diative  transfer.  The  phoretic  motion  predicted 
in  this  situation  could  be  classified  as  a  form 
of  photophoresis — since  radiative  emission/ 
absorption  is  the  “driving  force”  behind  gas/ 
particle  thermal  nonequilibrium — but  will  be 
referred  to  as  thermal-phoresis  to  emphasize 
that  the  driving  force  need  not  be  radiative  in 
nature. 

Results  for  the  body-fixed  thermal-phoretic 
velocity,  denoted  L’^b  and  calculated  for 
spheres  that  are  identical  except  for  their  size, 
are  presented  in  Fig.  3.  The  velocities  are  given 
as  a  function  of  ajoi,  with  the  parameters 
Kni  =  0.1,  »ci  =  *2  =  0.05,  Ten,  =  1000  K,  and 
t|  =  <2  =  1.  The  bulk  gas  temperature  To  takes 
on  the  values  1500,  1800,  and  2100  K,  and 
the  pressure  is  constant  at  one  atmosphere. 

The  thermal-phoretic  velocity  is  zero  for  fl|  / 
02  =  1  and,  depending  upon  To,  attains  a 
maximum  value  between  0.1  and  0.5  cm/s 
for  Of  102  equal  to  a'ound  0.5.  For  a\l02  less 
than  0.1,  I  'lb  is  nearly  zero.  The  direction  of 
motion  is  positive  (i.e.,  directed  toward  the 
larger  sphere).  This  is  intuitively  reasonable 
because,  for  radiative  cooling  ( To  >  T«nv),  the 
larger  sphere  will  be  at  a  lower  relative  tem¬ 
perature.  and  one  would  assume  that  the  slip 
flow  from  the  colder  to  the  hotter  sphere  would 
drive  the  particle  in  the  direction  of  the  larger 
(colder)  sphere. 


C  € 


C 1  Oj 


Fig.  i.  Bodv-fixed  thermal-phoretic  velocity  I',*  vs 
sphere  radii  ratio  fli  /Oi.  for  emissivity  «i  =  <3  =  1.  Sphere 
1  Knudsen  number  Kn,  =  0.1,  gas  temperatures  To 
=  1500.  1800.  and  2100  K.  radiation  environment  tem¬ 
perature  r„,  =  1000  K,  gas/particle  thermal  conduaivity 
ratio  «i  =  *3  =  0.05,  pressure  P  =  1  atm. 
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Examination  of  the  temperature  and  veloc¬ 
ity  fields,  however,  reveals  that  the  actual 
situation  is  considerably  more  complicated. 
Presented  in  Figs.  4-6  are  gas  and  particle 
isotherms  and  the  stream  functions  for  ther¬ 
mal-slip  induced  flow,  calculated  for  the 
equal  sphere  emissivity  case  given  in  Fig.  3  and 
with  fli/fl2  =  1-0,  0.5,  and  0.25.  The  stream 
function  SP,  which  is  only  definable  for  axi- 
symmetric  cases  ( i.e.,  the  situation  where 
=  0),  is  given  by  ^  -F  with  ( 13) 


2 
n*  I 


n+  1 
2n  -F  1 


X 


(2(2/7-  1) 


X  (P„*, (#7, )-P„-, (#,)),  [69] 


where  Bo„  and  Ao„  are  the  velocity  expansion 
coefficients  obtained  from  solution  of  Eqs. 
[40]- [41]  with  m  =  0  and  thermal-slip 
boundary  conditions  (Eqs.  [47]-(49]). 

Figures  4-6  indicate  that  the  minimum  in 
the  surface  temperature  occurs  in  the  vicinity 
of  the  contact  point.  Ruid  is  drawn  into  this 
point  from  regions  perpendicular  to  the  ag¬ 
gregate  axis,  and  is  “pumped”  out  both  ends 
of  the  aggregate.  Each  sphere  is  thus  “pushed” 
against  its  neighbor  by  the  fluid  motion.  If  the 
spheres  were  separated  this  action  would  draw 
the  spheres  together — which  would  have  sig¬ 
nificant  consequences  on  particle  coagulation 
rates  (24,  25).  The  overall  motion  of  the  ag¬ 
gregate,  however,  is  governed  by  the  vector 
sum  of  the  forces  on  the  spheres.  In  Fig.  (4), 
where  the  spheres  are  identical,  the  forces  are 
equal  in  magnitude  and  opposite  in  direc¬ 
tion — resulting  in  a  zero  net  force  upon  the 
aggregate. 

Unequal  sphere  radii  produce  an  asym¬ 
metrical  flow  (Figs.  5  and  6),  leading  to  a  net 
force  upon  the  aggregate.  For  the  particular 
case  chosen,  the  competition  of  forces  is  such 
that  the  aggregate  moves  toward  the  larger 
sphere.  However,  for  spheres  that  are  identical 
except  for  their  size,  the  relative  differences  in 
the  predicted  thermal  slip  forces  between  the 
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temperature  streom  function 


Fig.  4.  Isotherms  and  stream  function  contours  cor¬ 
responding  to  Fig  3  for  Oi/fl:  =  1,  To  =  1800  K. 

spheres  are  ver\'  small — on  the  order  of 
Because  the  forces  are  only  slightly  out  of  bal¬ 
ance,  factors  which  have  been  neglected  in  this 
analysis  (such  as  the  distribution  of  radiant 
absorption  within  the  spheres)  may  signifi¬ 
cantly  influence  the  overall  motion  of  the  ag¬ 
gregate. 

Particle  asymmetry  due  to  differences  in  the 
radiative  properties  of  the  individual  spheres 
appears  to  have  a  more  significant  effect  in 


temperature  streorr-  function 


Fig.  5.  Isotherms  and  stream  funaion  contours  cor¬ 
responding  to  Fig.  3  for  fli/fl-  =  0.5. 


temperature  stream  function 


Fig.  6.  Isotherms  and  stream  function  contours  cor¬ 
responding  to  Fig.  3  for  a,/ 02  =  0.25. 

determining  the  direction  and  magnitude  of 
phoretic  motion  than  asymmetry  due  to  size 
disparity.  Presented  in  Fig.  7  are  thermal- 
phoretic  velocities  in  which  is  fixed  at  0.5 
and  t|  varies  between  0  and  1,  with  =  1, 
0.5,  and  0.25,  and  To  =  1800  K.  Figure  7  in¬ 
dicates  that,  for  the  particular  parameters 
chosen,  the  direction  of  aggregate  motion  is 
dependent  mainly  upon  the  difference  in  the 
spheres  emissivity.  The  velocities  are  also  con¬ 
siderably  larger  than  obtained  for  equal-emis- 
sivity  spheres. 

The  dependence  of  1  'rt,  to  ej  is  nearly  linear, 
which  is  to  be  expected.  The  force  experienced 
by  each  sphere  due  to  thermal  slip  is  propor¬ 
tional  to  the  magnitude  of  the  gas  temperature 


2  C  -■ 


Fig.  7.  Body-hxed  thermal-phoretic  velocity  I*  vs 
sphere  1  emissivily  t,, for  0^/02  =  1, 0.5.  and  0.25.  Sphere 
2  emissivity  =  0.5.  To  =  1800  K,  k,  =  *2  =  0.05, 

=  1000  K,  T  =  1  atm. 
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gradient  on  the  sphere's  surface.  Equation  [15] 
indicates  that  the  gradient  “seen”  by  the 
spheres  is  proportional  to  /o  (and,  accordin^y, 
< )  of  each  sphere.  It  should  be  noted,  however, 
that  thermal  and  hydrodynamic  interactions 
between  the  spheres  have  a  significant  effect 
upon  the  overall  magnitude  of  the  phoretic 
velocities.  Calculations  of  phoretic  velocities 
in  which  the  thermal  and/or  hydrodynamic 
interactions  had  been  neglected  (by  deleting 
the  summation  terms  in  Eqs.  [15],  [40],  and 
[41])  produced  results  appreciably  different 
( typically  an  order  of  magnitude  greater )  than 
those  presented  in  the  previous  figures. 

Isotherms  and  stream  functions  are  pre¬ 
sented  in  Fig.  8  for  an  aggregate  having  <i  =  0. 

=  1.  and  =  1-  Extrema  in  the  surface 
temperature  occur  in  this  case  only  at  the  ends 
of  the  aggregate.  The  thermal-slip-driven  flow 
is  directed  from  sphere  2  to  sphere  1,  and  the 
resulting  direction  of  the  aggregate  motion  is 
unambiguous. 

The  behavior  of  I'^b  vs  Kni  for  fixed 
is  presented  in  Fig.  9.  Two  sets  of  curves  are 
presented,  corresponding  to  <,  =  1  and  <i  =  0. 
respectively,  with  a^lai  =  1,  0.5,  and  0.25 
within  each  set.  The  ambient  temperature  To 
is  1800  K. «;  =  I,  and  the  remaining  param¬ 
eters  are  the  same  as  in  Fig.  (3). 

The  Kn  dependence  upon  phoretic  velocity 
is  seen  to  be  similar  to  that  predicted  from  the 
near-continuum  analysis  of  conventional, 
space  fixed  thermophoresis  and  photophore¬ 
sis  (5,  8).  in  that  I  '^b  increases  with  increas¬ 
ing  Kni.  The  velocities  predicted  for  equal 
sphere  emissivities  go  to  zero  in  the  contin¬ 
uum  (Kni  -►  0)  limit  (and  also  go  through 
an  interesting  reversal  in  direction ),  while  the 
nonequal  emissivity  velocities  attain  a  nonzero 
constant  value  in  this  limit.  Additional  cal¬ 
culations  revealed  that  the  dependence  of  Va, 
upon  conductivity  ratio  k  is  equally  similar  in 
that  I  'rt,  goes  to  zero  in  the  continuum  regime 
for  highly  conductive  (x  -*  0)  particles. 

In  high-temperature  environments  such  as 
large-scale  combustors,  the  body-fixed  ther- 
mal-phoretic  velocities  for  micrometer-sized 
aggregates  presented  in  the  previous  figures 


temperature  stream  function 


Fic.  8.  Isoihenns  and  stream  function  contours  for  cj 
=  0.  <2  =  1,  ai/fl2  =  1.  and  the  parameters  corresponding 
to  Fig.  7. 


will  be  comparable  to  those  associated  with 
conventional,  space-fixed  thermophoresis  and 
photophoresis  (26,  8).  However,  in  the  ab¬ 
sence  of  external  forces  that  align  the  aggregate 
in  space,  the  body-fixed  and  space-fixed  pho- 
retic  mechanisms  will  yield  distinctly  different 
transport  behavior  of  the  aggregate.  The  mo¬ 
tion  of  a  cloud  of  particles  acted  upon  by  the 
latter  mechanism  will  be  deterministic  in  that 
all  the  particles  will  be  displaced  in  the  same 
direction.  The  motion  resulting  from  the 
former  mechanism  will  always  be  directed 
along  the  aggregate  axis.  Considering  that 
Brownian  rotation  will  act  to  randomize  the 
aggregate  orientation,  the  displacement  of  the 
aggregate  will  be  stochastic  in  nature.  A  cloud 
of  particles  undergoing  this  motion  would  thus 
appear  to  an  observer  to  be  diffusing. 

An  estimate  of  the  “effective”  diffusion 
coefficient  resulting  from  body-fixed  thermal- 
phoresis  can  be  obtained  from  a  simple  order- 
of-magnitude  analysis.  Assume  that  the  aggre¬ 
gate  rotates  about  the  y-axis  a  small  angle  A6 
in  a  time  step  At.  The  mean-square  displace¬ 
ment  of  the  aggregate,  during  this  time  step 
will  be  aproximately  (F^bAf)^.  The  effective 
diffusion  coefficient,  defined  by  Ddf  =  Pj  At, 
would  thus  be  equal  to  .  The  time  step 
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Fig.  9.  Body-fixed  thermal-phoretic  velocity  ^'rt,  vi 
sphere  I  Knudsen  number  A>i|.  for  «,  =  1  artd  <i  =  0. 
Radius  ratio  fli/fl;  =  1.  0.5,  and  0.25,  c;  =  I.  Other  pa¬ 
rameters  same  as  Fig.  7. 


At  can  be  approximated  by  1  /Droi.  where  D,ot 
is  the  Brownian  rotational  diffusion  coefficient 
for  rotation  perpendicular  to  the  aggregate 
axis.  Therefore,  the  effective  diffusion  coeffi¬ 
cient  is 

^  .  [70] 

The  Brownian  rotational  coefficient  can  be  es¬ 
timated  from  equipartition  of  energy  consid¬ 
erations  ( 27 )  as  Drot  =  ksTo/fy^.  where  ks  is 
Boltzmann's  constant  and  f'y^.  is  the  rotational 
resistance  function  defined  by  Eq.  [67], 

The  analysis  presented  above  for  the  effec¬ 
tive  "Brownian"  diffusion  coefficient  is  at  best 
a  zeroth-order  approximation,  but  likely  rep¬ 
resents  the  proponionality  of  to  I  ;b  and 
Aoi-  Numerical  results  for  D^ff.  normalized 
with  V,  are  presented  in  Fig.  10  as  a  function 
of  fl)  with  aja2  =  0.5,  for  the  same  parameters 
as  in  Fig.  ( 9 ) .  Also  included  are  results  for  the 
translational  Brownian  diffusion  coefficient 
computed  for  a  sphere  having  the  same  vol¬ 
ume  as  the  aggregate.  As  opposed  to  Brownian 
diffusion,  effective  diffusion  resulting  from 
body-fixed  thermal-phoretic  motion  increases 
with  particle  size.  For  supermicrometer  par¬ 
ticles  Dcff  is  seen  to  be  several  orders  of  mag¬ 
nitude  greater  than  the  Brownian  counterpart. 
This  behavior,  which  will  be  magnified  at 
higher  temperatures,  could  have  important 
consequences  on  the  particle  deposition  rates 
onto  surfaces  (26),  as  well  as  on  the  coagu¬ 
lation  rates  of  particulates  (27.  28).  in  high- 
gas-temperature  environments. 


5.2.  Thermophoreiic  Behavior 
of  the  Aggregate 

Investigated  in  this  section  is  the  behavior 
of  the  binary  aggregate  under  the  influence  of 
a  temperature  gradient  in  the  bulk  gas.  In  pre¬ 
senting  our  results,  it  is  convenient  to  intro¬ 
duce  the  thermophoretic  diffusivity  ajD, 
where  ot  is  the  dimensionless  thermal  diffu¬ 
sivity  factor  and  D  is  the  Brownian  diffusion 
coefficient.  Thermophoretic  diffusivity  is  de¬ 
fined  by  the  equality  (29) 

VT  =  aTZ)(-^V7',j.  [71] 

The  diffusivity  product  ay  77  does  not  actually 
have  the  same  behavior  as  D  itself  The 
Brownian  diffusion  coefficient  is  introduced 
only  to  conjure  up  the  notion  of  thermopho¬ 
resis  as  a  “diffusion”  process  driven  by  a  tem¬ 
perature  gradient,  with  ot  playing  the  role  of 
a  dimensionless  Soret  (thermal  diffusion )  fac¬ 
tor,  as  in  gas  diffusion  ( 29 ) . 

In  general,  for  nonspherical  particles  ajD 
defined  by  Eq.  [71]  is  in  the  form  of  a  dyadic. 
For  the  binary  agglomerate  investigated  here, 
however,  the  cross-terms  of  this  dyadic  are  zero 
in  that  the  component  of  the  temperature  gra¬ 
dient  in  one  direction  does  not  contribute  to 
the  thermophoretic  velocity  in  a  different  di¬ 
rection.  The  two  independent  components  of 
the  thermophoretic  diffusivity  dyadic  are  thus 
denoted  {ajD);  and  (ot/JIa. 

Calculations  of {ajD);  and  (ajD)x  are  per- 


1  2  4  7  10 


Oi,  fim 

Fig.  10.  Effective  thermal-phoretic  diffusion  and 
Brownian  diffusion  coefficients,  normalized  with  gas  mo¬ 
mentum  diffusivity  v,  vs  sphere  I  radius  a,.  Sphere  I 
emissivity  e,  =  0  and  1.  t2  =  f  and  <21/02  =  0.5,  Other 
parameters  same  as  Fig.  7. 
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formed  by  calculating  the  thermophoretic  ve¬ 
locities  for  unit  temperature  gradients  in  the 
z-  and  A'-directions  with  vanishing  source 
terms,  i.e.,  <i  =  <2  =  0.  Results  of  the  calcu¬ 
lations  appear  in  Fig.  li,  in  which  the  two 
components  of  otD,  normalized  with  »,  are 
presented  vs  for  Kn,  =  0.1,  k  =  0.05, 
and  To  =  1800  K.  Note  that,  for  a\la2  «=  1, 
(aiD):  is  around  10-20%  larger  than 
A  consequence  of  this  is  that  the  aggregate, 
when  aligned  obliquely  to  the  temperature 
gradient,  will  not  move  in  precisely  the  same 
direction  of  the  gradient.  This  action  is  some¬ 
what  analogous  to  the  “tacking”  of  a  sailboat 
against  the  wind.  Previous  investigations  in 
this  laboratory  of  the  thermophoretic  prop¬ 
erties  of  a  long  cylindrical  particle  in  the  free- 
molecular  regime  have  reported  similar  find¬ 
ings  (30).  For  ax! 02  less  than  0.1,  the  two 
components  of  the  thermophoretic  diffusivity 
become  nearly  equal  and  acquire  the  value  of 
that  of  a  single  sphere  having  the  radius  of  the 
larger  particle. 

It  is  not  clear  that  the  tacking  behavior  of 
the  aggregate  due  to  the  inequality  between 
(utD);  and  (ajD)^  will  be  of  practical  im¬ 
portance.  especially  if  a,  ^02.  When  the 
sphere  radii  are  not  equal,  thermophoresis  also 
results  in  a  torque  on  the  aggregate  which  will 
tend  to  align  the  aggregate  with  the  tempera¬ 
ture  gradient.  The  action  of  the  torque  is  such 
that  the  smaller  sphere  will  rotate  toward  the 
downstream  (or  hot)  end  of  the  aggregate,  and 
the  aggregate  moves  in  the  direction  of  the 
larger  sphere.  The  torque  goes  to  zero  as  the 


0  4  r 


Fig  .  II.  Directional  components  of  aggregate  ther- 
mophoretic  diffusivity  otD.  normalized  with  v.  vs  radius 
ratio  fli/oj.  Sphere  I  Knudsen  number  Kn,  =  0.1. 
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aggregate  becomes  aligned  with  the  gradient — 
thus  the  aligned  orientation  represents  the  sta¬ 
ble  configuration  of  the  aggregate  in  an  exter¬ 
nal  temperature  gradient. 

Of  course,  the  orientation  of  the  aggregate 
is  also  subject  to  the  randomizing  action  of 
Brownian  rotation  caused  by  individual  carrier 
gas  molecular  impacts.  It  is  of  interest  to  ex¬ 
amine  the  ratio  between  the  stabilizing  ther¬ 
mophoretic  rotation  and  the  randomizing 
Brownian  rotation;  a  ratio  which  can  essen¬ 
tially  be  considered  a  thermophoretic  rota¬ 
tional  Peclet  number,  Peju.  This  number  is 
defined  by 


^  _  F,.T(rc) 

Dr  hsTo 


[72] 


where  X>r  is  the  rotational  Brownian  diffusion 
coefficient  and  ks  is  Boltzmann’s  constant. 
The  second  equality  in  Eq.  [72]  follows  from 
the  equipartition  of  energy  theory  as  discussed 
in  the  previous  section. 

The  magnitude  of  Pej^  will  reflect  upon  the 
relative  degree  of  alignment  of  the  aggregate 
with  respect  to  the  temperature  gradient.  For 
Pctw  >  1  the  aggregate  is  completely  aligned, 
whereas  for  PeT„  <  1  the  aggregate  will  have 
a  random  orientation.  For  an  aggregate  with 
Ox/Oi  =  0.5.  Kn,  =  0.1.  and  To  =  1800  K, 
calculations  indicate  that  Pejo,  is  of  order  unity 
for  an  external  temperature  gradient  of  around 
10^  W/m.  and  increases  with  decreasing  Kn, . 
Temperature  gradients  encountered  in  gas-side 
boundary  layers  adjacent  to  heat  exchanger 
surfaces  in  large-scale  combustor  environ¬ 
ments  can  easily  exceed  10^  W/m  (26).  Mi¬ 
crometer-sized  aggregates  in  such  environ¬ 
ments  would  thus  be  substantially  aligned  with 
the  gradient.  Of  course,  in  boundary-layer 
transport  the  highest  temperature  gradients 
will  normally  be  found  where  the  absolute 
temperature  is  lowest — thus  strengthening  this 
alignment  tendency.  In  addition,  the  resulting 
biased  orientation,  due  to  thermophoresis,  of 
aggregates  depositing  on  a  surface  will  have 
interesting  implications  for  the  microstructure 
of  such  deposits  (31). 
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5.3.  Combined  Body-Fixed  Thermal- 
Phoresis  and  Thermophoresis 

The  alignment  action  of  space-fixed  ther¬ 
mophoresis  obviously  has  important  conse¬ 
quences  on  the  body-fixed  thermal-phoretic 
motion  of  the  asymmetrical  binary  aggregate. 
In  a  sufficiently  strong  external  temperature 
gradient  the  body-fixed  motion  will  become 
space-fixed  and,  depending  upon  the  nature 
of  the  asymmetry,  either  add  to  or  subtract 
from  the  thermophoretic  velocity.  Both  cases 
appear  equally  likely  because,  from  the  dis¬ 
cussion  in  Section  5.1,  the  direction  of  body- 
fixed  thermal-phoresis  is  dependent  more 
upon  differences  in  particle  radiative  proper¬ 
ties  than  differences  in  particle  size.  The  net 
motion  of  the  aggregate  would  be  thermo¬ 
phoretic  in  nature — i.e.,  directed  with  a  tem¬ 
perature  gradient,  but  characterized  by  an 
anomalously  large  or  small  "apparent”  ther¬ 
mophoretic  diffusivity.  as  defined  by  Eq.  [  7 1 J . 
Indeed,  in  situations  where  the  body-fixed 
force  is  directed  toward  the  smaller  sphere  and 
exceeds  the  thermophoretic  force,  the  aggre¬ 
gate  would  move  up  the  temperature  gra¬ 
dient — resulting  in  a  negative  apparent  ther¬ 
mophoretic  diffusivity. 

Rohatschek  ( 9 )  came  to  somewhat  similar 
conclusions  in  interpretation  of  experimental 
results  in  which  measured  photophoretic  ve¬ 
locities  of  irregular  particles  were  found  to  be 
both  positive  and  negative  (i.e..  with  and 
against  the  incident  radiation)  and  three  to 
four  orders  of  magnitude  greater  than  that 
predicted  by  "conventional"  photophoresis. 
He  concluded  that  nonuniformities  in  the 
thermal  accommodation  coefficient  on  the 
particle  were  responsible  for  a  body-fixed  force 
that  was  the  dominant  mode  of  “propulsion” 
of  the  particle  through  the  gas.  However,  the 
conventional  photophoretic  force  and  torque, 
arising  from  nonuniform  illumination  of  the 
particle,  resulted  in  a  space-fixed  alignment  of 
the  particle.  The  body-fixed  force,  coupled 
with  the  alignment,  resulted  in  the  significant 
deterministic  particle  motion  observed  in  ex¬ 
periment. 


To  illustrate  the  effect  of  body-fixed  motion 
upon  conventional  thermophoresis,  the  “ef¬ 
fective”  thermophoretic  diiTusivity  of  an 
asymmetrical  aggregate  is  presented  in  Fig.  12, 
in  which  (aTZ>)efrhas  been  defined  from  Eq. 
[71],  but  the  velocity  is  now  taken  to  be  the 
sum  of  the  thermophoretic  and  body-fixed 
components.  The  results  are  presented  as  a 
function  of  Tq  for  an  aggregate  with  01/02 
=  0.5  and  the  three  cases  of  ( 1 )  «i  =  *2  =  1, 
(2)  <1  =  0,  <2  =  1,  and  (3)  f|  =  1,  <2  =  0.  Also 
given  is  the  curve  corresponding  to  “pure” 
thermophoresis,  i.e.,  no  body-fixed  aggregate 
motion.  The  body-fixed  phoretic  motion  pre¬ 
dicted  for  equal  sphere  emissivities  results  in 
a  doubling  of  the  effective  diffusivity  at  high 
temperatures.  When  one  of  the  spheres  is 
nonabsorbing  (cases  2  and  3)  the  effect  up>on 
(ajD)cff  is  much  more  extreme.  The  body- 
fixed  component  in  these  cases  will  dominate 
the  aggregate  motion  at  moderate  tempera¬ 
tures,  and  result  in  positive  and  negative  ef¬ 
fective  diffusivities  that  exceed  the  conven¬ 
tional  diffusivity  by  over  an  order  of  magni¬ 
tude. 

The  results  in  Fig.  12  corresponding  to  an 
absorbing/nonabsorbing  pair  represent  the 
most  extreme  case  of  aggregate  asymmetry. 
The  behavior  of  aggregates  possessing  more 
moderate  asymmetries  will  fall  between  these 
two  curves.  Nevertheless,  asymmetry  due  to 
size  alone  ( which  corresponds  to  the  smallest 
degree  of  body-fixed  motion )  has,  for  the  given 


Fig.  12.  Effective  thennophoretic  diffusivity  under 
body-fixed  aggregate  motion  (aiPlcir.  normalized  with  v, 
vs  gas  temperature  To,  for  sphere  emissivities  «i  =  »:  =  1. 
»i  =  0.  «j  =  1 .  and  ( I  =  1 ,  «j  =  0.  Gas  temperature  gradient 
g,  =  10’  K/m,  Kn,  =  0.1,  fli/fl:  =  0.5. 
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conditions,  a  considerable  effect  upon  the  ef¬ 
fective  thermophoretic  diffusivity.  This  be¬ 
havior  can  have  significant  implications  on  the 
deposition  rates  of  micrometer-sized,  com¬ 
bustion-generated  particles  onto  heat  ex¬ 
changer  surfaces.  Thermophoresis  has  been 
recognized  as  an  important  contributor  to 
particle  deposition  in  such  situations  (32). 
However,  under  the  condition  of  gas/ particle 
thermal  nonequilibrium  and  heat  transfer 
asymmetry,  thermophoresis  could  actually 
impede  the  deposition  of  certain  a^regates, 
while  considerably  accelerating  the  deposition 
rate  of  others. 

6.  CONCLUSIONS 

The  focus  of  this  theoretical  investigation 
has  been  upon  the  thermal-phoretic  behavior 
of  asymmetrical  two-sphere  aggregates  in 
thermal  nonequilibrium  with  the  surrounding 
gas.  Several  potentially  important  conclusions 
can  be  drawn  from  this  study: 

( 1 )  A  mathematical  method  based  upon 
spherical-harmonic  expansions  of  the  temper¬ 
ature  and  velocity  fields  about  each  sphere 
provides  solutions  to  the  conduction  and 
creeping-flow  equations  that  are  in  excellent 
agreement  with  exact,  bipolar-coordinate-sys¬ 
tem  methods.  The  present  method  has  the  sig¬ 
nificant  advantage  over  the  latter  in  that  it  can 
be  extended  to  systems  involving  more  than 
two  spheres. 

(2)  In  high-temperature  environments,  ra¬ 
diative  cooling  or  heating  of  the  aggregate  will, 
in  general,  result  in  a  tangential  gas  temper¬ 
ature  gradient  on  the  particle  surface.  The  gra¬ 
dient  will  drive  a  slip-flow  of  gas  over  the  ag¬ 
gregate  and,  for  nonidentical  spheres,  will  lead 
to  a  body-fixed  thermal-phoretic  motion  of  the 
aggregate  through  the  gas.  The  velocities  at¬ 
tained  by  micrometer-sized  aggregates  can  be 
in  excess  of  thermophoretic  velocities  arising 
from  typical  gas  temperature  gradients  en¬ 
countered  in  large-scale  combustor  environ¬ 
ments. 


(3)  For  the  axisymmetric  two-sphere  ag¬ 
gregates  investigated  here,  the  action  of  body- 
fixed  thermal-phoresis  produces  no  torque 
upon  the  aggregate.  In  the  absence  of  external 
alignment  forces,  the  displacement  of  the  ag¬ 
gregate  due  to  body-fixed  thermal-phoresis  will 
be  stochastic  in  nature.  For  micrometer-sized 
particles,  the  effective  diffusion  of  the  aggregate 
due  to  thermal-phoresis  can  be  significantly 
larger  than  ordinary  Brownian  diffusion. 

(4)  The  “conventional”  thermophoretic 

diffusivity  of  the  binary  aggregate  in  the  z-di- 
rection,  can  be  up  to  20%  larger  than 

the  jf-direction  component.  For  aggregates  of 
equal-sized  spheres  the  direction  of  the  ther¬ 
mophoretic  motion  will,  in  general,  be  non¬ 
parallel  to  the  gas  temperatufe  gradient. 

(5)  When  the  sphere  radii  are  dissimilar, 
thermophoresis  produces  a  torque  on  the  ag¬ 
gregate  which  will  tend  to  align  the  aggregate 
such  that  the  larger  sphere  is  directed  down 
the  gas  temperature  gradient.  The  alignment 
forces  produced  on  micrometer-sized  aggre¬ 
gates  by  typical  gas  temperature  gradients  in 
combustors  (10*  K/m)  will  be  significantly 
larger  than  the  randomizing  actions  of 
Brownian  rotation. 

(6)  The  body-fixed  thermal-phoretic  ve¬ 
locities,  coupled  with  the  alignment  action  of 
thermophoresis,  can  result  in  positive  or  neg¬ 
ative  “effective”  thermophoretic  diffusivities 
with  magnitudes  considerably  larger  than 
conventional  thermophoretic  diffusivities. 

This  investigation  indicates  that  the  “ther¬ 
mal-phoretic”  behavior  of  particles  can  be  sig¬ 
nificantly  influenced  by  the  combination  of 
particle  asymmetry  and  gas /particle  thermal 
nonequilibrium.  In  view  of  the  fact  that  the 
vast  majority  of  industrial  and  naturally  oc¬ 
curring  particulates  possess  some  degree  of 
asymmetry,  the  present  results  are  likely  to 
have  important  implications  for  the  transport 
and  deposition  of  such  particles  in  high-tem¬ 
perature  environments.  Our  current  efforts  in 
this  field  involve  extension  of  the  thermo- 
physical  model  to  aggregates  of  three  or  more 
primary  spheres,  and  investigation  of  the  ef- 
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fects  on  coagulation  and  deposition  rates  and 
deposit  microstructure. 
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Introduction 

The  importance  of  thermal  diffusion  mass  transport  in  gases 
(Soret  effect  for  vapors,  and  “thermophoresis”  for  submicron 
aerosol  particles)  in  many  technologies  has  been  recently  dis¬ 
cussed  (e  g..  Rosner,  1980).  In  addition,  its  decisive  influence  on 
the  appearance  of  several  kinds  of  combustion  wave  instabilities 
has  been  recently  studied  (Garcia-Ybarra  et  al.  1984).  But  in 
all  areas,  accurate  predictions  require  a  knowledge  of  the  ther¬ 
mal  diffusion  factor  oj  of  the  transported  species  in  the  prevail¬ 
ing  gaseous  mixture.  Although  theoretical  and  experimental 
values  of  the  other  transport  coefficients  are  readily  available  in 
the  literature  (e.g..  Galloway  and  Sage,  1967)  little  is  known 
about  the  thermal  diffusion  coefficient  of,  say,  long-chain  paraf¬ 
fin  hydrocarbons  and  other  gaseous  fuels.  Theoretically,  the  dif¬ 
ficulty  comes  from  the  great  complexity  of  available  kinetic  the¬ 
ory  when  one  must  take  into  account  the  “nonspherical”  nature 
of  the  intermolecular  potential,  as  well  as  the  effects  of  internal 
degrees  of  freedom.  Molecules  of  the  usual  fuels  and  adduct 
intermediates  formed  from  them  are  complex  enough  to  make 
both  effects  nonnegligible. 

A  classical  kinetic  theory  for  a  gas  of  rigid  sphero-cylinders 
has  been  elaborated  by  Curtiss  and  his  coworkers  (Curtiss, 
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1956;  Curtiss  and  Muckenfuss,  I9S7;  Muckenfuss  and  Curtiss, 
1958).  Based  on  the  Wang  Chang-Uhlenbeck-de  Boer  semiclas- 
sical  treatment  of  polyatomic  gases,  expressions  for  the  trans¬ 
port  coefficients  have  been  obtained  (Monchick  et  al.,  1963, 
1968)  even  for  the  case  of  slightly  nonspherical  molecules 
(Matzen  and  Hoffman,  1975).  Nevertheless,  for  many  practical 
purposes,  such  expressions  are  too  complicated  and  a  more 
tractable  approach  is  needed.  For  spherical  potentials,  Fristrom 
and  Monchick  (1988)  have  recently  suggested  a  phenomenolog¬ 
ical  relationship  to  easily  compute  the  thermal  diffusion  factor 
of  molecules  having  internal  degrees  of  freedom,  but  the  case  of 
highly  nonspherical  polyatomic  molecules  seems  to  be  out  of  the 
realm  of  practical  applicability  via  gas  kinetic  theory.  The  alter¬ 
native  pursued  here  is  based  on  one  used  by  Waldmann 
(1959,  1968)  in  problems  related  to  aerosol  particle  diffusion. 
The  method,  initially  developed  to  interpret  Millikan's  oil  drop 
experiment  (Epstein,  1924),  considers  the  carrier  gas  to  be  in  a 
nonequilibrium  state  in  which  the  scale  A  of  the  thermodynamic 
inhomogeneities  (e.g.,  gradient  of  temperature)  is  very  large 
compared  with  the  gas  mean-free  path  I.  The  corresponding  car¬ 
rier  gas  Knudsen  number  Kn  -  //A  is  a  small  parameter  and  the 
results  of  the  Enskog-Chapman  theory  apply  to  the  correspond¬ 
ing  distribution  function  for  the  molecule  velocities.  Immersed 
in  this  carrier  gas  a  very  heavy  particle  is  assumed  to  be  in  local 
thermal  equilibrium  with  its  neighborhood  and  to  have  a  size  R 
very  small  compared  to  the  gas  mean-free  path,  in  such  a  way 
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that  the  associated  particle  Knudsen  number  Kn^  -  IjilR)  is  2 
large  parameter.  In  these  circumstances,  the  “hydrodynamic" 
(continuum)  limit  fails  and  a  “free-molecule”  flow  approach  is 
adopted  to  calculate  the  force  on  the  particle  by  adding  all  of  the 
impulses  transferred  to  it  by  the  colliding  gas  molecules.  In  addi¬ 
tion,  an  effective  spherical  shape  for  the  particle  was  assumed  by 
Epstein  and  Waidmann  and  the  effects  arising  from  its  complex 
local  and  internal  structure  were  summarized  in  a  single  param¬ 
eter;  the  fraction  of  the  colliding  molecules  diffusely  reflected,  a. 
Results  of  this  theory  have  been  tested  by  comparison  with  the 
corresponding  ones  obtained  from  the  kinetic  theory  of  poly¬ 
atomic  gases  under  suitable  assumptions  (Mason  and  Chapman, 
1962;  Monc.iick  et  al.,  1963),  i.e.,  in  the  quasi-Lorentzian  or 
“dusty-gas"  -nodel  (Mason,  19S7;  Fernandez  de  la  Mora  and 
Mercer,  1982)  and  excellent  agreement  has  been  found. 

A  more  general  criterion  for  the  applicability  of  Waldmann's 
approach  and  one  which  motivates  our  extensions  from  aerosol 
particles  to  heavy  vapor  molecules  can  be  obtained  by  imposing 
the  condition  that  the  displacement  of  the  “particle"  during  a 
time  of  the  order  of  the  characteristic  time  r  between  gas/par¬ 
ticle  collisions  must  be  small  compared  to  its  own  dimensions. 
For  the  illustrative  case  of  a  large  sphere  of  radius  R,  this  condi¬ 
tion  is  simply  Ft  «  2/?,  F  being  the  particle  velocity.  Now  the 
mean  momentum  transferred  to  the  particle  per  collision  with 
the  gas  molecules  is  of  the  order  A/F  -  (r/2)mc,  where  c  is  the 
mean  gas  molecule  velocity,  and  M  and  m  are  the  particle  and 
molecule  masses,  respectively.  Moreover,  the  time  r  may  be 
roughly  estimated  as  r  -  Ajltr R^Nc),  N  being  the  number  of 
molecules  per  unit  volume.  Therefore,  this  criterion  can  be  writ¬ 
ten: 

where  we  used  /  -  (4  yllirNr]  )■'  for  the  gas  mean-free  path, 
and  r,  is  the  gas  molecule  radius. 

With  respect  to  particle  rotations,  if  /  is  the  particle  moment 
of  inertia,  u  is  its  angular  velocity  and  F  •  R  the  torque  due  to 
a  collision,  we  have  Ini  ~  f  FRdt  but  /  ~  MR^  and  f  Fdt  ~  me, 
then  the  inverse  of  the  characteristic  rotation  time  of  the  particle 
is  given  by  u  -  me/ MR.  Thus,  we  find  that  criterion  1  is  equiva¬ 
lent  to  oiT  «  1 ,  which  indicates  that  the  particle  docs  not  appre¬ 
ciably  rotate  between  successive  molecular  impacts.  These  con¬ 
ditions  can  also  be  satisfied  for  sufficiently  small  nonspherical 
aerosol  particles  and  even  sufficiently  large  vapor  molecules  in  a 
“light”  carrier  gas.  In  general,  the  nonsphericity  of  a  particle 
should  play  an  important  role  in  determining  its  transport  char¬ 
acteristics.  and  it  will  not  be  sufficient  to  assume  an  effective 
spherical  shape  for  a  particle,  hoping  to  include  “nonsphericity 
effects”  in  the  diffuse  reflection  coefficient,  a.  Rather,  one  must 
consider  the  actual  overall  particle  shape  and  retain  this  coeffi¬ 
cient  only  to  account  for  the  more  localized  effects  of  internal 
degrees  of  freedom.  Fortunately,  the  Waidmann  approach,  as 
described  below,  provides  the  means  to  predict  such  “shape” 
effects. 

Since  we  need  An,  *  1  to  use  results  valid  in  the  free-molecule 
flow  limit,  condition  I  imposes  an  important  restriction  to  the 
theory.  Us  range  of  validity  can  be  roughly  estimated  from  Fig¬ 
ure  I ,  where  we  have  plotted  the  dimensionless  group  appearing 
in  Eq.  I  and  the  particle  Knudsen  number  as  functions  of  the 


Figur*  1.  Knudsen  number  An,  and  group  B  r  yf2  (m/ 
M)  •  lr,/R)*  •  Kn,  as  functions  of  the  effective 
aerosol  particle  radius  R. 

The  shaded  regions  show  the  regime  of  validity  of  the  preaent 
approach  forp  «  I  atm.  T  300  and  2,000  K. 

particle  size  R  (we  have,  for  this  illustration  only,  assumed 
spherical  shapes  and  equal  mass  densities,  with  r,  -  1 .6  A  for 
the  gas  molecule  radius).  Evidently,  for  the  nominal  conditions 
p  •  I  atm,  T  •  1 ,000  K,  one  can  expect  the  present  theory  to  be 
valid  for  small  particles  or  giant  molecules  in  the  approximate 
range:  10-100  A  in  size. 

Recapitulating,  the  idea  developed  in  this  introductory  paper 
is  to  apply  the  Waidmann  approach  to  investigate  the  thermal 
diffusion  of  heavy  nonspherical  molecules  (e  g.,  paraffin  hydro¬ 
carbons)  in  low  molecular  weight  atmospheres,  although  our 
results  also  apply,  of  course,  to  the  very  important  thermopho- 
retic  properties  of  small  nonspherical  “aerosol”  particles  such  as 
“soot”  aggregates  formed  in  combustion  (Rosner,  1986).  In  the 
following  sections,  we  therefore  extend  Waldmann’s  theory  to 
nonspherical  particles  and  then  particularize  our  results  to  sphe- 
rocylinders  as  an  approximation  to  the  effective  shape  of  paraf¬ 
fin  molecules. 


Method  of  Calculation 

We  proceed  here  by  first  evaluating  the  thermophoretic  and 
resistance  forces  on  a  particle  of  convex  (but  otherwise  arbi¬ 
trary)  shape,  using  Waldmann’s  theory. 

Let  us  consider  a  gas  subjected  to  a  temperature  gradient  in 
such  a  way  that  its  linearized  distribution  function  for  molecular 
velocities,  as  given  by  the  Enskog-Chapman  first-order  approxi¬ 
mation,  is  (e.g..  Chapter  5  of  Ferziger  and  Kaper,  1972): 

f  - -fy  ■(\  +<!>)  (2) 

where is  the  local  Maxwellian  distribution  function: 
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and  4>  is  the  correction  due  to  each  of  the  prevailing  gradients, 
i.e.: 


3/1  /mC^ 

\u7r 


C  •  grad  In  T 


mil 


:  grad  v 


(4) 


Here  A'  is  the  local  molecular  number  density,  m  the  molecular 
mass,  kf  the  Boltzmann  constant,  T  the  absolute  temperature,  C 
the  molecular  velocity,  /i  the  dynamic  viscosity  coefficient,  /  the 
unit  matrix,  and  v  the  macroscopic  gas  velocity. 

The  relative  importance  of  the  temperature  and  velocity  gra¬ 
dient  terms  in  <t>  is: 


C  •  grad  In  T  1 
CC ;  grad  v  Ma 


(5) 


ing  the  indicated  integral,  we  find: 


n  ■  dF, 


mN 

■J*h 


- ^  +  m  ■  V  +  —  H  •  grad\n  "nd^l,  (10) 

i4  V  A  4  / 


I. .  dF,  - 


mN 
2  ^ 


•  grurfln  (/-I,  2)  (11) 


To  take  into  account  inelastic  collisions,  it  is  assumed  that  a 
fraction  a  of  the  total  number  of  molecules  impinging  per  unit 
time  undergoes  diffuse  (nonsp)ecular)  reflection  and  is  therefore 
scattered  with  a  Maxwellian  distribution  function /*,  that  is: 


where  Ma  «  i>/C  «  1 .  is  the  local  Mach  number,  and  6*  and  6,^ 
are  the  thermal  and  momentum  boundary  layer  thickness, 
respectively.  Since  we  will  restrict  our  attention  to  subsonic 
flows,  in  what  follows  we  will  disregard  the  contribution  of 
velocity  gradients  to  tf). 

Let  us  assume  that  the  particle  is  moving  with  respect  to  the 
gas  with  a  constant  velocity  V  small  in  magnitude  compared 
with  the  average  gas  molecular  velocity.  Then,  written  in  a 
frame  attached  to  the  particle  and  neglecting  second  order 
terms,  the  distribution  function  is: 


N  - 

\ir 


AV/2 


2hc  ■  y  -  2i'h  j  Ac^  -  ^  I  c  •  grad  In  7 


(6) 


where  c  *  C  -  K  is  the  molecule  velocity  relative  to  the  moving 


particle. 

A  * 

(7) 

2  kgT 

and 

(8) 

tf  m  - 

Nm 

is  the  momentum 

diffusivity  ('‘kinematic 

viscosity"  coeffi- 

cient). 

Let  d^X  be  an  element  of  the  particle  surface  and  n  the  exte¬ 
rior  normal  unit  vector  that  forms  with  the  tangential  vectors  f, 
and  f  j  a  local  orthogonal  system.  The  number  of  molecules  strik¬ 
ing  per  unit  time  on  d^X  with  velocities  between  c  and  c  +  </’r  is 
-  f '  (c  ■  H)d^cd^X,  where  attention  must  be  restricted  to 
(<•■»)<  0.  Then  the  force  dF,  exerted  on  d^X  by  the  impinging 
molecules  is: 


dF,~  -d^Xm  f  c(c  n)f  -d\  (9) 

n 


I  -exp  (-Ac’)  (12) 

where  the  coefficient  N'c  must  be  chosen  such  that  the  total 
number  per  unit  time  of  molecules  diffusively  reflected  equal¬ 
izes  the  fraction  a  of  the  impinging  molecules.  This  condition 
leads  to: 


No-aN  •  (\  +  yfHHy-  h)  (13) 

Once /  *  is  known  we  can  evaluate  the  corresponding  force 
on  the  surface  element  which  is  given  by. 

dF^  -  f  c(c-H)f*  d’e  (14) 

After  projecting  in  the  normal  and  tangential  directions,  and 
evaluating  the  indicated  integrals,  we  And: 


amN 

fir  1  ^ 

nl  (15) 

(1-1.2) 

(16) 

The  remaining  fraction  1  -  o  of  the  colliding  molecules  is 
assumed  to  be  specularly  reflected  (without  tangential  mo¬ 
mentum  transfer)  in  such  a  way  that  if  the  velocity  of  a  molecule 
was  c  then  its  velocity  after  reflection  must  be  r  -  2  (c  ■  *  )«.  So 
t.'^e  force  produced  will  be: 

dFgg  -  d^X  m(l  -  a) 

■  f  \c  -  2(c  ■  n)  n](c  ■  n)f  - d^c  (17) 

•'c.ikO 

which  leads  to  the  projections: 


<1  •  dFsK  -  ( 

1  -  a)n  • 

dF, 

(18) 

1 

1 

(1  -a)t, 

■  dF, 

(19) 

Projecting  in  the  normal  and  tangential  directions  and  perform- 


Then,  by  addition,  we  find  the  total  force  in  the  normal  and  tan- 
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Finally,  the  total  force  /"on  the  particle  would  be  the  integral  of 
the  elementary  forces  dF  over  the  total  particle  surface  2, 


where  dF  is  obtained  from  the  projections  (Eqs.  20  and  2 1 )  as: 

dF  -  {n  •  dF)n  +  (i|  •  dF)t,  +  {I2  •  dF)t2  (23) 

A  similar  result,  but  for  the  diffusiophoresis  phenomenon,  has 
been  obtained  by  Yalamov  et  al.  (1929). 

We  will  now  apply  these  results  to  a  “sphero-cylindrical”  par¬ 
ticle:  i.e.,  a  cylinder  of  length  L  and  radius  R  with  hemispherical 
caps  at  both  ends.  Figure  2. 

Due  to  the  linearity  of  the  calculation,  the  force  on  a  sphero- 
cylinder  can  be  obtained  by  addition  of  the  forces  on  its  spheri¬ 
cal  and  cylindrical  parts.  A  straightforward  compulation  leads 
to: 


Figure  2.  Sphero-cylindrical  particle  in  a  nonuniform  tem¬ 
perature  gas  showing  the  choice  of  coordi¬ 
nates  and  notation. 

ponents  of  -grad  T and  V  along  the  same  direction,  in  such  a  way 
that  if  these  two  vectors  are  directed  along  the  cylinder  axis  of 
revolution  no  thermophorcsis  nor  resistance  force  exist.  When 
we  “close”  both  ends  of  the  cylinder  with  hemispherical  caps,  we 
must  add  to  the  previous  forces  new  ones  directed  along  -grad  T 
and  V  (just  the  thermophoretic  drift  and  the  resistance  force 
corresponding  to  a  sphere).  If  n  #  0  (diffuse  reflection  also 
occurs,  implying  tangential  momentum  transfer),  the  situation 
is  somewhat  more  complex  but,  in  any  case,  the  resulting  ther¬ 
mophoretic  (c/.  resistance)  force  docs  not  coincide  with  the 
direction  of  -grad  T  and,  as  a  consequence,  the  nonspherical 
shape  leads  to  a  “lift”  in  the  resistance  force  as  well  as  to  a  force 
normal  to  -grad  T  in  the  thermophoretic  force.  So,  in  general, 
when  a  stationary  motion  is  attained  (and  F  -  0)  the  vectors  F 
and  -grad  T  will  have  different  directions:  i.e.,  the  giant  elon¬ 
gated  molecule  does  not  drift  “down”  the  temperature  gradient. 
Equating  both  components  of  F  to  zero,  we  obtain  two  equations 
that  allow  us  to  calculate  both  components  of  V.  If  the  sphero- 
cylinder  is  aligned  in  the  e,  direction  and  is  the  angle  between 
e,  and  grad  T,  then  the  magnitude  V  and  the  angle  t:  between  e, 
and  V  (see  Figure  2)  are  given,  respectively,  by: 

V  -  -  ^  .  \grad\n  T\  (25) 

cos  a 

with 


where  e,  and  e,  are  unit  vectors  along  the  >■  and  r  axis.  Taking 
advantage  of  the  axial  symmetry  of  the  sphero-cylinder  without 
loss  of  generality,  it  has  been  assumed  that  it  was  aligned  in  the 
e,  direction  and  that  both  V  and  -grad  T  lie  in  the  yz  plane,  as 
shown  in  Figure  2. 

When  we  pass  to  the  limit  L/R  —*  0  {i.e.,  the  spherical  case),  and 
Eq.  24  reduces  to  Waldmann’s  result.  In  the  opposite  limit 
L/R  —  ac  (i.e.,  the  cylindrical  case)  a  pa'-tial  check  can  be 
obtained  by  noting  that  Eq.  24  specializes  to  a  previous  result  of 
Dahneke  (1973)  for  the  drag  force,  F  ■  F/F,  in  a  constant  tern- 
perature  environment:  i.e.,  -grad  T  -  0. 

As  shown  by  Eq.  24,  when  o  -  0  (pure  specular  reflection)  the 
cylindrical  surfaces  themselves  experience  thermophoretic  and 
resistance  forces  along  a  direction  normal  to  its  axis  of  revolu¬ 
tion,  these  forces  being  proportional  to  the  corresponding  com- 
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The  behavior  predicted  by  Eq.  25  and  the  deviation  angle 
i-ir  +  /3-afora  very  long  particle  {L/R  — » are  depicted 
in  Figures  3  and  4,  respectively,  which  summarize  the  “shape 
effects”  of  greatest  interest.  Figure  3  shows  that,  provided  the 
impinging  gas  molecules  can  transport  tangential  momentum 
(i.e.  are  not  fully  specularly  reflected,  we  have  chosen  a  -  0.8), 
a  long  sphero-cylindrical  particle  with  a  major  axis  aligned  with 
the  direction  of  -grad  T  will  thermophoretically  drift  approxi¬ 
mately  3 1  %  faster  down  the  temperature  gradient  than  a  sphere 
of  radius  R  (equal  to  the  cylindrical  radius),  whereas  a  long 
spherocylindrical  particle  with  its  major  axis  perpendicular  to 
-grad  T  will  thermphoretically  drift  approximately  6%  slower 
than  a  sphere  of  radius  R  in  the  same  local  environment.  An 
important  corollary  of  this  orientation  dependence  of  the  ther- 
mophoretic  velocity  is  a  “new”  mechanism  of  coagulation  for 
nonspherical  particles  in  a  temperature  gradient  (i.e.,  particles 
of  one  orientation  are  able  to  “overtake”  particles  of  another 
orientation).  Since,  when  An,  »  1,  the  thermophoretic  velocity 
of  a  sphere  is  size-independent,  this  result  also  implies  that  a 
noncoalescing  liquid  (or  solid)  aerosol  in  a  temperature  gradient 
will  coagulate  faster  than  a  coalescing  one.  A  somewhat  subtler 
mechanism  of  coagulation,  also  new  and  associated  with  ther¬ 
mophoresis,  is  implied  in  Figure  4.  It  shows  that  the  direction  of 
thermophoretic  drift  of  “nonaligned”  (neither  parallel  nor  per¬ 
pendicular)  particles  departs  (by  as  much  as  12°)  from  the 
direction  of  -grad  T.  The  stochastic  effect  of  such  “lateral”  dis¬ 
placements  for  particles  which  are  experiencing  Brownian  rota¬ 
tion  will  be  to  introduce  a  “thermo-Brownian”  contribution  to 
the  coagulation  rate  for  nonspherical  particles  in  a  temperature 
gradient.  These  particle  coagulation  implications  of  the  results 
displayed  in  Figures  3  and  4  will  be  pursued  elsewhere. 

Due  to  Brownian  rotatory  motion,  after  a  very  long  time  com¬ 
pared  to  the  rotation  time,  the  giant  molecule  will  go  through  all 
possible  orientations.  Then,  if  ail  orientations  were  equiproba- 
ble,  the  orientation-averaged  thermophoretic  velocity  (F,-),  in 
the  direction  of  -grad  T,  would  be: 

<  Vj)  -  -  f'  V  cos  6  sin  /3  dd 
2  -^0 

-  ^  /4(  I  -H  2B)  V  •  \grad  In  T\  (29) 


In  the  equivalent  result  of  kinetic  theory,  the  proportionality 
factor  between  the  thermophoretic  velocity  and  the  gradient 
grarflnTis  usually  written  as  the  product  Oj-Dof  the  binary  ther¬ 
mal  diffusion  factor  a,  and  the  binary  diffusion  coefficient  D. 
For  a  quasi-Lorentzian  gas  of  hard  spheres,  the  kinetic  theory 
gives  the  result  (Mason,  1957): 

l«rf7)(?r  -  (VOv  (30) 

which  reduces  to  the  following  result  of  Waldmann  (1961)  when 
only  “specular”  collisions  occur  (a  -  0): 


WtD]ql 
1  +  (oir/8) 


(31) 


This  result  predicts  a  decrease  in  the  thermophoretic  drift  ve¬ 
locity  when  inelastic  collisions  occur  (a  >  0)  but  contains  no  in¬ 
formation  about  shape  effects  In  the  quasi-Lorentzian  and 


PARTICLE  ORIENTATION,  /BC) 


Figure  3.  Normalized  magnitude  of  the  thermophoretic 
velocity  for  a  sphero-cylindrical  particle  as  a 
function  of  particle  orientation  B  (diffuse  frac¬ 
tion  «  -  0.8). 


Waldmann  model,  the  shape  dependence  of  the  thermal  diffu¬ 
sion  factor  is  contained  in  the  ratio  Sc  -  v/Z>,  known  as  the 
Schmidt  number  (see,  e.g.,  Israel,  1983).  Then  our  results  (Eq. 
29)  can  be  written  as: 

(ajD)  -  *I,A(\  +  2B)[arD]p,  (32) 

where  the  brackets  indicate  the  orientation-averaged  value. 

Figure  5  shows  the  dependence  of  (ajD)  on  shape  for  a 
sphero-cylinder  compared  with  a  sphere  at  the  same  a  (diffuse 
fraction)  value.  It  is  interesting  to  note  that  (ajD )  would  be  rel- 


Figure  4.  Deviation  angle  h  (drift  direction  with  respect  to 
-grad  T)  for  an  infinite  cylinder  (L/R  — *  oo)  as  func¬ 
tion  of  cylinder  orientation  B  with  respect  to  -grad 
T. 
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Figure  5.  Values  of  (otO)  for  a  sphero-cy Under  normal¬ 
ized  with  the  corresponding  Waldmann  result 
for  a  aphere  at  the  same  diffuse-fraction  a  val¬ 
ue. 


despite  the  fact  that  an  elongated  shape  reduces  this  tendency 
(cf.  Figure  5). 

Evaluation  of  the  thermal  diffusion  factor  from  Eq.  32 
requires  computation  of  the  binary  diffusion  coefficient  D.  This 
can  be  done  by  using  Einstein’s  relation; 

D  -  k,Tb  (35) 

where  the  “mobility”  b  is  obtained  from  the  principal  values  c,, 
Cj,  Cy,  of  the  resistance  coefficient  matrix  as  (see,  e.g.,  the  book 
of  Landau  and  Lifshitz,  1975,  p.  228): 


In  our  case,  due  to  the  special  choice  of  coordinate  frame  along 
the  symmetry  axis  of  the  sphero-cylinder,  the  resistance  matrix 
obtained  from  Eq.  24  is  diagonal  and  Ci  -  Cy-  Cy  -  c„ 
where: 


Dependence  on  aspect  ratio  i//l  and  difTuse-fraction  coefficient  o. 


yfHH 


8  /  ir\  L I  T  — 

-  l^u-U2- 


(37) 


evant  for  high  Schmidt  number,  thermophoretically-dominated 
particle  transport  across  continuum  thermal  boundary  layers 
because  Brownian  rotation  would  not  be  “frozen”  on  the  (tran¬ 
sit-)  time  scale  byj{Vj).  Further  implications  of  this  shape 
dependence  are  discussed  in  the  next  section. 

Using  Eq.  24  the  thermophoretic  torque  t  on  the  “particle” 
may  be  evaluated  by  integration  of  the  torque  dr  on  each  ele¬ 
mental  surface  d^Z,  over  the  whole  particle  surface.  That  is: 


mN 

yfrJi 
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\  +  a  — 

+  -^0 
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R 

By  denoting 


3  %/tA 

imNirR\l  +  ar/S) 


(38) 


(39) 


T  ^  f  dr  -  f  r  X  dF  (33) 

•'i 

where  r  is  the  position  vector  of  the  surface  points.  Calculation 
shows  that,  for  the  chosen  spherocylindrical  model,  there  is  no 
net  torque  on  the  particle.  This  is  a  consequence  of  the  particular 
shape  symmetry.  In  fact,  any  particle  (molecule)  having  three 
mutually  perpendicular  planes  of  symmetry  would  experience 
zero  net  torque.  Moreover,  it  can  be  shown  that  translation  and 
rotation  are  uncoupled.  This  is  a  well  known  result  for  the  low 
Reynolds  number  continuum  regime  (Happel  and  Brenner, 
1965)  that  can  be  “verbatim”  translated  to  the  free  molecule 
regime  whenever  a  convex  body  is  considered,  due  to  the  formal 
analogy  between  both  theories  (Rohatschek  and  Zulehner, 
1987). 

Discussion 

If  all  collisions  were  specular  (a  -  0),  our  result  corresponds 
to  the  quasi-Lorentzian  gas  in  the  hard-sphere  limit  (Eq.  30). 
On  the  other  hand,  in  the  limit  of  a  very  long  particle,  L/R  — >  ac, 
the  result  (Eq.  32)  is; 


(afD).  - 


1  -t-  ((ir/3)  -  2)0/8 
1  -I-  (ir  -  2Ta/8 


[ajD\gL 


(34) 


so  the  ratio  (a^D  >/(aj-/)]gi  is  always  smaller  than  unity,  taking 
its  minimum  value  when  all  collisions  are  “diffuse”  (a  -  1).  In 
other  words,  as  shown  by  Waldm  inn’s  sphere  result,  Eq.  31,  i/i- 
elastic  collisions  (a  >  0)  decrease’  thermophoretic  drift  velocity. 


the  corresponding  Waldmann  mobility  for  a  sphere  of  radius  R 
and  using  Eq.  37  and  38  in  Eq.  36  the  mobility  of  a  sphero-cylin¬ 
der  can  be  written: 


b  -  Eb,y 


(40) 


where 
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Let 

Dw  kfTbw 

be  the  diffusion  coefficient  of  a  sphere  of  radius  R,  and 
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(41) 


(42) 


(43) 


be  the  diffusion  coefficient  of  the  analogous  “quasi-Lorentzian” 
gas  of  hard  spheres.  Then  our  result  can  be  written: 


D  -  EDfy,  -  -  —  ■  Dql 

1  -V  ox/8 


(44) 


144 


January  1989  Vol.  35,  No.  1 


AIChE  Journal 


This  expression  gives  the  difTusioii  coefficient  of  a  sphero-cyiin- 
der  as  a  function  of  three  parameters;  L,  R  and  a.  These  parame¬ 
ters  must  be  adjusted  to  fit  experimental  values  of  D.  It  is  note¬ 
worthy  that  in  the  case  of  paraffin  hydrocarbons  diffusing  in 
nitrogen,  such  agreement  is  attained  with  reasonable  values  of 
these  three  parameters.  The  special  choices  •  2  A,  and  L  - 
(n  -  !)/?,«  being  the  number  of  carbons  in  the  paraffin,  are 
compared  with  the  experimental  measurements  in  Figure  6 
(Galloway  and  Sage,  1967),  which  reveals  gradually  better 
agreement  upon  increasing  the  number  of  carbons  of  the  paraf¬ 
fin  (as  the  criterion  1  is  more  accurately  fulfilled). 

Now  we  can  use  Eq.  32  to  compute  the  values  of  the  thermal 
diffusion  factor: 


Ot- 


4A{\  +  2B) 
9E 


°Tql 


(45) 


Figura  7.  Predicted  valuet  for  the  dimenelonlest  thermal 
diffusion  factor  for  paraffin  hydrocarbons  as 
function  of  tha  number  of  C  atoms  in  the  mole¬ 
cule. 


where  we  have  used  Eq.  44  and  ujq^  -  3v/(4£)^4)  is  the  thermal 
diffusion  factor  of  the  associated  quasi-Lorentzian  gas.  This  fac¬ 
tor  is  intimately  related  to  the  relative  size  of  the  “particle,”  R, 
and  the  surrounding  gas  r,,  ^Eisner  and  Rosner,  1985)  because 
using  Eq.  43  and  the  hard-sphere  kinetic  theory  to  determine  v, 
we  find  “  [5/(4 ■v/2)](/?/rj)^  Note  that  we  have  defined 
ar-  {arD)ID  because  this  is  the  parameter  obtained  from 
steady-state  experiments  in  which  concentration-(Brownian  or 
Pick)  diffusion  counterbalances  Soret  diffusion.  In  Figure  7  we 
have  plotted  the  values  obtained  from  Eq.  45  corresponding  to 
our  computed  values  of  D  plotted  in  Figure  6. 

Incidentally,  we  have  also  displayed  the  values  given  by  the 
kinetic  theory  for  a  binary  mixture  of  hard  spheres  where  one  of 
the  species  is  highly  diluted.  This  last  approach  then  assumes 
spherical  shape  and  variable  mass  for  the  diluted  species  (the 
praffin)  and  should  be  a  good  approximation  for  the  light  paraf¬ 
fins.  The  present  theory  assumes  a  very  large  mass  for  the  paraf¬ 
fin  but  variable  nonspherical  shape,  thereby  giving  a  better 
description  of  the  heavy  paraffin  behavior.  Figure  7  shows  a 
rather  encouraging  matching  of  both  descriptions  in  the  inter¬ 
mediate  region.  This  figure  also  shows  the  limit  of  expression  45 


C-ATOMS  IN  MOLECULE 

Figure  6.  Experimental  and  predicted  dlffualon  coefn- 
clente  D  for  paraffin  hydrocarbons  as  function 
of  the  number  of  C  atoms  in  the  molecule. 


for  large  values  of  n,  whose  analytical  form  is: 


2(fl/flo)(%  -  fl/4ao) 

k,Tb^'/4  +  fl/2oo) 


1  +  (X-/6  -  l)fl/4 
I  +  (t/2  -  l)fl/4" 

(Ta^/4)-ir[l  +{x/2-  l)fl/4]^ 

3«[1  (t/2  -  l)fl/4][3  -I-  (t/2  -  3)fl/4] 

I  -  (fl,/o)  [l/CA  +  a/2ao)]  ^  J 


where  Og- +  011)12  and  we  have  assumed  that  1/ 
R  -  n  -  1 .  Then  we  predict  a  straight  line  for  the  dependence  of 
Or  on  n  when  n  — ►  ®.  Figure  7  reveals  that  this  limit  is  in  fact 
reached  quickly,  even  for  moderate  values  of  n. 


Conclusions 

The  formalism  used  by  Epstein  (1924)  and  Waldmann  (1959, 
1968)  to  study  the  dynamics  of  small  spherical  particles  in  a 
nonisothermal  gas  is  here  shown  to  be  useful  to  investigate  not 
only  the  behavior  of  small  nonspherical  particles,  but  also  the 
behavior  of  “giant”  nonspherical  molecules. 

Interesting  results  of  this  analysis  include  the  predictions 
that,  provided  gas  molecule  reflection  is  not  completely  specu¬ 
lar,  sphero-cylindrical  particles  in  a  local  temperature  gradient 
grad  T  will  thermophoretically  drift:  (i)  more  rapidly  when  their 
major  axis  is  aligned  with  -grad  T  than  when  perpendicular  to 
-grad  T  (by  about  48%  for  the  limiting  case  L/R  —  <x>,  a  -  1); 
(ii)  at  a  different  velocity  (depending  upon  particle  orientation 
and  QR)  than  that  of  a  sphere  of  radius  R  equal  to  the  cylinder 
radius,  (iii)  at  an  angle  (up  to  12°)  with  respect  to  -grad  T  when 
their  major  axis  is  not  parallel  to,  or  perpendicular  to,  grad  T, 
(iv)  withoui  a  net  torque  tending  to  orient  the  particle  with 
respect  to  -grad  T.  Important  corollaries  of  these  findings,  now 
under  quantitative  investigation,  are  that  nonspherical  particles 
in  a  temperature  gradient  should  also  experience  new  thermo- 
phoretically-induced  coagulation  mechanisms,  and  that  thermo¬ 
phoretically  augmented  coagulation  rates  in  the  presence  of 
rapid  coalescence  should  be  slower  than  those  in  the  absence  of 
rapid  coalescence  (i.e.,  when  nonspherical  aggregates  form). 
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In  the  case  of  sphero-cylindrical  “particles”  studied  here,  we 
find  that  there  is  no  net  thermophoretically  oriented  torque  so 
that  the  only  particle  rotation  would  be  the  rotational  Brownian 
motion.  This  would  be  also  the  case  for  other  differently  shaped 
particles  which  possess  the  same  symmetry;  all  axisymmetric 
nonspherical  bodies  with  a  plane  of  symmetry  normal  to  the  axis 
of  revolution,  like  cylinders  and  discs.  In  fact,  this  result  can  be 
generalized  further  to  bodies  possessing  three  mutually  perpen¬ 
dicular  planes  of  symmetry  (see,  e.g.,  Davies,  1979,  for  particle 
dynamics  in  the  continuum  limit).  However,  in  general,  the 
thermophoretic  torque  on  the  particle  will  be  nonzero,  leading 
either  to  nonspherical  particle  alignment  or  continuous  rotation, 
depending  on  the  particle  symmetry.  These  implications  of  our 
present  work,  when  applied  to  unsymmetrical  nonspherical  par¬ 
ticles  or  heavy  molecules,  are  currently  under  investigation. 
However,  as  a  particular  result  for  sphero-cylindrical  “par¬ 
ticles”  we  have  estimated  the  thermophoretic  velocity  of  the 
paraffin  hydrocarbons,  modelled  as  sphero-cylinders.  Our  for¬ 
mulae  depend  on  three  parameters  associated  with  the  molecu¬ 
lar  geometry  and  structure,  but  additional  experimental  infor¬ 
mation  will  be  required  before  assigning  precise  values  to  them. 

This  asymptotic  kinetic  theory  approach  is  now  also  being 
used  to  predict  the  behavior  of  molecules  with  flat  nonaxisym- 
metric  structures,  such  as  benzene  and  anthracene,  of  great  cur¬ 
rent  importance  in  hydrocarbon  fuel  and  coal  processes. 

It  should  be  noted  that  particle  shape  effects  on  thermopho¬ 
retic  behavior  have  recently  been  investigated  in  the  opposite 
limit  of  small  particle  Knudsen  number  by  several  authors 
(Leong,  1984;  Reed,  1971).  Although  an  exhaustive  study  of 
particle  orientation  implications  is  still  lacking  in  this  “near¬ 
continuum”  limit,  it  has  been  shown  that  in  this  case  also  the 
particle  thermophoretic  drift  is  strongly  dependent  of  both 
shape  and  relative  orientation.  Results,  however,  depend  on  the 
ratio  of  the  thermal  conductivity  of  the  particle  to  the  gas, 
whereas  in  the  present  {Kn,*  I)  case  they  depend  on  the 
momentum  accommodation  coefficient  a.  But,  despite  the  fact 
that  in  both  limiting  cases  (ATn,  «  I,  Kn^  »  I)  thermophoretic 
drift  is  “caused”  by  different  phenomena  (thermal  “slip,”  and 
momentum  transfer,  respectively),  we  can  state  in  general  that 
an  elongated  particle  will  thermophoretically  drift  faster  than  a 
sphere  when  it  is  oriented  parallel  to  -grad  T.  Also,  flattened 
particles  behave  qualitatively  in  a  similar  manner:  they  drift  fas¬ 
ter  when  they  have  either  major  axis  parallel  to  -grad  T, 
although,  while  the  lowest  drift  velocity  in  the  limit  of  vanishing 
thickness  vanishes  for  a  Marge’  particle,  it  remains  nonzero  for  a 
small  particle.  Our  present  interest  in  the  An,  »  I  limit  is,  of 
course,  motivated  by  the  realization  that  results  in  this  limit  will 
often  be  applicable  to  ‘heavy  molecules’,  rather  than  just  “true 
particles.”  This  important  hypothesis  will  be  tested  further  for 
both  long  (paraffin-like)  or  platelet  (polycycle  aromatic)  mole¬ 
cules  in  our  follow-on  studies. 
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Notation 

A  -  parameter 

a  -  diffusively  reflected  gas  molecule  fraction 
B  -  parameter 
b  -  particle  mobility 
C  -  sound  velocity 

Cpf,  -  principal  values  of  '.be  resistance  matrix 
C  -  molecular  velocity 
e  -  relative  molecular  velocity 
I  -  mean  gas  molecule  velocity 
D  —  particle  diffusion  coefficient 
E  -  parameter 

tfA,  -  unit  vectors  along  y  and  z  axis 
F  -  total  force  on  the  particle 
/*  -  diffusively  reflect^  gas  velocity  distribution  function 
f~-  gas  velocity  distribution  function 
Fm  -  force  due  to  the  diffusively  reflected  molecules 
F,  -  force  due  to  the  impinging  molecules 
fsK  ~  force  due  to  the  specularly  reflected  molecules 

-  Maxwellian  distribution  function 
h  -  m/2kfT 

I  -  particle  moment  of  inertia 
I  -  unit  matrix 
kt  -  Boltzmann  const-  t 
Kn  -  gas  Knudsen  number 
An,  -  particle  Knudsen  number 
L  -  Cylinder  length 
/  -  gas  mean-free  path 
M  -  particle  mass 
m  -  gas  molecule  mass 
N  -  gas  molecule  number  per  unit  volume 
Np  -  coefficient  in/* 
n  -  number  of  C  atoms 
■  -  normal  unit  vector 
R  -  particle  radius 
r  -  position  vector 
r,  -  gas  molecule  radius 
T  -  absolute  temperature 
(i,f]  -  tangential  unit  vectors 
V  -  particle  velocity 
»  -  macroscopic  gas  velocity 
FV  -  thermophoresis  velocity 

Greek  letters 

a  -  angle  between  e,  and  V 
Of  -  thermal  diffusion  factor 
0  -  angle  between  e,  and  grad  T 
6  -  r  ■¥  0  -  a 

4,  -  thermal  boundary  layer  thickness 

-  momentum  boundary  layer  thickness 

d  -  gradient  correction  to  the  distribution  function 
A  -  macroscopic  gradient  scale 
U  -  dynamic  viscosity  coefficient 
v  -  momentum  diffusivity 
X  -  particle  surface 
T  -  torque  on  particle 
T  -  gas-particle  collision  time 
bi  -  particle  angular  velocity 

Subscripts 

QL  -  quasi-Lorentzian 
W  -  Waldmann 
oc  -  infinitely  long  particle 
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Abstract — Since  radiation  energy  fluxes  can  be  comparable  to  or  even  dominate  ‘convective’  (Fourier) 
fluxes  in  large  fossil-fuel-fired  power  stations  and  furnaces,  we  examine  particle  drill  (‘phoresit')  induced 
by  the  nonuniform,  photon-produced  heating  of  particles  in  a  ‘hosf'gas.  Our  analysis  of  the  resulting 
photophoretic  particle  velocity  shows  that  photophoresis  is  a  significant  transport  mechanism  for  mkron- 
sized  absorbing  particles  in  high  radiative  transfer  combustion  environments,  with  equivalent  photophoret¬ 
ic  diffusivity  ratios  (dimensionless  photophoretic  velocities)  being  as  large  u  10%  of  the  better-known 
thermophoretic  diffusivity.  Since  previous  experimental  results  demonstrated  that  thermophorasis  causes 
over  a  3-decade  increase  in  small  particle  deposition  rates  by  convective  diffusion,  dearly,  for  small, 
absorbing  particles,  photophoresis  will  also  be  an  important  contributor  to  observ^  deposition  rates. 
Accordingly,  we  present  predicted  dimensionless  mass  transfer  coefficients  for  particle  transport  across 
non-isolhermal  laminar  gaseous  boundary  layers,  including  the  simultaneous  effects  of  both  particle 
thermophoresis  and  photophoresis.  It  is  also  shown  that  our  earlier  ‘additive  suction  velocity’  prediction/ 
correlation  scheme  successfully  anticipates  the  present  numerical  (large  Schmidt  number,  laminar 
boundary  layer)  results  for  radiative/conductive  flux  ratios  encountered  in  practice. 
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t.  INTRODUCTION 

A  key  ingredient  in  the  prediction  of  deposition 
rates  in  combustion  environments  is  an  understand¬ 
ing  of  the  mechanisms  involved  in  transporting 
particles  across  gaseous  boundary  layers  and  onto 
heat  exchanger  surfaces.  Brownian  diffusion  is  a 
major  contributor  to  deposition  for  ultra-small  {ea 
lO'^/im)  particles  (and  heavy  vapors)  whereas  inertial 
impaction  becomes  dominant  for  relatively  large 
particles  (ca  W/tm  for  gas  velocities  typical  in  large- 
scale  furnaces).''’ 

Thermophoresis,  or  the  drift  of  aerosol  particles 
down  a  temperature  gradient,  becomes  a  significant 
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transport  mechanism  for  intermediate-sized  particles. 
This  is  a  consequence  of  the  very  steep  gas  tem¬ 
perature  gradients  produced  within  the  boundary 
layers  adjacent  to  heat  exchanger  surfaces.  Previous 
investigations^  have  demonstrated  the  importance  of 
thermophoresis  for  particle  deposition  to  a  cooled 
surface.  Indeed,  experimental  observations*  indicate 
that  thermophoresis  can  cause  over  a  3-decade 
increase  in  small  particle  deposition  rates  over  that  by 
convective  diffusion  alone. 

A  transport  mechanism  which  has  not  received 
previous  attention  by  engineers  is  photophoresis. 
Photophoresis  is  similar  to  thermophoresis  in  that  the 
particle  motion  results  from  a  temperature-gradient- 
induced  gas  flow  (thermal  creep)  adjacent  to  the 
particle  surface.  In  thermophoresis,  the  temperature 
gradient  exists  in  the  bulk  gas,  whereas  in  photo¬ 
phoresis  the  temperature  gradient  is  localized  about 
the  particle  and  is  the  result  of  nonuniform  absorp¬ 
tion  of  radiation  within  the  particle.  Considering  that 
radiative  transport  is  typically  the  dominant  mode  of 
ertergy  transfer  in  large,  pulverized-coal  furnaces,’  the 
'driving  force'  for  photophoresis  is  certainly  signifi¬ 
cant. 
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Accurate  analysis,  however,  of  the  photophoretic 
velocity  of  a  particle  having  arbitrary  size  and 
radiative  properties  is  made  difficult  by  the  complicat¬ 
ed  nature  of  the  radiative  absorption  process  within 
the  particle,  and  only  recently  have  K^iutions  for 
been  obtained  even  for  homogeneous  spherical 
particles.**"  DilTusivity  ratios  (or  dimensionless  velo¬ 
cities)  for  micrometer-sized,  radiatively-absorbing 
spherical  particles  can  be  of  the  order  of  10%  of  the 
better-known  thermophoretic  diffusivities  ratios."*'* 
Since  radiative  energy  fluxes  actually  dominate 
‘convective-diflTusion*  energy  fluxes  in  many  applica¬ 
tions,  this  conclusion  indicates  that  photophoresis  can 
be  an  important  contributor  to  the  observed  deposi¬ 
tion  rates  of  absorbing  particles  in  high  radiative 
transfer  environments,  especially  for  particle  sizes  just 
below  the  onset  of  inertial  impaction. 

The  investigation  presented  here  focuses  on  the 
effect  of  photophoresis  upon  the  deposition  rate  of 
intermediate-sized  particles — i.e.,  small  enough  to 
preclude  inertial  impaction,  and  yet  large  enough  to 
exhibit  negligible  Brownian  diffusivity.  Indeed,  it  is  in 
this  intermediate  size  range  (typically  having 
diameters  between  ca  10"'  and  lO/im)  that  we  expect 
the  most  important  influence  of  photophoresis  upon 
particle  deposition  rates.  Even  in  cases  where  most  of 
the  mainstream  particle  mass  loading  is  due  to  larger 
particles,  the  photophoretic  effect  can  still  exert  a 
considerable  influence  on  system  performance  since 
the  intermediate  size  particles  (often  droplets)  could 
serve  as  a  'glue'  to  assist  the  capture  of  still  larger 
impacting  'solid'  particles"  or  alter  the  conditions  of 
(underlying)  meUi  corrosion  (e.g.  associated  with  the 
collection  of  'soot'  particles). 


2.  rHOTOPHOBCnC  AND  THEBMOPHOBETIC  rAITICtX 

‘oiFFusivrnis' 

The  local  thermophoretic  velocity  (i.e.,  the  terminal 
velocity  reached  for  an  isolated  particle  in  a  gas  with 
a  locally  constant  temperature  gradient)  is  normally 
written  in  the  form; 

rT  -  aTD,-(-(grad7)/ri  (1) 

where  is  the  dimensionless  thermal  diffusion  factor 
and  the  Brownian  diffusion  coefficient  of  the 
particles.  Actually,  /),  is  included  here  just  to 
emphasize  the  similarity  between  and  a  diffusion 
velocity,  but  the  value  of  the  thermophoretic  diffusinty 
depend  on  D,  (which,  in  fact,  will 
be  taken  to  be  zero  in  our  present  asymptotic 
analysis).  For  spherical  particles  in  the  near¬ 
continuum  (or  slip-flow)  regime  (i.e.,  the  particle 
radius,  a,  is  much  larger  than  the  gaseous  mean-free 
path,  /),  can  be  obtained  from  solution  of  the 
conduction  and  creeping-flow  equations  with  slip- 
corrected  boundary  conditions."*"  This  analysis 
yields: 


ajDf 


o 


(l+3c.i)(.+2i  +  2c,i) 


(3a) 

where  v  is  the  gas  momentum  diffusivity  (kinematic 
viscosity),  k,  and  kp  are  the  thermal  conductivities  of 
the  gas  and  particle*,  respectively:  and  I  %  2v/?.  with 
I  ■>  (S/fT'/xAf,)''*.  The  parameters  in  the  Cunning¬ 
ham  correction  factor  have  the  approximate  values 
A  ■>  1.20,  B  «  0.41,  C  -  0.88.  The  coeflicients  of 
thermal  slip,  momentum  exchange,  and  temperature 
jump  have  values  (for  perfect  accommodation)  of 
c,  ■■  1.17,  c.  B  1.14,  and  c,  *  2.18,  respectively.  In 
the  free-molecular  limit,  i.e.  o  4  /,  the  analysis  of 
Waldmann  for  perfect  accommodation  yields;'*'"''* 


aTf>p  -  O.S4v  (2b) 

In  view  of  the  fact  that  Eq.  (2a),  evaluated  at  the  limit 
I  >  a,  yields  the  numerical  factor  0.56,  Talbot  et  al.'* 
suggested  that  Eq.  (2a)  should  provide  a  useful  ap 
proximation  for  in  the  transition  regime  (/  %  a). 

By  analogy,"  the  corresponding  photophoretic 
velocity  for  an  isolated  particle  will  be  written 


where  >>  the  photophoretic  diffusivity  and  the 
local  radiative  heat  flux.  The  photophoretic  diffusivity 
can  be  obtained  in  the  slipflow  and  free-molecular 
regimes  from  an  aruilysis  to  that  for  the  thermo- 
phoretic  diffusivity,  with  the  exception  that  the  ab¬ 
sorption  of  radiation  within  the  particle  is  now 
included  in  the  particle  conduction  equation.  In  the 
slip  flow  regime,  this  analysis  yields'* 

n  2c,vJ|  ... 


I  -I-  -  (y<  -I-  Be-^') 

whereas,  in  the  free-molecular  limit,  the  correspond¬ 
ing  expression  is  (for  perfect  accommodation): 

•  -O.I4vJ,-(fl//)  (5) 

Here,  7|  is  the  photophoretic  asymmetry  factor  and 
represents  a  weighted  integration  of  the  absorption  of 
radiant  energy  over  the  particle  volume.  For 
spherical,  homogeneous  particles  and  monochromat¬ 
ic  radiation,  J,  has  been  obtained  from  Lorenz-Mie 


•  For  particles  iit  the  size  range  of  interest  here  there  is  no 
appreciable  error  in  neglecting  the  heat  transport  effects  of 
the  rotation  that  panicles  would  inevitably  experience  in  a 
'vortical'  boundary  layer  flow. 
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theory  as  a  function  of  the  particle  radiative  size 
parameter  x  m  InalX,  where  X  is  the  radiation  wave¬ 
length.  and  the  complex  index  of  refraction 
m  *  n  +  ik.  An  exact,  series-expansion  expression 
for  7,  has  been  derived  which  is  analogous  to  the 
expressions  for  the  radiative  cross  sections 

As  its  name  implies,  7|  reflects  the  asymmetry  in  the 
distribution  of  energy  absorption  within  the  particle. 
As  the  particle  dimensions  become  much  smaller  than 
the  wavelength  of  the  radiation  (.t  4  1),  the  energy 
absorption  within  the  particle  becomes  uniform  and 
7|  rapidly  goes  to  zero.  On  the  other  hand,  absorption 
for  particles  having  x  >  I  takes  place  essentially  at 
the  surface  facing  the  radiation  source.  For  this  case 
7|  approaches  the  limiting  minimum  value  of  —  O.S.  It 
is  interesting  to  note  that  7|  can,  in  general,  be 
negative  or  positive.  A  positive  7,  implies  that 
radiation  absorption  is  weighted  towards  the  side  of 
the  particle  facing  away  from  the  radiation  source, 
leading  to  Vp,,  directed  towards  the  radiation.  Physic¬ 
ally,  this  situation  arises  for  relatively  weakly-absorb¬ 
ing  particles  (such  as  fly  ash)  having  size  parameters 
X  of  the  order  of  1-10. 

For  spectrally-distributed  radiation  (such  as 
thermal  radiation),  7,  is  obtained  from  integration  of 
its  monochromatic  value  over  the  prevailing  wave¬ 
length  distribution.  In  the  examples  below,  it  will  be 
assumed  that  the  incident  radiation  can  be  approxim¬ 
ated  by  a  blackbody  spectrum  characterized  by  a 
radiation  temperature  and  that  the  refractive  index 
m  of  the  particle  is  wavelength-independent.  Under 
this  approximation,  the  wavelength-integrated  7|  can 
be  expressed  as  a  function  of  a  thermal  radiation  size 
parameter,  x  «  2nalX„,^,  where  >l„„.  corresponds  to 
the  wavelength  of  maximum  emission  at  temperature 
r„  i.e.  -  imumKin- 

Unfortunately,  there  have  been  very  few  ex¬ 
perimental  investigations  of  photophoresis,  but 
several  studies  involving  spherical  particles  (such  as 
droplets)  have  resulted  in  a  good  agreement  between 
measurements  and  theory.”-^'  Interestingly,  in  a 
recent  investigation  by  Rohatschek,^^  the  photo- 
phoretic  velocities  of  irregularly-shaped  particles  were 
found  to  be  well  in  excess  of  the  theoretical  predic¬ 
tions  for  'equivalent'  spherical  particles.  In  view  of  the 
fact  that  photophoresis  is  ultimately  the  result  of  an 
asymmetric  property  of  the  particle  (e.g.  asymmetry 
in  the  absorption  of  radiation),  it  is  reasonable  to 
expect  that  particles  having  an  inherent  asymmetry  in 
their  shape  will  experience  a  larger  photophoretic 
velocity  than  spherical  particles.’* 

3.  L'NDERI.YING  ASSUMPTIONS  AND  FORMULATION  OF 
PARTICLE  DEPOSITION  RATE  THEORY 

To  simplify  the  problem  of  predicting  particle 
photophoretically-modified  deposition  rates,  without 
losing  its  essential  features,  the  following  defensible 
assumptions  will  be  made: 


(1)  Flow  within  the  boundary  layer  (BL)  is  steady 
and  laminar  (L).  The  usual  LBL  approximations  will 
be  adopted  and  self-similarity  assumed  (see.  e.g., 
Schlichting).” 

(2)  Aerosol  particles  are  present  not  only  at  low 
volume  fractions  but  also  at  small  mass  fractions,  so 
that  the  prevailing  mixture  velocity  and  temperature 
fields  are  not  significantly  affected  by  their  presence. 

(3)  All  thermophysical  properties  of  the  host  gas 
will  be  considered  constant  and  taken  to  be  equal  to 
the  values  for  the  carrier  gas  at  mainstream 
conditions.  Photophoretic  and  thermophoretk 
transport  properties  for  the  dispersed  particles  will 
also  taken  to  be  constant.  Lastly,  the  mixture  will 
be  considered  effectively  incompressible,  i.e.,  the 
density  will  be  assumed  to  be  constant. 

(4)  Aerosol  particles  do  not  appreciably  diffuse  as 
a  result  of  their  Brownian  motion  (i.e.  Sc  m 

I).  Therefore,  at  each  position,  the  (deterministic) 
velocity  of  the  particles  is  taken  to  be  the  gas  velocity 
plus  the  thermophoretic  and  photophoretic  velocities, 
with  these  velocities  being  those  corresponding  to  an 
isolated  particle  in  a  locally  uniform  gas  with  the  same 
temperature  gradient  and  radiant  energy  flux.  The 
direction  of  the  radiative  flux  will  be  taken  to  be 
normal  to  the  solid  collecting  surface. 

The  accuracy  of  most  of  these  assumptions  has 
been  discussed  elsewhere’**^’  and  these  restrictions  can 
readily  be  relaxed  in  sufficiently  extreme  cases.’*'’* 

Because  of  its  relevance  to  the  forward  stagnation 
region  of  a  heat  exchanger  tube  in  cross-flow,  we 
consider  the  two-dimensional  stagnation  point 
(Hiemenz)  flow.  This  corresponds  to  a  steady  flow 
which  arrives  from  the  direction  of  the  y-axis, 
impinges  on  a  (locally)  flat  solid  wall  placed  at  y  ~  0, 
where  it  divides  into  two  streams  near  the  wall, 
leaving  in  both  (±)  .v-directions.  The  external 
(inviscid)  tangential  velocity  distribution  in  the  neigh¬ 
borhood  of  the  symmetrical  forward  stagnation 
•point'  (at  X  V  y  «  0)  is  given”  by: 

For  this  high  Reynolds  number  laminar  stagnation 
region  flow  of  a  constant  property  Newtonian  fluid, 
the  local  velocity  and  temperature  fields  are  well- 
known  functions  of  only  the  'stretched'  distance,  q, 
from  the  wall,  where 


and  can  be  expressed  via  the  dimensionless  stream 
(Blasius)  function  f-fij-) .“ 

Our  interest  is  now  focused  on  the  motion  of  the 
small  suspended  particles  in  this  local  flow  field,  under 
the  simultaneous  influence  of  host  gas  convection, 
particle  Ihermophoresis  and  particle  photophoresis. 
Suppose,  for  simplicity,  that  in  the  mainstream  there 


are  particles  per  unit  volume,  eadi  with  radius, 
a^.  In  tlw  absence  of  particle  coagulation  or  break* 
up,  the  local  number  d^ty  of  particles,  N,,  utisfies 
tik  partial  difleiential  (conservation)  equation* 

div^viV,^  -  0.  (8) 

Under  assumption  (4),  the  local  particle  velocity  is 
given  by  the  vector  sum: 

•  r,  -  r  +  +  Vt  (9) 

with  Vpk  uid  Vt  given  by  Eq.  (3)  and  Eq.  (I),  respective¬ 
ly.  Defining  a  ■  the  first  order  linear  ODE 

for  n  takes  the  simple  form: 


Under  some  drcunutances,  the  particles  cannot 
reach  the  wall  (if  «  0)  and  a  ‘dost-free’  region 
(sublayer)  appears  inside  the  boundary  layer.’  The 
separation  line  If  b  between  the  dust-laden  region 
and  the  ‘dust-free*  region  is  located  at  the  value  of  q 
where  v,  *  0;  that  is,  where 


In  most  engineering  applications,  both  transport 
mechanism*  ‘cooperate’  in  bringing  particles  toward 
the  wall.  However,  when  they  ‘compete’  (oppose  one 
another)  the  dust  free  zone  exists  only  whm 


dn 

+  Bn  -  0 
dq 


(10)  -/I  >  ^(1 -OJfor^  <  Oandd.  <  I  (19) 
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where  we  have  introduced  the  dimensionless 
functioiu: 


A^q^  -  + 

(ID 

d’0 

d0 

B  aPrf  —  , 
dll 

(12) 

TIT^ 

(13) 

where  Pr  ■  (v/(k/pcp)]^  is  the  gas  Prandtl  number 
(momentum/heat  diffusivity  ratio).  Two  important 
dimeosioalcss  parameters  are. 


a  m  (ajD,)lv 


k  T 


(thermophoretic), 
-in 


(14) 


MJ 


(photophoretk)  (IS) 

where  the  normal  (y)  component  of  the 

radiative  flux. 


4.  acsuLTS 

The  solution  of  Eq.  (I),  with  the  single  boundary 
condition  n  *  |  @  y  _  oo,  can  be  written  in  the 
form  of  a  ‘quadrature’: 


which  allows  the  straightforward  numerical  calcula¬ 
tion  of  n^O-)  an.  -  (as  required  below). 

The  normal  velocity  of  particles  within  the 
boundary  layer  is  given  by 


•V  •  r  +  vr  +  V 


(17) 


which  is  negative  for  particles  approaching  the  wall. 


or 


7  (9>  1)  >  fi  for  fi  >  0  and  0,  >  1 

(‘hot  wall’  case)  (20) 

where  the  dimensionless  thermal  diffusion  BL 
thickness  *  2.0167  for  Pr  b  0.7.  Note  that 

when  both  transport  velocities  oppose  each  other  and 
are  exactly  equal  in  magnitude  at  the  wall  (i.e.,  when 
the  equal  sign  is  attained  in  the  above  inequalities)  the 
mparation  line  coincides  with  the  wall;  that  is.  particle 
deposition  vanishes  even  when  the  particles  are  to  be 
found  everywhere  inside  the  boundary  layer.  In  this 
very  particular  case,  however,  some  deposition  will 
occur  due  to  non-zero  Brownian  diffusion.*  Not  sur¬ 
prisingly,  when  thermophoresis  and  photophoresis 
both  force  the  particles  away  from  the  wall,  that  is. 
when  0.  >  1  and  /I  <  0,  the  ‘dust-free*  zone  will  exist 
for  any  value  of  ft  and  0«  and  particles  will  not  be 
collected  by  the  solid  surface. 

Focusing  now  on  cases  when  none  of  the  above 
inequalities  bolds,  the  particle  deposition  rate  will  be 
given  by: 

AV»*{~V»)  “  ]  *AV«"»* 

[^  +  J(l-fl.)j-  (2«) 

Thus,  the  dimensionless  deposition  rate  coefficient, 
5,  of  particles  will  be: 


-  + J(1  -0.)].  (22) 

The  dimetuionless  deposition  rate.  5,  is  closely 
related  to  the  transfer  coefficient:  Sr,  •  often  used 
in  reporting  mass  transfer  rates  across  laminar  forced- 
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convection  boundary  layers/  For  perhaps  the  case  of 
greatest  practical  interest,  viz.,  the  forward  stagnation 
region  of  an  ‘isolated'  cylinder  of  diameter  <4  in  high 
Reynolds  number  crossflow,  it  is  easy  to  show  that 
SU'Ke''^  m  «,  ft  Fr-)  where  Re  m  V^d,l 

V,  and  5/a  is  defined  such  that  the  local  mass  deposi¬ 
tion  flux  is  (p(/<i>,)a  ’  St. . 

If  one  is  interested  in  the  corresponding  mass  depo- 
fltion  rate  (instead  of  particle  number  deposition  rate), 
the  appropriate  dimensionless  transfer  coefficient  is: 


Jm 


I 


(23) 


where  co,..  is  the  mass  fraction  of  particles  in  the 
mainstream  and  is  the  total  mass  deposition 

flux  at  the  wall.  It  is  easy  to  see  that,  for  the  case  of 
single-size  particles,  7.  >  5.  But  when  we  consider 
the  generally  encountered  case  of  a  distribution  of 
particle  sizes  and  intrinsic  particle  density  Ppia^  in 
the  mainstream^  the  definition  (23)  can  be  retained, 
but  we  readily  find  that  the  total  mass  transfer  coeffi¬ 
cient,  is  obtained  from  the  following  ‘weighting’  of 
S{a}: 


in.ia^Ppia^a^Sia^da 

\n,ia^p,ia^a'da 

where  n,ia^  m  dN^^fda  and  S-fo-)  is  given  by  Eq. 
(22),  with  />,,  p  being  functions  of  the  particle  radius 


S.  OISCUSSION  OF  EFFECTS  OF  SIMULTANEOUS 
PHOTOPHOXESIS  AND  THERMOPHORESIS 

Figure  1  presents  the  predicted  dimensionless 
transfer  coefficient,  5,  as  a  function  of  the  wall  tem¬ 
perature  ratio  r./r.,  for  particles  having  a  thermo- 
phoretic  coefficient  a  »  0.5  (a  value  close  to  that 
corresponding  to  the  free-molecular  limit).  The  curve 
labelled  p  ^  0  corresponds  to  ‘pure’  thermophoretic 


Fig.  I.  Predicted  dimensionless  deposition  rales,  5,  of  parti¬ 
cles  u  a  function  of  the  temperature  contrast  parameter 
I  —  (r./T.),  for  a  constant  thermophoretic  coefficient 
e  >  0.3  (Eq.  (14))  and  different  values  of  the  phoiophoretk 
coefficient  f  (E4f.  (15)).  Laminar  two-dimensional  stagnation 
point  boundary  layer  flow  of  a  'dusty'  gas  with  PrandtJ 
number  Pr  «  0.7. 


deposition  with  negligible  photophoretk  particle 
transport.  In  that  previously  well-studied  case, 
particles  are  captured  only  by  ‘cold’  surfaces  (i.e. 
when  r./r.  <  1)  and  as  previously  shown*'*'^  the 
deposition  rale  increases  as  (he  wall  temperature 
decreases.  When  photophoresis  acts  to  drive  the 
particles  toward  the  surface  (i.e.  when  P  >  0),  it 
produces  two  effects:  on  one  hand,  it  can  cause  the 
capture  of  particles  even  for  ‘overheated’  surfaces 
(F./r.  >  I).  More  commonly,  it  can  noticeably 
increase  the  dimensionless  deposition  rate  5  for  given 
‘cold-wair  values  of  the  ratio  F./T..  The  opponte  is 
true  for  negative  values  of  P  (which  need  not  corres¬ 
pond  to  an  outward  radiation  flux  since  can  be 
negative;  see  Fig.  3  discussed  below),  the  range  of 
temperatures  over  which  deposition  occurs  is  dimi¬ 
nished  as  well  as  the  deposition  rate  for  a  given 
surface  temperature.  Analogous  results  are  obtained 
for  the  lower  thermophoretic  parameter  a  *  0.1  (Fig. 
2)  although,  of  course,  the  relative  importance  of 
photophoresis  (cf.  thermophoresis)  is  then  greater. 
Thus,  for  ^  B  — 10~',  no  deposition  occurs  for  the 
entire  range  of  surface  temperature  ratios  considered. 

From  Eq.  (1 S),  it  can  be  seen  that  the  photophoretic 
parameter  P  can  be  re-expressed: 


where  is  the  conductive  (Fourier)  heat  flux  at  the 
solid  surface,  and  F  is  the  ratio  v^plvj  computed  for 
equal  4V  and  4  ^ .  For  particles  in  the  slip-flow  regime 
{If a  <  I),  Fean  be  expressed'* 


Numerical  results  of  F  for  carbonaceous  char  and  fly 
ash  particles  with  kjkp  «  0.1,  exposed  to  a  black 
body  radiation  spectrum  at  Fm  *  1800  K  originally 
presented  by  Mackowski**  are  reproduced  in  Fig.  3. 
Note  that  because  of  the  nature  of  radiative  heating  of 


Fig.  2.  Predicted  dimensionleu  deposition  rates,  S,  of  parti¬ 
cles  as  a  function  of  the  temperature  contrast  parameter  I  — 
{TJT^ ),  for  a  constant  thermophoretic  coefficient  a  >  0.1 
(Eq  (14))  and  different  values  of  the  photophoretic  coeffi¬ 
cient  P  (Eq.  (15)). 


particle  rodius  a. 


Fio.  3.  Predicted**  pbotophoretic>to-tbennophoretic  pertick 
velocity  ratio,  F,  for  equal  radiative  and  conductive  heal  flux 
for  carbonaceous  char  and  fly  ash  particles,  as  a  function  of 
partick  radius.  Radiation  temperature  -  1800  K. 


small  silica-like  particles,  (small)  negative  values  of  F 
can  be  achieved.  This  means  that  a  radiative  flux 
toward  the  wail  will  udxibil  the  deposition  rate  of 
sufficiently  small  silica-like  particles,  but  accelerate 
the  deposition  of  larger  particles.  For  particles  with 
‘char-like*  absorption  characteristics  this  interesting 
‘reversal’  situation  does  not  occur  and  the  values  of 
the  phoretic  velocity  ratio,  F,  are  seen  to  be  consider¬ 
ably  larger. 

By  using  the  above  expression  for  together  with 
the  values  of  F  indicated  in  Fig.  3,  the  deposition  rate 
of  char-like  (absorbing)  particles  has  been  predicted 
and  it  is  represented  in  Fig.  4  for  the  fixed  value 
r./r.  m  0.7  and  different  ratios.  For 

vanishing  radiative  fluxes  the  larger  char  particles  are 
somewhat  less  efficiently  captured  due  to  their  smaller 
thertnophoretic  coefficient  a  (obtained  from  Eq.  (2)). 
If  the  radiative  heat  flux  were  directed  from  the  solid 
surface  towards  the  bulk  (i.e.,  when  >  0),  the  char 
particles  would  be  rejected  by  photophoresis  and  the 
deposition  rate  would  decrease.  Note  that  for  very 
large  outward  radiative  fluxes,  photophoresis  would 
preclude  the  thermophoretic  capture  of  char  particles 
larger  than  a  given  size.  Ultimately,  however,  inertial 
effects  (not  considered  here)  would  set  in  and 
dominate  the  rate  of  larger  particle  collection.*’^'*” 

Lastly,  it  is  of  interest  to  ask  if  a  simple  ‘additive 
suction  velocity’  prediction/correlation  Kheme  of  the 
type  introduced  earlier"-”'**  and  currently  under 
further  development,  can  be  used  to  estimate  deposi¬ 
tion  rates  under  the  combined  influences. of  forced 
convection,  thermophoresis  and  photophoresis.  In 
the  present  cases,  we  find  that  this  scheme  leads  us  to 
expect: 

Sia^  re  (5-(a^l^,*^.,-|l  -I- const* 

where  ‘const.’  is  a  Fr-dependent  consunt  near  unity 
for  Pr  re  0.7. 

The  relative  error  between  Eq.  (27)  and  the  exact 
results  presented  in  Fig.  4  is  less  than  S*/*  for  all 


M  a/4  fI  ratios  and  particle  radius  values.  The  ‘additive 
suction  velocity’  scheme  is  quite  successful  and,  hence, 
promising  for  engineering  design  purposes. 

S.  CONCLUSIONS,  IMPUCATIONS 

A  number  of  interesting  conclusions  can  be  drawn 
even  from  this  preliminary  investigation  of  the  rok  of 
phoiophoresis  in  altering  the  deposition  rate  of 
absorbing  particles  on  solid  surfaces  exposed  to 
moving  ‘dusty’  gases: 

(1)  For  intermediate  size  absorbing  particles  the 
recent  photophoretic  predictions  of  Mackowski'*  lead 
us  to  expect  a  noticeable  (ca  10%)  increase  in  particle 
deposition  rates  to  heat  exchanger  surfaces  exposed  to 
incident  radiative  fluxes  comparable  to  ‘convective’ 
(local  conductive)  fluxes.  For  environments  in  which 
the  radiative  flux  dominates  convection  the  photo¬ 
phoretic  influence  on  the  deposition  rates  of  such 
absorbing  particles  thus  takes  on  engineering  impor¬ 
tance. 

(2)  In  the  case  of  ‘intermediate’  sift  particles  for 
which  v/Op  F  I  and  yet  inertia  is  negligible’''”  it  is 
possible  to  make  generalized  (dimensionless)  predic¬ 
tions  of  the  photophoretically  modified  (augmented 
or  reduced)  particle  deposition  rate  across  laminar 
non-isothermal  forced  convection  boundary  layers. 

(3)  Even  at  the  radiative/conductive  flux  ratios 
achieved  in  ordinary  engineering  practice  (in,  say, 
pulverized  coal  power  stations  and  furnaces)  photo¬ 
phoretic  deposition  effects  are  expected  to  be  negli¬ 
gible  for  very  small  particles  (say,  d,  <  I  /an)  and  for 
particles  large  enough  to  be  strongly  influenced  by 
their  inertia  (say,  <4  P  lO/im).’'*”  The  effects  for 
intermediate  size  particles  are  also  diminished  if  the 
particles  are  highly  thermally  conductive. 

(4)  An  ‘additive  suction  velocity’  scheme  for  con¬ 
veniently  calculating/correlating  particle  deposition 
rates  in  flow  systems  under  the  simuluneous  influence 
of  several  mechanisms,  currently  under  development 
at  this  laboratory”-”  successfully  describe  the 
present  high  Sc  LBL-results  for  all  4V/4f  ratios  of 
current  practical  interest. 
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Fig.  4.  Predicted  dimensionless  deposition  rates,  5,  for  chtr- 
like  panicles  as  a  function  of  the  panick  tire  (radius)  a,  for 
a  heat  exchanger  surface  maintained  at  F./r.  ■  0.7  and 
diflereni  ratios  of  the  radiative  to  conductive  heat  flux  at  the 
surface. 
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(S)  Size*  and  wavelength-dependent  photophoretic 
control  of  the  local  deposition  rate  of  (partially) 
absorbing  particles  from  hot  'dusty*  gases  could  be 
exploited  using  intense  laser  sources,  perhaps  for 
research  purposes. 

While  we  have  here  explicitly  considered  laminar 
(stagnation  region)  boundary  layer  flows  it  shouM  be 
realized  that  because  of  the  existence  of  rate-limiting- 
viscous  sublayers  near  (he  solid  surface  of  sufficiently 
smooth  surfaces,*’*'^'*  even  turbulent  BL  particle 
transport  will  exhibit  many  of  the  characteristics 
exhibited  above.  Regarding  photophoretic  influences 
away  from  the  foward  stagnation  'point',  it  seems 
clear  that  the  (locally)  normal  (y-)  component  of 
radiative  energy  fluxes  will  remain  decisive.  Indeed,  it 
will  be  of  interest  to  test  the  conjecture  that  at  any 
position  X  along  an  immersed  body; 


*- 


(■SL),,.o 


•{ 


1  -f  const.  • 


2na 


(28) 


where,  for  a  circular  cylinder  in  crossflow,  the  calcula¬ 
tion  of  local  values  of  (St^Re''^\^.t  prior  to  tran¬ 
sition  to  turbulence  (and  for  5c  >  1)  has  been 
previously  performed.**"" 

Our  results  have  implications  beyond  those  asso¬ 
ciated  with  'fouling'  in  particle-laden  systems  For 
example,  in  aerosol  sampling  applications,  it  is  evident 
from  these  illustrative  cases  that  the  combination  of 
photophoresis  and  thermophoresis  induces  changes  in 
the  inferred  particle  size  distribution  in  the  main¬ 
stream  through  the  dependence  of  a  and  fi  on  particle 
size.  Indeed,  by  an  appropriate  combination  of 
radiative  and  conductive  fluxes,  particle  sizes  larger 
than  a  given  value  couM  be  avoided  in  a  deposit  and, 
for  particles  which  present  an  extreme  in  the  function 
fla/l,  Inajk,  .  .  . )  (as  is  the  case  for  fly  ash  particles) 
using  appropriate  radiative  fluxes  only  a  narrow 
width  of  particle  sizes  could  be  'selected'  to  deposit.  It 
may  be  possible  to  exploit  photophoretic  control  to 
reduce  or  eliminate  particle  contamination  in  tech¬ 
nologies  such  as  semiconductor  fabrication 
processes.*^'"  As  discussed  elsewhere**  radiation 
heating  or  cooling  of  particles  also  influences  the 
coagulation  dynamics  of  aerosol  populations,  especi¬ 
ally  in  the  near-continuum  (high  pressure)  regime. 
Finally,  since  asymmetries  will  be  common  in  combus¬ 
tion-generated  particles  (e.g.,  aggregates)  the 
'anomalous'  photophoresis  and  Brownian  diffusivity 
of  such  particles  requires  further  study." 

The  insights  obtained  from  the  present  deliberately 
simplified  analysis  are  expected  to  provide  useful 
background  in  developing  necessary  extensions  for 
particular  technologies.  In  this  way  we  hope  the 
present  theory  and  illustrative  results  systematically 
contribute  to  the  understanding  and  ultimate  control 
of  undesirable  or  desirable  particle  deposition 


phenomena  encountered  in  many  energy  conversion 
applications  and  in  the  materials  processing  indu¬ 
stries. 
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Daniel  E.  Rosner 
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Engineering  Laboratory 
Department  of  Chemical  Engineering 
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Research  in  the  last  two  decades  has  led  to  a  greatly  improved 
understanding  of  the  nature  of  particle  size  distributions  result¬ 
ing  from  the  various  coagulation  mechanisms  (see,  for  example, 
the  review  of  Friedlander,  1977,  in  Chapter  7),  as  well  as  of  the 
laws  governing  single-sized  particle  deposition  across  gaseous 
boundary  layers  Rosner  (1986).  Quantitative  information  from 
both  of  these  areas  is,  of  course,  needed  to  predict  total  mass 
deposition  rates  from  “polydispersed"  aerosols  in  engineering 
applications.  In  the  present  paper  we  demonstrate  that,  over  a 
rather  wide  range  of  important  conditions,  total  mass  deposition 
rates  from  polydispersed  aerosols  resulting  from  coagulation, 
can  be  readily  calculated  from  the  corresponding  deposition  rate 
frotn  a  hypothetical  “monodispcrsed”  aerosol  in  which  all  par¬ 
ticles  have  the  prevailing  average  size  (volume)  t’(-0,/A',).  We 
illustrate  our  approach  for  the  frequently  encountered  case  of 
high-Peclet-number  convective  diffusion  across  nearly  isother¬ 
mal  boundary  layers,  obtaining  results  that  are  remarkably 
insensitive  to  fluid  dynamic  conditions  [laminar  or  turbulent 
boundary  layer  (BL)],  particle  Knudsen  number  (free-molecule 
or  continuum  Brownian  diffusion)  or  particle  morphology 
(dense  spherical  particles  or  low-density  agglomerates).  Gener¬ 
alizations  with  respect  to  particle  deposition  mechanism  and 
shape  of  the  particle  size  distribution  are  then  indicated,  along 
with  potential  engineering  applications. 

Convective-Diffusion  Mass  Deposition  Rates  from 
Particle  Size  Distributions 

Suppose  the  particle  size  distribution  at  the  outer  edge  of  a 
gaseous  boundary  layer  is  n^v^-,  defined  such  that  the  total  par¬ 
ticle  mass  fraction  is; 


intrinsic  density  of  a  particle  of  volume  v.  If  the  local  dimension¬ 
less  mass  transfer  coefficient  (Stanton  number)  is  written 
then  the  total  mass  deposition  rate  can  be  formally 

written; 

f“  St^iv, . .  .^  •  •  p  .  nfp>  dv  (2) 

•'o 

showing  that  -rH"  is  proportional  to  the  integral  of  the  particle 
size  distribution  function  after  “weighting"  by  the  function: 
St^^v, . .  .^  •  •  f-  In  the  cases  examined  explicitly.  Fig¬ 

ure  1,  we  assume; 

1 .  Sl^~Sc'*  where,  for  high  Peclet  number  transport,  6  -  % 
for  laminar  BLs,  and  0.701  for  turbulent  BLs  (Friedlander, 
1977;  Rosner,  1986).  [High  Pe  behavior  even  applies  to  low 
Reynolds  number  flows  because  of  the  largeness  of  the  particle 
Schmidt  number  (smallness  of  the  particle  Brownian  diffusivity 
compared  to  the  host  gas  momentum  diffusivity,  v)  (Friedlan¬ 
der,  1977;  Fernandez  de  la  Mora  and  Rosner,  1982).} 

2.  is  “self-preserving”  in  the  sense  that  wp/A',  ■  ♦  is  a 
calculable  function  of  p/p  ■  tj  (Friedlander,  1977;  Friedlander 
and  Wang,  1966;  Lai  el  a!.,  1977) 

3.  is  a  constant  independent  of  p 

4.  Further  coagulation  within  the  fluid-dynamic  boundary 
layer  is  neglected  (for  a  discussion  of  coagulation  in  thermo- 
phoretically-dominated  situations,  see  Park  and  Rosner,  1988) 
Here  Sc.  the  particle  Schmidt  number,  is  the  diffusivity  ratio 
!>//),,  where  Dp  is  the  particle  Brownian  diffusivity  in  the  pre¬ 
vailing  gas;  and  p  is  the  mean  particle  volume  defined  by  4>plNp, 
where; 


,  _  i  ,  f~  p,(-p>  .  p  .  dv 

O  •'ft 


(1) 


/vniv^  dv  (total  particle  volume  fraction)  (3) 

. 


where  v  is  the  individual  particle  volume  (treated  here  as  a  con¬ 
tinuous  variable),  p  is  the  mixture  density  and  pp^v^  is  the 


A',-  f'n^v^dv 


(total  particle  number  density) 


(4) 
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V  (log  scale) 


Figur*  1.  Bahavior  o1  tha  dlmanalontess  mass  transfar 
coafficiant,  St^,  and  dimensionless  aerosol 
particle  size  distribution,  i’,  as  a  function  of  the 
logarithm  of  tha  particle  volume. 

The  purpose  of  this  note  is  to  compare  the  total  mass  deposition 
rate  computed  from  Eq  2  with  the  appropriate  reference  value: 

-  U  -  ■  V  N,  (5) 

or,  the  corresponding  mass  deposition  rate  from  a  hypothetical 
“monodispersed"  aerosol  comprised  particles  each  having  the 
volume  V.  (For  the  special  case  of  Sc  »  1  deposition  of  dense 
spherica*  particles  from  a  turbulent  dusty  gas  flow  in  a  circular 
duct,  Fri  jdlander  (1977)  has  made  a  similar  type  of  calculation, 
but  using  a  rather  different  value  of  based  on  the  depo¬ 

sition  rate  of  the  “monomer”  (vapor)  from  which  the  particles 
were  presumably  formed,  a  choice  which  is  not  of  the  same  order 
of  magnitude  as 

For  dense  spheres,  two  limiting  cases  are  of  special  interest, 
VIZ.  Knudsen  (“free-molecule”)  diffusion,  in  which  case: 

(6) 

and  Stokes-Einstein  (“continuum")  diffusion,  in  which  case: 

(7) 


For  quasispherical  agglomerates  comprised  primary  particles 
which  sum  to  v,  the  interesting  recent  work  of  Mountain,  Mul- 
holland,  and  Baum  (1986)  indicates  that  Eqs.  6  and  7  generalize 
these  proportionalities  to: 

Df  ~  (Knudsen)  (8) 

and: 

(Stokes-Einstein)  (9) 

where  the  “fractal”  dimension  (near  1.8)  replaces  3  in  the  indi¬ 
cated  exponents.  Combining  these  laws  reveals  that  in  each  of 
the  abovementioned  cases: 

^'.r***  “  9*  •  ■  M*  (10) 

-^p.itt  •'o 

for  some  appropriate  value  of  k  calculated  from  the  exponent  b, 
the  diffusion  regime,  and  the  fractal  “dimension”  D.  According¬ 
ly,  calculation  of  the  total  mass  deposition  rate  from  such  poly- 
dispersed  aerosols  reduces  to  a  computation  of  (based  on 
all  particles  of  size  u),  corrected  only  by  an  appropriate  (dimen¬ 
sionless)  “moment”  of  the  self-preserving  size  distribution  func¬ 
tion.  The  required  correction  factors  are  readily  estimated  below 
by  interpolating  between  the  selected  moments  numerically 
computed  earlier  by  Wang  and  Friedlander  (1967),  and  Lai, 
Friedlander,  Rich  and  Hidy  (1972).  It  should  be  remarked  that, 
as  a  consequence  of  the  definitions  of  '1'  and  i)  and  Eqs.  3  and  4, 
both  the  zeroth  moment  and  first  moment  of  must  be  Uni¬ 
ty- 

Required  “Moments”  for  Convective  Diffusion 

Table  1  collects  the  resulting  values  of  the  exponent  k  in  Eq. 
10  for  each  of  the  particle  deposition  cases  considered  here,  as 
well  as  the  corresponding  estimated  momenU  mk  Figure  2.  It  is 
interesting  to  note  that  these  it-values  fall  between  0.218  and 
0.778  and,  as  shown  in  Figure  2,  between  it  -  0  and  1,  both 
Knudsen-'J'-fi;^  and  the  continuum-^49')'functions  have  mo¬ 
ments  which  exhibit  a  very  shallow  minimum  near  k  (Until 
reliable  and  Mt-values  become  available  for  the  two  D  - 
1 .8  cases,  these  particular  estimates  (especially  for  the  Knudsen 
diffusion  case)  should  be  viewed  as  tenutive.]  As  a  consequence 
of  this  property,  and  of  the  abovementioned  requirements  mo  - 
1,  -  1,  all  of  the  inferred  Mi-values  (cf.  Eq.  10)  fall  in  a 

remarkably  narrow  band  between  0.88  and  0.92.  This  leads  to  a 


Table  I.  Parameter  Values,  Required  Moments,  and  Predicted  Ratios,  of -in"  (Polydispersed)/-jii"  (Monodispersed  with  t>  -  U)  for 
High-Peclel-Number  Convective  Diffusion  of  Dense  Particles  and  Agglomerates  from  Coagulation-Aged  Aerosols 


Case 

Knudsen  Diffusion 

Continuum  Diffusion 

5r-Exponent 

(b) 

Fractal 

Dimension  (D)* 

Relevant 
Moment  (k) 

Moment 

Value  {in) 

Relevant 
Moment  {k) 

Moment 

Value  (in) 

2/3  (LBL) 

3 (dense) 

0.5556 

0.888 

0.7778 

0.924 

2/3  (LBL) 

1.8  (agglom.) 

0.2593 

0  901* 

0.6296 

0.901  • 

0  704  (TBL) 

3  (dense) 

0.5307 

0902 

0.7653 

0.922 

0  704(TBL) 

1.8  (agglom.) 

0.2178 

0.9 19* 

0.6089 

0.899* 

‘Vilua  of  H,  fof  the  D  -  I  8  (fricul  tgglomeMle  cases)  should  be  eoimderod  lenutiv«  eatimatea  (eapecially  for  Knudsen  diffusion)  pending  numerical  calcuUtiom  of 
for  the  relevant  collision  kernels 
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where,  as  before; 


Figur*  2.  Behavior  of  the  moments  of  the  self-preserving 
size  distribution  functions  for  Knudsen 
diffusion  (Kn,  »  1,  dashed  line)  and  continuum 
diffusion  (Kn,  «;  l)  for  k  values  between  zero 
and  unity. 

Comptre  with  Eq.  2,  (t  -  I  +  (3  In  Su/d  In  n). 


simplification  of  potential  conceptual  and  engineering  utility — 
namely,  to  a  first  approximation,  total  mass  deposition  rates  by 
convective-diffusion  from  "coagulation-aged”  aerosol  popula¬ 
tion  distributions  will  be  about  90%  of  the  values  correspond¬ 
ing  to  a  hypothetical  “monodispersed”  aerosol  [with  alt  par¬ 
ticles  having  the  mean  particle  size  (volume!  v(  ■  under 

otherwise  identical  fluid  dynamic  and  geometric  conditions.  To 
within  about  *2%,  these  results  are  insensitive  to  the  fluid 
dynamic  state  of  the  boundary  layer,  particle  Knudsen  number 
(ratio  of  gas  mean  free  path  to  particle  diameter)  and,  evidently, 
even  apply  to  "open"  agglomerates. 


Generalizations  and  Implications 

it  can  be  seen  from  the  abovementioned  formulation  that  the 
following  conditions  will  lead  to  -fh""/-  ratios  even  closer 
to  unity: 

1 .  The  simultaneous  role  of  particle  thermophoresis,  which  is 
known  to  reduce  the  absolute  value  of  d  in  St„/d  In  v  when  the 
Urgel  is  cooler  than  the  gas  stream  (see  Rosner,  1980;  1986) 

2.  Mainstream  particle  size  distributions  which  are  narrower 

than  those  corresponding  to  coagulation-aged  aerosols,  i.e.,  nar¬ 
rower  than  the  "self-preserving”  distributions  or  their 

near-"log-normar’  equivalents  (with  a,  «  1.32-1.35)  (Lee, 
1983;  Lee  el  al.,  1984) 

Of  course,  in  general,  is  not  a  simple  power  law  over  the 

entire  particle  size  range.  Figure  1,  but  we  can  verify  that  a  “lo¬ 
cal"  power-law  approximation  is  adequate  by  expanding  In 
vs  In  p  in  a  Taylor  series  about  In  v,  i.e.: 


Inserting  Eq.  1 1  into  Eq.  2  and  introducing  the  definitions  of  ♦ 
•nd  I),  one  can  show  that  the  power-law  approximation  is  ade¬ 
quate  provided: 


1  /^In5i.\  ^ 

2  \  ^  In 

•  jT  (In  *j)^  •  t?‘ • .  rfT,  «  1  (12) 


and  m  is  defined  by  Eq.  10. 

It  is  known  that  the  value  of  (d  in  St^/d  in  n)^,  will  increase 
with  the  onset  of  particle  “inertia"  effects  at  the  larger  particle 
sizes.  Of  course,  this  will  increase  and,  ultimately,  drive 
— thf/ above  unity.  For  example,  the  phenomenon  called 
“eddy  impaction”  causes  StJ(C,/2Y'^  for  turbulent  flow 
through  smooth  circular  ducts  to  increase  like  (t;Y  over  an 
approximately  2.5  decade  range  of ,  (see,  e.g.,  Papavergos  and 
Hedley,  1984),  where: 


Here  u,  is  the  “friction  velocity”  (?,/p) and  i,  the  character¬ 
istic  particle  “stopping”  time.  Under  continuum  (ATn,  «  1)  con¬ 
ditions,  tf  —  d^~  so  that,  over  nearly  3^2-decade  range  of  v, 
this  corresponds  to: 


d  In  St.,  4 
d  In  p  "*^3 


(15) 


and  hence,  k  2.333.  Interpolating,  using  values  of  pj  ®nd 
p,  reported  earlier  by  Wang  and  Friedlander  (1967),  we  find 
p^/i  »  2.9  under  such  “eddy-impaction”  conditions.  While  it  is 
true  that  jet  impaction  situations  (as  in  a  “cascade  impactor”) 
can  lead  to  still  larger  local  values  of  d  In  Sl./d  In  p,  for  most 
external-  and  internal-flow  situations  Pi,  will  fall  between  the 
abovementioned  limits  of  ca.  0.9  (convective  diffusion)  and  ca. 
2.9  (eddy  impaction-modified  turbulent  transport).  According¬ 
ly*  will  normally  fall  between  these  same  limits  for 

a  wide  class  of  more  general  St„^v^  functions,  including  the 
now-classical  "capture  efficiency''  correlations  for  steady  invis- 
cid  flow  past  isolated  cylinders  or  spheres,  (Rosner,  1986;  Israel 
and  Rosner,  1983;  Friedlander,  1977). 
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Introduction 

Background  and  motivation 

It  is  well  known  that  the  ability  of  an  immersed  surface  to 
capture  particles  present  in  a  “dust-laden”  mainstream  is  quite 
particle-size-dependent,  reflecting  the  mechanism  (diffusion, 
inertia, . . .)  of  transport  (Fuchs,  1964;  Friedlander,  1977; 
Rosner,  1988,  1989).  Moreover,  in  most  environments  the  par¬ 
ticle-size  distribution  (PSD)  in  the  mainstream  is  itself  quite 
broad,  reflecting,  of  course,  the  mechanism(s)  of  particle  forma¬ 
tion  (see,  e  g.,  Flagan  and  Friedlander,  1978.)  Thus,  to  calculate 
total  mass  deposition  rates,  one  must  sum  (integrate)  over  both 
capture  efficiency  and  the  mass  distribution  function 

•  V  ■  n{v},  where  n^v^dv  is  the  particle  number  density 
between  particles  of  volume  v  and  v  +  dv,  with  the  particle  vol¬ 
ume  treated  as  a  continuous  variable  tRocn^r  1989). 

As  in  the  kinetic  theory  of  gases,  it  would  be  useful  if  the 
results  of  greatest  engineering  interest  could  be  expressed  in 
terms  of  certain  averages  characterizing  the  distribution  such  as 
the  reference  deposition  rate,  if  ail  particles  had  the  mean  par¬ 
ticle  volume:  v  -  ^p/Np.  where  0,  is  the  particle  volume  fraction 
(first  moment  of  the  distribution).  [Recall  the  utility  of  such 
kinetic  theory  concepts  as  the  mean  thermal  speed  (Bernoulli, 


Maxwell;  see,  e.g.,  Garber  ct  al.,  1986)  and  the  mean-free  path 
(Clausius,  Maxwell,  and  Reynolds).] 

<fip-  f'v-  n{:v}dv  ■  ^1  (1) 

•'o 

and  A/p  is  the  total  particle  number  density  (zeroth  moment): 

iVp~  rn{v^dv^ap>  (2) 

•'o 

This  suggests  the  following  practical  approach  to  estimating 
total  particle  mass  deposition  rates.  First,  using  one  cal¬ 

culates  the  expected  (reference)  mass  deposition  flux  -  if 
all  particles  in  the  mainstream  had  the  same  volume  v.  ’Then, 
one  corrects  this  reference  deposition  rate  by  a  factor  (often 
quite  near  unity,  see  below)  which  is  expected  to  depend  on  the 
“shapes”  of  the  functions  and  the  PSD  nf 

Recent  results 

For  the  commonly  encountered  situation  that  or  its 

Stanton  number  counterpart  can  be  adequately  represented  by  a 
simple  power  law  and  n^v^  is  “self-preserving"  (as  in  “ooagula- 
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tion-aged”  aerosols,  see,  e.g.,  Friedlander  and  Wang,  1966;  Lai 
et  al.,  1977;  Friedlander,  1977),  we  recently  presented  simple 
results  for  (Rosner,  1989).  (Since  we  fre¬ 

quently  must  deal  with  targets  that  present  zero  projected  (fron¬ 
tal)  area,  it  is  more  useful  to  adopt  here  the  dimensionless  mass 
transfer  coefficient,  St„>  defined  by  (see,  e.g., 

Rosner,  1988).]  The  results  show  that  the  quantities  of  interest 
could  be  obtained  directly  by  merely  interpolating  previously 
calculated  dimensionless  fractional  moments  of  ■  nv/ 

Np  to  determine  the  moment  corresponding  to: 


k  - 


(3) 


In  this  way,  it  was  possible  to  show  (Rosner,  1989)  that,  for  say 
Pe  »  1 ,  convective-diffusion  -rhJ,7(-m),’jrf)  =.  0.90  ±  0.02  irre¬ 
spective  of  turbulence  in  the  boundary  layer,  particle  Knudsen 
number  (K/tp)  and  even  quasispherical  particle  morphology 
(dense  vs.  fractal  agglomerates).  (For  particle  transport  in  gas¬ 
es,  one  finds  that  the  Schmidt  number  Sc  *  v/Dp  is  quite  often 
so  large  that  large  Peclet  numbers  (Pe  -  Re  •  Sc)  are  achieved 
even  when  the  Reynolds  number  is  small  (see,  e.g.,  Friedlander, 
1977;  Fernandez  de  la  Mora  and  Rosner,  1982).]  Particle  iner¬ 
tial  effects  were  shown  to  increase  -  tii'p ! (  -  m'p„,)  above  unity, 
yielding  values  near  2.9  for  the  eddy  impaction  of  Knp  «.  I  dense 
spherical  particles. 


Objectives  and  outline 

It  would  be  valuable  to  extend  these  results  in  two  respects. 
First,  we  wish  to  calculate  deposition  rates  from  mainstream 
particle-size  distributions  which  may  be  much  broader  or  nar¬ 
rower  than  those  pertaining  to  “coagulation-aged”  distributions. 
Quite  often  actual  aerosol  particle  populations,  generated  under 
a  variety  of  conditions,  can  be  approximated  by  log-normal  dis¬ 
tributions  (Aitchison  and  Brown,  1969;  Raabe,  1971;  Fuchs, 
1964  and  its  references).  Furthermore,  self-preserving  distribu¬ 
tions  themselves  are  not  very  different  from  log-normals  of  a 
specific  geometric  standard  deviation  (Lee,  1983;  Lee  et  al., 
1984;  Ali  and  Zollars,  1988,  for  self-preserving  distributions  due 
to  shear  coagulation).  Second,  we  wish  to  calculate  and  present 
useful  results  for  commonly-encountered  functions  that 

are  more  complex  than  a  single  power  law. 

This  path  inevitably  leads  to  a  simple,  computationally-effi- 
cient  “finite-analytic”  method  for  calculating  total  mass  deposi- 


Table  I.  Exponent  b:  Power-Law  Dependence  of 
5/ Ju)  on  Particle  Volume,  v 


Sc 

Exponent 

Fractal 

Dimension 

(D)* 

Knudsen 

Diffusion 

Continuum 

Diffusion 

Eddy 

Impaction 

2/3  (LBL) 

3 (dense) 

-0  4444 

-0.2222 

_ 

2/3  (LBL) 

1.8  (aggreg  ) 

-0.7407 

-0.3704 

— 

0.704  (TBL) 

3 (dense) 

-0.4693 

-0.2347 

— 

0  704  (TBL) 

1 .8  (aggreg.) 

-0.7822 

-0.3911 

— 

— 

3 (dense) 

— 

— 

1.3333 

•Here  weuke  D,~  r  ’'®or  -r'''®for  free-molecular  and  continuum  diflTusion. 
respectively  (Mounuin  et  al..  1986).  £>  is  the  fractal  dimension,  equal  to  }  for 
dense  particles  and  equal  to  about  1.8  for  diffusion-limited  aggregates  (Meakin. 
1983) 


tion  rates  for  the  general  case  of  arbitrary  St^^v^  and  arbitrary 
PSD  #»F»>  by  suitably  combining  our  results  for  “piecewise”- 
power-law  St^^v^  functions  and  log-normal  PSD’s  of  arbitrary 
spread.  But  perhaps  more  important  than  such  an  “algorithm” 
is  the  conceptual  content  of  the  results  to  be  presented;  i.e.,  the 
insight  they  provide  into  the  factors  governing  total  deposition 
rates  from  “polydispersed”-flowing  dust-laden  fluids.  More¬ 
over,  we  also  calculate  and  present  “once-and-for-all”  results 
that  enable  the  rapid  estimation  of  particle  mass  deposition  rates 
in  a  rather  wide  variety  of  commonly-encountered  engineering 
situations,  with  the  conclusions  and  implications  discussed  in  the 
last  section. 


Deposition  from  Log*Normai  Distributions  Whan 
is  a  Power  Law 

Consider  an  aerosol  with  particle-size  distribution  function, 
outside  the  gaseous  boundary  layer.  In  terms  of  the 
dimensionless  mass  transfer  Stanton  number  St„^v, . . 
(Rosner  1988,  1989),  the  total  mass  deposition  rate  is  given  by; 

-m’p-  V  •  ...^-Pp-v-  ni^v^dv  (4) 

•'o 

where  17  is  the  gas-free  stream  velocity,  and  p,  is  the  intrinsic 
particle  density,  assumed  to  be  independent  of  particle  size.  As 
already  indicated,  we  will  focus  attention  on  the  comparison 
between  the  total  mass  deposition  rate  -ht'j  and  the  reference 
deposition  rate,  -mpjti<  from  a  hypothetical  monodispersed 
population  comprising  particles,  each  having  the  size  (volume) 
i»;  i.e.. 


■  V  •  ■  Pp  •  vSp  (5) 

If  we  further  denote  by  R  the  deposition  rate  ratio  that  we  seek, 
then 


R  m  _  f'  u  •  n{v^  dv 

-'"iUr  •'o  StJ:V^  vNp 

As  noted  earlier  (Rosner,  1989),  if  deposition  occurs  due  to 
either  convective  Brownian  diffusion  or  eddy  impaction  alone, 
then  we  may  take  St^  -  r*  throughout  the  particle  volume  range 
of  interest;  for  example,  we  may  assume  a  power-law  form  for 
the  dependence  of  the  local  mass  Stanton  number  on  particle 
volume,  where  b  is  determined  by  the  nature  of  the  deposition 
mechanism,  Knudsen  number,  and  fractal  dimension  of  the  par¬ 
ticles.  In  Table  I,  we  give  some  typical  values  for  the  exponent  b 
for  each  of  the  above-mentioned  cases.  Substituting  the  power- 
law  form  for  St„  into  Eq.  6,  we  obtain 


\vj  '  Np 


(7) 


From  Eq.  7,  we  see  that  at  least  for  the  case  of  deposition  in  a 
regime  over  which  has  a  single-power-law  dependence, 

in  order  to  obtain  R,  we  simply  have  to  evaluate  an  appropriate 
moment  k(-\  +  b)  of  the  mainstream  aerosol  PSD. 

Assuming  a  log-normal  aerosol  PSD  at  the  outer  edge  of  the 
gaseous  boundary  layer,  we  may  write  -  Np  •  C,4t4,  with 
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C|4v>  the  normalized  log-normal  particle-size  (volume)  distri¬ 
bution  function  defined  by 


V  In  ff  j  ■Jli 


exp 


lnHp/o,> 

2  In^  <Tj 


(0<r<a>)  (8) 


where  v,  is  the  median  volume  of  the  distribution  (or  geometric 
mean)  and  a,  is  the  corresponding  geometric  standard  deviation 
of  the  distribution.  [The  PSD  function  based  on  particle  radius 
(here  we  assume  spherical  particles),  say  C|4r4,  is  also  iog-nor- 
mal,  with  median  r,  determined  through  v,  -  and  stan¬ 

dard  deviation  equal  to  The  arithmetic  mean  of  C|4t»^, 
written  v  and  chosen  as  our  reference  particle  dimension,  is 
related  to  the  median  v,  which  appears  explicitly  in  Eq.  8 
through  (see,  e.g.,  Raabe,  1971): 

u-»,exp4'/iln*<r,4  (9) 

Combining  now  Eq.  7,  8  and  9,  we  find 

^"(l)  jf 

-exp-|-  In^  ffjV .  jf*  t)',‘‘C|4t'*><ft),  (10) 


where  i>,  ■  t)/t>,  and  C,4v*4  is  a  log-normal  distribution  with 
median  equal  to  unity  and  standard  deviation  equal  to  a,.  Equa¬ 
tion  1 0  can  be  simplified  further,  if  we  note  that  the  itth  moment 
of  any  log-normal  function  can  be  expressed  in  terms  of  another 
log-normal  with  the  same  standard  deviation  and  a  different 
median,  Uj,  (Raabe,  1972).  Specifically,  if  we  take  the  original 
log-normal  to  be  C|4i'4  as  defined  in  Eq.  5,  then  one  can  show 
that. 


vidual  volume  v,  in  terms  of  the  actual  deposition  mechanism 
(consistent  with  the  choice  of  b),  and  the  standard  deviation 
(spread)  of  the  depositing  aerosol  main-stream  particle-size  dis¬ 
tribution. 

In  Figure  I  we  plot  the  deposition  rate  ratio  R  vs.  the  standard 
deviation  of  the  aerosol  PSD,  «r,,  for  continuum  diffusion  of 
dense  or  fractal  particles  through  laminar  (LBL)  or  turbulent 
boundary  layers  (TBL).  For  the  exact  “order”  H:[(-I  b)  in 
Eq.  1 3]  of  the  corresponding  moments,  see  Table  I .  In  Figure  I , 
we  also  mark  the  a,  value  at  which  the  log-normal  and  the  self¬ 
preserving  distributions  are  approximately  the  same.  [Lee 
(1983)  reports  that  a  log-normal  particle-size  distribution  that  is 
based  on  linear  size,  such  as  the  particle  radius,  is  similar  to  the 
self-preserving  distribution  for  «r,  a  1.32  —  1.35.  We  use  a  PSD 
based  on  particle  volume,  and  hence  the  corresponding  stan¬ 
dard  deviation  at  which  it  will  become  similar  to  the  self-pre¬ 
serving  one  is  for  o,  »  l  .35’  -  2.46,  as  mentioned  previously.) 
Note  the  fair  agreement  between  the  self-preserving  PSD 
results  of  Rosner  (1989)  for  R  and  our  present  results  for  the 
nearest  log-normal  PSD. 

Figure  2  shows  the  corresponding  total  deposition  rate  ratios 
R  vs.  a,  for  Knudsen  (Kn^  »  1 )  diffusion.  It  is  interesting  to  note 
that  while  in  continuum  diffusion  and  for  a  PSD  of  arbitrary  c,, 
dense  particles  deposit  at  higher  normalized  rates  than  fractal 
aggregates,  in  the  free  molecular  regime  the  opposite  occurs.  It 
is  straightforward  to  explain  this  behavior  if  we  realize  that 
R{b)  (Eq.  13)  has  a  local  minimum  at  h  -  %  In  the  continuum 
regime  as  we  go  from  dense  to  fractal  particles,  the  order  of  the 
relevant  moment  decreases  from  0.78  for  LBL  and  dense  par¬ 
ticles  to  0.61  for  TBL  and  fractal  aggregates,  thus  making  the 
corresponding  deposition  rate  ratio  decrease  too.  On  the  other 
hand,  for  Knudsen  diffusion,  dense  particles  correspond  to  mo¬ 
ments  of  order  0.56-0.53  (Table  1),  e.g.,  close  to  the  regime 
where  the  minimum  of  R  lies,  while  fractal  particles  with 


-  exp 


A:  In  -t- 


1 

ln’4t)/t;tV 

■  exp 

(v/vt)  In  <r,V2v 

2  ln’<7. 

I  (I’J 

(11) 


where  the  new  median  n*  is  determined  by: 

In  n*  -  In  n, -t- A:  In’ <7,  (12) 

Making  use  of  these  relationships  and  further  noting  the  nor¬ 
malization  condition: 


f'  C,4t'4  dv  -  1 
•'0 

we  finally  obtain  the  remarkably  simple  result: 


R 


exp 


6(1  -I-  b) 
2 


(13) 


^9 


Thus,  when  the  mass  transfer  coefficient  5r*4f4  can  be  repre¬ 
sented  by  a  single  power  law  (-v*),  Eq.  13  gives  the  total  mass 
deposition  rate  compared  to  the  corresponding  deposition  rate 
for  a  hypothetical  monodispersed  population  of  particles  of  indi¬ 


Figur*  1.  Deposition  rats  ratio,  ff,  vs.  the  standard  dsvia- 
Uon,  of  the  aerosol  PSD  for  continuum  diffu¬ 
sion  of  dense  or  fractal  particles  through  lami¬ 
nar  or  turbulent  boundary  layers. 
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Oepotition  from  Log-Normal  Distributions  When 
Sf.(v)  Is  a  Piecewise  Power-Law 

In  most  situations  of  practical  interest  one  cannot  assume  a 
single  deposition  mechanism;  i.e.,  is  not  a  simple  power 

law  throughout  the  relevant  range  of  particle  sizes,  especially  if 
the  particle-size  distribution  of  the  depositing  aerosol  is  rather 
broad.  On  the  other  hand,  quite  often  5f„^n^  is  well-approxi¬ 
mated  by  a  piecewise  power  law,  as  in  the  case  of  turbulent 
deposition  in  duct  flow  systems  (McCoy  and  Hanratty,  1977; 
Papavergos  and  Hedley,  1984).  In  particular,  if  we  consider  tur¬ 
bulent  deposition  in  the  absence  of  appreciable  particle  sedimen¬ 
tation  effects,  there  is  both  experimental  (McCoy  and  Hanratty, 
1977)  and  theoretical  evidence  for  the  case  of  convective  diffu¬ 
sion  (e.g.,  Friedlander,  1977)  that: 

0.086  (Sc)-®™'  forf/£f,/45c> 

3.25  X  10-\f/)*  for 22.9  (14) 
0.17  forf/>22.9 


Figure  2.  Oepoaitlon  rat*  ratio,  R,  vs.  the  standard  d*via- 
tion,  <r,,  of  th*  aarosoi  PSO,  for  Knudsen  diffu¬ 
sion  of  dense  or  fractai  particies  through  iami- 
nar  or  turbulent  boundary  layers. 


where  Cf  is  the  nondimensional  wall-friction  coefficient.  Sc  is 
the  particle  Schmidt  number  («  vjDf-  Tor  continuum 
diffusion),  and  the  dimensionless  particle  stopping  time, 
defined  by; 


required  moments  in  the  range  of  0.26-0.22  yield  higher  deposi¬ 
tion  rate  ratios. 

In  Figure  3  we  plot  deposition  rate  ratio  against  the  standard 
deviation  of  the  log-normal  distribution  for  eddy  impaction  in 
the  (tf  )*  regime  (see  also  Table  1 ).  Since  higher  <t,  values  result 
in  a  larger  fraction  of  the  total  aerosol  mass  associated  with 
large  particles,  in  this  regime  the  relative  deposition  rate  is  an 
increasing  function  of  <t,. 


Figure  3.  Deposition  rat*  ratio,  R,  vs.  th*  standard  devia¬ 
tion  of  the  aerosol  PSD,  lot  eddy  impaction 
of  dense  particles. 


M,  is  the  so-called  friction  velocity  (f,/p)'^*,  and  t,  the  charac¬ 
teristic  particle  stopping  time  (■Ip,^J/(18m)1  ~  r^^').  In  Eq. 
14,  r^  /45c>  denotes  the  dimensionless  particle  stopping  time 
which  marks  the  transition  from  a  convective-diffusion  to  an 
eddy-impaction  transport  mechanism,  clearly  a  function  of  the 
particle  Schmidt  number  (see  Eq.  17;  Rosner,  1988).  A  typical 
value  for  r,i*  is  about  0.2  (McCoy  and  Hanratty,  1977),  and 
further  let  denote  the  particle  size  corresponding  (in  the 
prevailing  environment)  to  this  dimensionless  relaxation  time, 
e.g.,  the  particle  size  at  which  the  deposition  mechanism  is 
assumed  to  change  abruptly  from  convective  diffusion  to  eddy 
impaction.  Similarly,  let  denote  the  particle  size  at  which 
the  particle/fluid  decoupling  (inertial  cut-off)  occurs,  and  de¬ 
fine 


where  r  reflects  the  extent  of  the  particle-size  range  that 
deposits  due  to  the  eddy-impaction  mechanism.  Equation  14  can 
now  be  rewritten  in  terms  ov  »  and  r  as  follows: 

for  0  <  i>  s 

fOt  I'ait.l  s  t' s  (16) 

for  <  t><  oc 

where  we  reqi  d  to  be  a  continuous  function  of  v.  The 

piecewise  power  law  dependence  of  the  dimensionless  mass 
transfer  coefficient  on  the  particle  size  is  clearly  shown  in  Figure 


5f.~ 


„0J337  _-0.J337 
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4,  where  we  plot  vs.  the  dimensionless  particle 

stopping  time,  t/ .  The  experimental  data  in  this  figure  have 
been  compiled  by  McCoy  and  Hanratty  (1977),  and  Ganic  and 
Mastanaiah  (1981). 

In  their  review  papers,  both  McCoy  and  Hanratty  (1977), 
and  Papavergos  and  Hedley  (1984)  imply  that  the  dimensionless 
particle  relaxation  time  at  which  the  deposition  mechanism 
changes  from  convective  diffusion  to  eddy  impaction  is  constant 
(specifically  independent  of  particle  Schmidt  number)  and 
equal  to  about  0.2  (cf.  Eq.  14).  Using  their  data,  we  estimated  r 
(Eq.  IS)  to  be  equal  to  about  1,225.  However,  in  order  to  obtain 
the  general  dependence  of  r  on  the  particle  Schmidt  number,  we 
use  the  fact  that  St„i:v}  is  a  continuous  function  of  v.  By  equat¬ 
ing  the  mass  Stanton  number  that  one  predicts  for  convective 
diffusion  at  to  the  eddy  impaction  we  find; 

0.086(5c4r;^„>]-''™'  -  3.25  x  10-‘'(//4t'a.u>l' 


or 


-  16.27(Scfi.„„-)J-“»  ~ 


Using  the  last  equation  we  find  for  r  (see  also  Eq.  IS)  that 
/  22.9  y/j 

'■“ll6.27[Sr4u^„^l-H 


-  1.67l5cft-.„„^l-“«~t,i!l.l',  (17) 


for  example,  the  regime  over  which  eddy  impaction  is  important 
as  parameterized  here  by  r  varies  approximately  with  the 
inverse  of  the  square  root  of  the  particle  Schmidt  number. 

In  order  to  calculate  the  deposition  rate  ratio  R,  it  is  useful  to 
break  the  v  space  in  three  regimes,  one  for  each  mode  of  deposi¬ 
tion.  that  is 


y dv  J  StJ:V^vCx{:V^  dv 


Si»4i4t' 


SiJrV^v 


f'St„iv}vC,iv}dv 


S:J:v}v 


(18) 


(see  Eq.  9  for  the  relationship  between  v  and  r,),  and  standard 
deviation  e,.  We  define  here  {  ■  and  for  brevity  we  also 

introduce  the  function  EfP,  x^,  such  that: 


£4P.  -  erf 


In^P  •  cx|>|-  In^ 


V2  In  ffj 


(20) 


If  we  denote  by  a,  b,  and  c  the  exponents  that  characterize  the 
dependence  of  St^  on  particle  volume  in  the  convective  diffu¬ 
sion,  eddy-impaction  and  inertial  cut-off  regimes,  respectively, 
(e.g.,  a  -  -0.701,  b  -  1.3333,  and  c  -  0;  see  Eq.  18),  then  we 
find  that  for  v  £  or  equivalently  for  {  £  1 


£  -  ^  exp 


fl(fl  -t-  1)  ,  2 


2  ''' 


+  2^*"“P 


1).  2 


2  <^1 
c(f  1) 


+  2  «P 


For  <  r  <  or  1  £  $  s,r,  we  find 


ln’a,].jl  (21a) 


R-^r^exp 


+  2®*P 


a{a  +  1)  ,  j 


2 

b(b  1), 


In  ffg 


+  ^r'V-'cxp 


c(f  + 1) . , 
- 2 — 


(21b) 


And  finally  for  r  s  {  <  co,  we  find 
1 


/?-^r''''-*exp 
+  ^  exp 


o(a  +  1) ,  , 


2 

b(b  +  1) 


In' a, 

J 

In’ a, 


+  2®*P 


e(c  +0.2 
- 2 - 


p}-44 

-4..}}  (2. 


In  Appendix  A  we  show  that  the  partial  moment  of  any  log-nor¬ 
mal  distribution  can  be  expressed  in  terms  of  error  functions  as 
follows: 


J‘  xfCx^v^dv  -  ^exp 


erf 


q\nv,  +  -q^  In’  <r. 
In  [-exp(--?  In’<T,4 


-  erf 


>/21n  a, 
l'v|^exp4-<7ln’(T,4|-| 


V2  In  Of 


(19) 


Using  Eqs.  18  and  19,  and  after  some  algebra,  we  can  deter¬ 
mine  R  for  any  log-normal  distribution  with  arithmetic  mean  v 


In  Figure  5,  we  plot  deposition  rate  ratio,  R,  vs.  {  -  v/v^x^ 
for  different  values  of  and  for  r  -  1,225  (Eq.  15).  For  {  «  1, 
deposition  occurs  primarily  due  to  convective  diffusion,  and 
indeed  the  deposition  rates  we  compute  here  are  identical  to  the 
deposition  rates  found  earlier  for  the  case  of  a  single  transport 
mechanism  (see,  e.g.,  previous  two  sections  and  Figure  1 ).  As  { 
increases  and  becomes  closer  to  unity,  R  increases  for  two  rea¬ 
sons: 

•  A  greater  fraction  of  the  large  particles  and  hence  a  greater 
fraction  of  the  aerosol  mass  deposits  due  to  an  eddy-impaction 
mechanism 

•  At  the  same  time  the  reference  deposition  rate, 
decreases,  until  for  {  equal  to  unity  R  obtains  its  maximum  val¬ 
ue. 

Note  also,  that  the  higher  the  standard  deviation  of  the  PSD, 
the  earlier,  with  respect  to  (  values,  the  deposition  rate  ratio 
starts  increasing.  As  {  increases  further  above  unity,  R 
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Flgur*4.  LItarature  daposition  data  for  fully-davalopad 
duct  flow  In  tha  abaanca  of  appraciabla  aadl- 
mantation  affacta. 

Piecewise  power  lew  dependence  of  the  dimensionless  msss  transfer 
coefficient  on  the  particle  stopping  time 

Source  McCoy  and  Hanratty  (1977),  and  Ganic  and  Mastanaiah 
(1981) 

decreases  towards  a  steady  value  that  corresponds  to  deposition 
due  to  a  purely  eddy-impaction  mechanism  (compare  with  Fig¬ 
ure  3).  The  small  decrease  of  R,  which  occurs  for  {  slightly 
Idi'ger  than  unity,  is  uuc  pi  iiiiarily  tO  an  uicrcase  of  the  reference 
deposition  rate  in  (bis  region.  Finally ,  as  the  mean  volume  of  the 
distribution  increases  further  and  approaches  the  critical  vol¬ 
ume  above  which  capture  becomes  independent  of  particle  size 
(inertial  cut-off),  the  deposition  rate  ratio  begins  to  decrease, 
goes  through  a  local  minimum  at  F  -  t’oto-  of  equivalently  at  {  - 
r  (which  we  can  rationalize  with  arguments  similar  to  the  ones 


FIgur*  5.  Ospotitlon  rata  ratio  R  va.  dimantionlaaa  maan 
alza  of  particle  tiza  distribution  for  various  val¬ 
ues  of  PSD  standard  deviation. 


we  used  for  ^  -  i ),  and  then,  as  expected,  approaches  unity.  A 
rather  interesting  general  implication  of  the  local  extremum 
exhibited  by  the  total  deposition  rate  ratio,  for 

particle  sizes  that  correspond  to  a  transition  in  the  deposition 
mechanism,  is  that  R  will  not  necessarily  fall  between  the  limits 
obtained  for  either  of  the  two  mechanisms  acting  alone.  In  the 
present  case,  the  deviations  are  quite  small  (for,  say,  convective 
diffusion/eddy  impaction,  and  -  1.35,  the  deviation  is  less 
than  10%);  but  under  different  deposition  conditions  (cf.  con¬ 
vective  diffusion  and  inertial  impaction  on  a  cylinder  in  cross 
flow),  they  can  become  very  large.  In  such  situations,  one  should 
exercise  caution  when  basing  total  mass  deposition  predictions 
exclusively  on  the  reference  deposition  rate,  which  (by  defini¬ 
tion)  is  based  on  a  single  mechanism. 

in  Figure  6,  we  plot  again  the  deposition  rate  ratio  vs.  (  - 
v/v^,,  for  iTj  -  2.5  and  different  values  of  r  -  Ooiu/feni,!-  As 
expected,  the  closer  the  two  transition  volumes  and 
are,  or  equivalently  for  smaller  r's,  the  importance  of  the  eddy- 
impaction  mechanism  decreases.  Note  that  this  effect  will 
become  even  more  pronounced  as  the  standard  deviation,  of 
the  PSD  of  the  depositing  aerosol  increases.  • 

An  examination  of  Figure  5,  suggests  that  an  aerosol  with 
unimodal  PSD  of  typical  spread  (a,  of  about  2.0  to  3  0)  and 
under  typical  deposition  conditions,  say,  r  -  Of  10’-),  will  “expe¬ 
rience"  a  single  or  at  most  a  combination  of  two  transport  mech¬ 
anisms,  that  is,  convective-diffusion/eddy-impaction  or  eddy- 
impaction/inertial  deposition,  regardless  of  where  the  mean  of 
the  particle-size  distribution  is  located  with  respect  to  the  sizes 
that  mark  the  transition  between  the  various  mechanisms.  On 
the  other  hand,  if  the  PSD  is  bimodal  or  even  multimodal,  like, 
for  example,  in  the  case  of  supermicron  particle  deposition  in  the 
presence  of  condensible  vapors  (a  problem  of  great  practical 
interest;  Rosner  and  Nagarajan,  1987),  then  all  three  transport 
mechanisms  will  have  to  be  considered  simultaneously. 

Limiting  ourselves  to  distributions  with  a  single  mode,  we 


Figure  6.  Effect  of  the  extent  of  the  eddy-Impaction  re¬ 
gime,  as  determined  by  r,  on  the  deposition 
rate  ratio  R  for  a  PSD  with  <r,  -  2.5. 
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present  in  Figure  7  curves  of  constant  deposition  rate  ratio  R  on 
a  c,  vs.  v/v„,  plot  for  the  case  of  deposition  due  to  convective- 
diffusion  and  ^dy-impaction.  This  figure  is  a  cross  plot  of  the 
left  half  of  Figure  5  and  can  be  readily  used  to  determine  the 
deposition  rate  ratio  as  a  function  of  the  location  of  the  PSD 
mean  with  respect  to  v^,  as  determined  by  the  local  conditions 
and  the  PSD  standard  deviation.  Thus,  for  (u/Urtt  <ff)  pairs  that 
lie  in  the  shaded  region  (regional),  both  mechanisms  have  to  be 
considered.  In  this  case,  a  first  estimate  of  the  deposition  rate 
ratio  can  be  obtained  from  the  given  iso-/?  curves.  If,  on  the 
other  hand,  the  pairs  lie  in  regions  I  or  III,  then  the  deposition  is 
determined  primarily  by  a  single  mechanism,  and  so  Eq.  13  can 
be  used  with  an  expected  accuracy  of  ±3%.  A  similar  plot  for 
eddy  impaction/inertial  deposition  is  given  in  Figure  8.  In 
region  I  Eq  13  may  again  be  used,  but  in  region  III  the  deposi¬ 
tion  rate  ratio  is  equal  to  unity. 

Generalizations 

Finite-analytic  procedure  for  calculating  total 
deposition  rates 

In  this  section,  we  outline  a  “finite-analytic”  method  that  allows 
us  to  compute  total  mass  deposition  rates  in  the  general  case 
where  5t„4  is  an  arbitrary  function  of  particle  volume.  The 
basic  idea  is  simple  indeed:  since  log  (5r.)  vs.  log  can  be 
approximated  to  any  desired  degree  of  accuracy  by  a  series  of 
straight  line  segments,  St^  can  be  always  reduced  to  a  piecewise 
power  law.  But,  recall  that  for  this  case  we  already  have  an  ana¬ 
lytic  solution  (cf.  previous  two  sections).  In  Appendix  B,  we  give 
an  expression  for 

il  f  '  St„,,vC,{v^dv 

R  -  - - -  (21) 

for  the  case  of  consisting  of  say  N  discrete  power-law  seg¬ 
ments.  and  the  arithmetic  mean  volume  of  the  aerosol  popula¬ 
tion  F’  lying  in  the  A:th  interval  In  Eq.  21,  we  assume  that  v,  -  0 
and  I’y  -  <x. 

Clearly  in  implementing  this  method,  one  should  approximate 
5(,  by  a  larger  number  of  shorter  straight  line  segments  wher¬ 
ever  the  curvature  is  higher.  In  order  to  test  whether  in  any  given 
particle  volume  regime,  i’*),  the  power-law  approxima¬ 
tion  is  adequate  we  propose  the  following  simple  criterion 
(Rosner,  1989).  By  expanding  In  5/„(F)  vs.  In  u  in  a  Taylor 
series  around  F  and  inserting  into  Eq.  21,  we  find  that  this 
approximation  is  acceptable  provided: 


FIgur*  7.  Constant  deposition  rata  ratio  R  on  v,  vs.  (log) 
t’/t’effl  plot  tor  the  case  of  deposition  due  to 
convective  diffusion  end  eddy  impaction. 

Id  regions  I  end  III,  Eq.  13  it  valid,  and  it  is  only  in  the  shaded  regiine 
where  both  mechanisms  must  be  considered  simuluoeously. 


Convective  diffusion  and  inertial  impaction  on  a 
cylinder  in  cross  flow 

We  will  demonstrate  the  application  of  our  method  for  the 
case  of  convective  diffusion  and  inertial  impaction  on  a  cylinder 
in  cross  flow,  perhaps  the  most  important  example  from  an  engi¬ 
neering  point  of  view.  We  will  assume  that  the  Reynolds  num¬ 
ber,  Re,  based  on  cylinder  diameter,  </„  is  large  (Re'^^  »  1 )  and 
that  the  interception  parameter,  d^/d„  is  small  (at  least  for  the 
particle  sizes  that  deposit  due  primarily  to  Brownian  diffusion) 
so  that  we  can  neglect  deposition  due  to  interception.  For  this 
simplified  case,  it  is  well  known  that  the  convective-diffusion 
capture  efficiency,  defined  as  the  fraction  of  the  particles 
collected  from  the  fluid  volume  swept  by  the  cylinder,  is  given  by 
(see,  e.g.,  the  Nusselt  number  correlations  in  Eckert  and  Drake, 
1981;  Perry  and  Chilton,  1973): 

9-,  -  2  •  =•  0.054  /?e-'"«Sf-^/’  (23) 


^  rr,  1  /d^  In  St. 
^  X.,  2- 1  d  In  r' 


In  z  dv 
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(In  + 


a  In  St. 
d  In  V 


•llnz 

V 


*  1  (22) 


This  criterion  can  be  readily  introduced  into  a  general-purpose 
code,  so  that  the  number  and  location  of  the  straight  line  seg¬ 
ments  that  are  needed  to  approximate  a  given  capture  efficiency 
curve  IS  optimal  In  the  present  illustrative  calculations  (cf.  Fig¬ 
ures  9  and  10),  however,  we  simply  increased  the  number  of  A 
(In  !■)  segments  until  the  computed  R  values  acceptably  con¬ 
verged 


Note  that,  in  this  regime,  the  particle  capture  fraction  depends 
on  the  collector-based  Reynolds  number  and  the  particle 
Schmidt  number. 

In  the  case  of  “pure"  inertial  deposition,  the  capture  effi¬ 
ciency  of  the  cylinder  depends  on  the  particle  Stokes  number, 
Stk  and,  for  non-Stokesian  particles  (because  the  velocity  of  the 
flow  field  is  high  and/or  because  the  particles  are  large)  it  will 
also  depend  on  a  Reynolds  number,  /?c,,  based  on  particle  diam¬ 
eter  and  the  free-stream  velocity.  For  a  potential  flow  field 
approximation  to  the  carrier  fluid  motion  around  the  collector, 
the  collection  efficiency  has  been  calculated  numerically  (Brun 
et  al.,  1 955)  and  has  been  also  correlated  in  terms  of  an  effective 
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Figure  8.  Constant  deposition  rate  ratio  A  on  a  vs.  (log) 
v/v^„  plot  for  the  case  of  capture  due  to  eddy 
Impaction  and  inertial  deposition. 

In  region  I.  Eq  13  is  valid,  in  the  shaded  area  both  mechanisms 
must  be  considered;  in  region  III,  the  deposition  rate  ratio  can  be 
taken  equal  to  unity. 


S'oks'.  r'M'v'b/;''  ^  ® I  OR  13  which  accounts  for  the 

above  mentioned  parameters  For  these  reasons  Israel  and 
Rosner  (lORB)  introduced  a  generalized  Stokes  number: 

Stka  -  ■  Stk  (24) 

where  for  our  purposes  Stk  is  the  conventionally-defined  Stokes 


Figure  10.  Convergence  of  the  deposition  rate  ratio  A  as 
the  number  of  power-law  segments  (used  to 
approximate  the  capture  efficiency  curve  of 
Figure  8)  increases. 


number  I-p,d^t//(18M)]  and  a  correction  factor  to 

account  for  non-Stokesian  behavior,  i.e.; 


*^Re,^  - 


24  rgt,  dRe' 
rT,  '  Jt  Ci^Re'^Re' 


(25) 


Integrating  Eq.  25  for  a  quasisteady  drag  coefficient,  Cp  of  the 
commonly  used  approximate  form 


Figure  0.  Typical  behavior  or  the  efficiency  curve  for  par¬ 
ticle  capture  on  a  circular  cvilnder  in  cross-flow  in 
the  high  Reynolds  number  limit  (Ae*  ’  »  1). 


CpfAe^  -  -^(1  +  0.158Af^/’) 


one  readily  finds 


^kReA-- 


0.0628Ae. 


•  [(O.OoZoAr,)' '  —  tan"'  j(0.()628Ae,)'^M]  (26) 


For  a  circular  cylinder  collection  gee  netry  and  Stk^  >  0.14, 
Israel  and  Rosner  (1983)  recommend  the  following  correlation 
for  the  capture  fi  action  (if  each  impacting  particle  “sticks”); 


VtMtkStk^k  ^ 


1  -h  1.25|5fitrf  ~  i)  '  ~ 


X  10- 


K-ir 


-hO.058  X  10-*|SrA^-- 


l\-’ 


(27) 


although  equally  acceptable  alternatives  are  given  by  Weasel 
and  Righi  (1988),  and  Wang  (1986). 

At  this  point,  we  are  not  aware  of  any  ,  irrelation  for 
^Stk^k  in  the  near-critica!  range  of  Stk^  (from  0.125  to  0.14), 
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and  so  for  that  range  we  simply  take: 


[In  the  spirit  of  earlier  calculations  of  the  critical  Stokes  number 
(Friedlander,  1977),  such  a  near-SfA:^  relation  can  be  derived 
by  using  a  second-order  expansion  of  the  flow  field  in  the  vicinity 
of  the  forward  stagnation  point.]  Equation  28  does  exhibit  the 
proper  limiting  behavior  as  Sik^  approaches  but  other 

than  that  is  not  based  on  any  physical  grounds.  By  matching  Eq. 
27  to  Eq.  24  for  Stk^  -  0.14  and  further  requiring  the  first 
derivative  of  iic»p4t4  with  respect  to  v  to  be  also  continuous,  we 
estimate  the  two  constants  appearing  in  Eq.  28: 

/  1\“" 

^  0.043  -  -  (29) 

In  Figure  9,  we  give  a  typical  capture  efficiency  curve  that 
encompasses  both  the  convective  diffusion  and  inertial  deposi¬ 
tion  regimes.  Note  that,  since  in  the  convective-diffusion  regime 
i)t,p  is  already  a  power  law,  we  can  analytically  integrate  this 
entire  size  range  ([0,  I]  in  dimensionless  volume  units)  in  one 
“giant"  step,  thus  saving  computational  time.  [If  we  neglect  the 
effect  of  Kn^,  i.e.,  within  the  confines  of  continuum  (Ktip  «  1) 
diffusion  ]  In  Figure  10,  we  show  the  dependence  of  the  deposi¬ 
tion  rate  R  on  ,  for  a  log-normal  mainstream  particle-size 
distribution  that  has  -  2.0  and  that  deposits  according  to 
as  depicted  in  Figure  11.  Note  that  if  we  “fit”  the  inertial  depo¬ 
sition  part  of  the  (log)  jjap  vs.  log  (viv)  curve  with  about  20 
linear  segments  R  converges.  Finally,  in  Figure  1 1,  we  show  the 
dependence  of  the  total  mass  deposition  rate  ratio  on  the  dimen¬ 
sionless  mean  size  of  the  aerosol  population  for  different  values 
of  the  standard  deviation  of  the  PSD. 

From  Figures  10  and  11,  it  is  clear  that,  in  the  case  of  deposi¬ 


tion  on  a  cylinder  in  cross  flow,  the  total  mass  deposition  rate 
ratio  is  a  very  sensitive  function  of  the  relative  location  of  the 
mean  particle  size,  v,  with  respect  to  the  particle  size  at  which 
transition  occurs  from  deposition  due  to  convective  diffusion  to 
an  inertial  mechanism.  This  is  another  example  where  one 
should  avoid  basing  deposition  calculations  on  a  single  regime, 
since  in  this  case  the  total  deposition  rate  can  be  severely  under- 
predicted.  From  a  mathematical  point  of  view,  R  almost 
diverges  in  the  neighborhood  of  v/v^^  ^  1,  because  in  this 
regime  there  is  a  great  difference  of  order  O(IO^)  between  the 
magnitude  of  the  actual  total  mass  deposition  rate  and  the  refer¬ 
ence  deposition  rate. 

Variance  of  non-log-normal  single-mode  distributions 

In  this  paper  we  deliberately  cast  our  results  in  terms  of  the 
particle  arithmetic  mean  size  (volume),  v,  and  the  standard 
deviation,  of  the  aerosol  PSD.  We  decided  to  use  the  average 
particle  size  of  the  population,  rather  than  the  distribution 
median,  because  the  former  has  also  a  simple  physical  signifi¬ 
cance,  despite  the  fact  that,  if  we  had  used  some  of  our  ana¬ 
lytical  expressions  would  have  been  simplified.  By  the  same 
token,  we  have  here  used  tr,  to  quantify  the  spread  of  the  (log¬ 
normal)  distribution,  a  natural  choice  from  a  mathematical 
point  of  view,  while  we  could  also  have  used  the  square  root  of 
the  dimensionless  variance  of  the  PSD,  here  denoted  simply  by  o 
and  defined  as 


i  -  f~(v  -  vyCii:V^dv 


1/2 


-  [exp41n’<T,>  -  1]'/’  (30) 


Since  not  all  single-mode  PSD’s  are  “log-normal,"  we  conjec¬ 
ture  that,  if  our  present  results  were  recast  in  terms  of  the  square 
root  of  the  variance  a,  then  they  would  (approximately)  apply  to 
a  wide  varietv  of  single-mode  distributions. 


Pigurt  11.  Oopondonc*  of  tho  total  maaa  dapoaltlon  rata 
ratio  on  tha  dimansionlaas  avaraga  alza  of 
aarotol  population  for  diffarant  valuaa  of  tha 
PSD  standard  davlatlon. 


Conclusions 

For  commonly  encountered  engineering  applications,  in 
which  total  mass  deposition  rates  are  required  from  fluid 
streams  containing  suspended  particles  distributed  near  “log- 
normally."  we  have  developed  and  presented  simple  results  for 
piecewise-power-law  mass  transfer  coefficic.Us  (e.g.,  turbulent 
convective  diffusion  and  eddy  impaction)  (including  an  inertial 
decoupling  “cut-ofl").  Thus,  we  have  shown  that,  whenever  we 
may  assume  a  simple  power-law  dependence  of  on  the 

size  of  the  depositing  particles,  the  total  mass  deposition  rate 
ratio.  R,  is  given  analytically  by  a  very  simple  expression  that 
involves  only  the  exponent  that  describes  the  dependence  of  the 
mass  Stanton  number  on  particle  volume  and  the  spread  of  the 
aerosol  PSD,  a,  (cf.  Eq.  13).  We  further  obtained  analytical 
expressions  (in  terms  of  error  functions)  for  R  in  the  case  of 
piecewise-power-law  mass  transfer  coefficients.  S/„.  (Eq.  21 
and  Appendix  B)  which  can  be  readily  used  in  computations  and 
have  also  provided  graphs  (Figures  7  and  8)  from  which  one  can 
directly  obtain  the  local  deposition  rate  ratio  for  the  commonly- 
encountered  case  of  deposition  due  to  a  combination  of  convec¬ 
tive-diffusion/eddy-impaction  or  eddy-impaction/inertial 
mechanism. 

These  results/plots,  which  generalize  the  recent  conclusions 
of  Rosner  (1989)  for  power-law  capture  from  coagulation-aged 
(self-preserving  shape)  aerosols,  reduce  the  general  problem  of 


AlChE  Journal 


September  1999  Vol.  35,  No.  9 


1505 


computing  actual  deposition  rates  to  the  straightforward  one  of 
first  calculating  the  (reference)  deposition  rate  if  a"  particles  in 
the  population  had  the  same  (average)  volume  and  then  correct¬ 
ing  this  result  by  a  ratio  R  calculated  here  for  several  common¬ 
ly-encountered  mechanistic  combinations  over  a  range  of 
aerosol  PSD  “spread”  parameters.  Apart  from  their  direct  engi¬ 
neering  utility  and  conceptual  value,  our  viewpoint  and  proce¬ 
dures  are  shown  to  open  the  way  to  computationally-efficient 
finite-analytic  methods  for  computing  total  mass  deposition 
rates  from  aerosol  population  distributions  of  arbitrary  shapte, 
captured  in  accord  with  an  efficiency  function  of  arbitrary 
shape.  [Indeed,  this  strategy  could  clearly  be  adopted  to  com¬ 
pute  many  other  properties  of  aerosol  populations  which  require 
the  integral  of  a  product  of  the  particle-size  distribution  func¬ 
tion  torr.e  other  particle  size  dependent  quantity,  ^.g.,  light 
scattering  efficiency  (Buckius  and  Hwang,  1980).] 

It  would  he  prudent  to  recall  'he  most  important  assumption 
which  undeilies  our  present  methods  and  predictions:  viz.,  iuih 
particle  size  class  does  not  influence  the  deposition  rate  of  other 
size  classes.  In  practice,  we  know  that  this  assumption  would 
have  to  be  relaxed  whenever: 

•  The  diffusional  capture  of  small  particles  influences  the 
inertial  capture  (via  sticking  probability)  of  larger  particles 
(see,  e.g.,  Rosner  and  Nagarajan,  1987) 

•  Appreciable  particle-particle  coagulation  occurs  in  the  im¬ 
mediate  vicinity  of  the  collector  (see,  e.g..  Park  and  Rosner, 
1988a:  Biswas,  1988) 

•  A  portion  of  the  preexisting  aerosol  population  coupled  with 
the  host  fluid  flow  to  modify  the  transfer  coefficient  of  the 
smaller  particles  (see,  e  g..  Park  and  Rosner,  1988b,  1989) 

«Th»  particle:  cca-'enge  art  appreciable  mass  of 

coexisting  vapor  within  the  thermal  boundary  layer  adjacent  to 
the  collector  (see,  e  g.,  Castillo  and  Rosner,  1988) 

•  Appreciable  paiticle  production  (from  a  supersaturated  va¬ 
por)  occurs  within  the  thermal  boundary  layer  adjacent  to  the 
collector  (sec,  e  g.,  Castillo  and  Rosner,  1989;  Liang  et  al., 
1989). 

However,  even  in  most  of  these  more  complex  (coupled)  cases,  it 
will  still  be  useful  and  instructive  to  compare  actual  rates  to 
those  expected  based  on  the  simple  procedure  outlined  in  this 
paper. 

Finally,  it  should  be  recognized  that  in  many  current  and 
future  applications,  in  addition  to  predicting  the  total  deposit 
mass,  it  will  be  necessary  to  have  a  quantitative  understanding 
of  the  deposit  microstructure  and,  of  course,  microstructure- 
sensitive  deposit  properties  (see,  e.g,,  Tassopoulos  et  al.,  1989). 
Th:s  !:  clearly  a  more  ambitiOu^  goal  uf  ue^suion  laic  ihoiry, 
but  one  which  can  no  longer  be  postponed 


Acknowledgm«nt 

It  is  a  pleasure  to  acknowledge  the  financial  support  of  DOE-PETC 
via  Grant  No  DE-FG22-86PC90756  and  the  U  S  AFOSR  via  Grant 
No  AFOSR  84-0034,  89-0223.  as  well  as  the  related  support  of  the 
Yale  HTCRE  Laboratory  by  our  current  Industrial  Affiliates  Shell 
Foundation,  Lycoming-Textron,  and  SCM-Chemicals  In  this  research, 
the  authors  have  benefited  from  helpful  discussions  with  Professors  J. 
Fernandez  de  la  Mora  and  3.  O'Brien,  Dr.  D.  W,  Mackowski,  as  well  as 
A  C  Konstandopoulos 

Notation 

b  -  exponent  charactenzing  dependence  of  5».  on  particle  vol¬ 
ume  f 


Cf~  aondimensional  wall-frictioa  coefficient; 

Cb  -  quasisteady  particle  drag  coefficient 

-  normalized  log-normal  distribution  function,  Eq.  8 
d,  -  particle  diameter 

d,  -  circular  cylinder  (target)  diameter 
Dp  -  particle  Brownian  diffusion  coefficient 
E^P,  -  function,  Eq.  20 

k  -  “order”  of  KD  moment 
Knp  -  particle  Knudsen  number,  l/d, 

I  -  gas-mean-free  path 
— di"  -  total  mass  deposition  rate,  Eq.  4 
-*tpM  ~  reference  mass  deposition  rate,  Eq.  S 
n4t4  -  particle  number  density  function 
Np  -  particle  number  density,  ^q.  I 
P  -  dummy  variable,  Eq.  20 
Pe  -  Peclet  number  for  particle  diffusion 
q  -  “order”  of  partial  moment  of  log-normal  distribution,  Eq. 
19 

T  ~  parameter  reflecting  extent  of  the  particle  size  range  over 
which  eddy  impaction  is  the  predominant  deposition  mecha¬ 
nism 

R  -  deposition  rate  ratio,  Eq.  6 
Re  -  Reynolds  number  based  on  cylinder  diaitteter 
Rcp  -  Reynolds  number  based  on  particle  diameter 
Sc  -  particle  Schmidt  number 
5r„  -  dimensionless  mass  transfer  coefficient 
Stk  -  particle  Stokes  number 
Stk^  -  effective  particle  Stokes  number,  Eq.  24 
tp  -  characteristic  particle  stopping  time 
r/  ~  dimensionless  particle  stopping  time,  u\tplv 
t^,  -  dimensionless  particle  stopping  time  marking  transition 
from  convective-diffusion  to  eddy-impaction  deposition 
u.  -  friction  velocity; 

U  -  gas-free-stream  velocity 
V  -  particle  size  (volume) 

5  -  mean  particle  volume;  d,/ A, 

-  particle  size  marking  a  transition  in  deposition  mechanism 
V,  „ ,  -  particle  size  marking  transition  from  a  convective-diffusion 

to  eddy-impaction  deposition  mechanism;  Figure  4 
t'lxu  ~  particle  size  marking  transition  from  eddy-impaction  to  size- 
insensitive  deposition;  Figure  4 
Vp  -  median  volume  of  log-normal  distribution 
V,  -  critical  particle  size  marking  beginning  of  the  (/  -t-  1 )  depo¬ 
sition  regime 

Vp  -  median  volume  of  a  particular  log-normal  distribution  func¬ 
tion,  Eq.  11 

r,  -  dimensionless  particle  size  ( ■  o/r,) 

X  -  dummy  variable,  Eq.  20 

Greek  letters 

a  -  lower  limit  of  partial  moment  of  log-normal  distribution,  Eq. 
19 

b  -  upper  limit  of  partial  moment  of  log-normal  distribution,  Eq. 
19 

n,.,  -  capture  fraction 

v  >  gas  momentum  dilfusivity  (kinematic  viscosity) 

(  -  dimensionless  mean  particle  size  ("p/p^) 
fi  -  gas  density 
Pp  -  intrinsic  particle  density 

>  dimensionless  variance  of  tog-normal  distribution,  Eq.  30 
Op  >  geometric  standard  deviation  of  log-normal  distribution 
^P  -  particle  volume  fraction.  Eq.  I 
i  -  self-preserving  distribution  function 
4’  -  correction  factor  accounting  for  non-Stokesian  drag  behav¬ 
ior  of  particles,  Eqs.  24,  25 
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Appendix  A:  Partial  Moments  of  Log-Normal 
Distribution 

The  log-normal  particle-size  distribution  is  given  by: 


In^  {v/v,) 

2\n^a, 


(0<t><®)  (Al) 


The  partial  moment,  of  order  q,  in  the  range  say  a  to  /S,  is 
defined  here  by: 


M,  ■  /**  (A2) 


Note  further  that  for  any  log-normal  distribution  (Raabe, 
1972) 


n*C,(i»)  -  exp 


where 


q  In  V,  +  %-  In’  a. 


I 

In’^p/p,^'] 

V  In  Of-Jlir 

2  In’  a, 

(A3) 


In  r,  -  In  tij  -t  q  In’  o,  (A4) 

From  Eqs.  Al,  A2  and  A3,  we  obtain  for  the  partial  moment 


'‘I 


exp 


9  In  V, 


ft  1 
■4  V  In  ff,V2» 


ln’^’/p,V 
2  In’  a,  ^ 


dv  (A5) 


with  the  distribution  in  the  definite  integral  of  Eq.  AS  another 
log-normal.  Noting  also  that  in  general  the  log-normal  is  defined 
as  a  distribution  of  sizes  whose  logarithms  are  normally  distrib¬ 
uted.  it  becomes  apparent  that  the  required  definite  integral  can 
be  expressed  in  terms  of  the  well-known  error  function.  Spccifi- 
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cally,  we  have 


R,  is  defined  here  by: 


•4  V  In  ff,  ^2* 


exp 


21n'( 


dv 


i«(a/D,)/lnr, 


1  /ln(p/t;,)y1  ^  An  (p/p,) y 
2\  Inp,  /J  \  In<r,  / 


-1.  r 

2  J..,. 


(A6) 

2  •'l,(o/r,)/  •^lnd,  V» 


i?  • 

-fh';(v) 


/"St^vCf^vydv 

1-1  •'ft-i  _ 


5w<p>v 


(Bl) 


where  denotes  the  Stanton  mass  number  in  the  ith  interval. 
Here  we  also  take  p,  -  0  and  p^  -  »■  If  Uaiu  particle  size 
(volume)  that  marks  the  transition  from  the  ith  to  the  i  +  1 
deposition  mechanism,  let 


Combining  now  Eqs.  A4  and  A6,  while  substituting  for  p,  from 
Eq.  A4,  we  obtain  for  the  partial  moment  of  order  g: 


r,  -  for  I  -  2,  A'  -  1  (B2) 

®cni,I 


rs  I 

u,  J  f’Cifp)  dv  -  -  eap 


erf 


q  in  V,  f  -  9^  In'  a. 


In  expf-9ln'<r,^j 
V2  In  <T, 


-  erf 


In  exp(^-9ln'ff,-)j 

sTl  ln~^ 


(A7) 


that  is,  Eq.  19. 


Appendix  B:  Analytic  Expression  for  Total  Mass 
Deposition  Rate  Ratio  When  Is  a 

Piecewise  Power-Law 

Suppose  that  the  mass  Stanton  number,  consisU  of  N 

discrete  power-law  segments,  and  that  the  arithmetic  mean  of 
the  aerosol  particle-size  distribution,  p,  lies  in  the  kth  (power- 
law)  segment  In  this  case,  the  total  mass  deposition  rate  ratio. 


Since  Stji;V^  is  a  continuous  function  of  the  particle  size,  p,  it  is 
straightforward  to  show  that  the  Stanton  number  in  the  t'th 
interval  is  given  by 

.  {*<  (B3) 

•  _ 

where  ( is  the  dimensionless  mean  particle  size,  £  -  p/Pm.i- 
If  we  substitute  now  into  Eq.  Bl  and  use  the  expression  for  the 
partial  moment  of  a  log-normal  distribution  (Appendix  A),  after 
some  algebraic  manipulation  one  finds  that 


1  Cr 


(B4) 


where  £  is  a  function  introduced  here  for  brevity,  defined  by  Eq. 
20. 


Manuscript  received  Feb.  28, 1989,  and  revision  received  June  20, 1989. 
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COMBINED  INERTIAL  AND  THERMOPHORETIC 
EFFECTS  ON  PARTICLE  DEPOSITION  RATES  IN  HIGHLY 
LOADED  DUSTY-GAS  SYSTEMS^ 

H  M.  PARK*  and  D.  E.  ROSNER* 

Department  of  Chemical  Engineering,  Yale  University,  New  Haven,  CT  06520,  U.S.A. 

{Accepted  in  revised  form  10  March  1989) 

Abstract— Little  is  yet  known  (theoretically  or  experimentally)  about  the  simultaneous  effects  of  particle 
inertia,  particle  thermophoresis  and  high  mass  loading  on  the  important  engineering  problem  of  predicting 
aeposiiioii  rates  ii'oin  (lowing  dusty  gases  For  this  reason,  we  investigate  the  motion  of  particles  present  at 
nonneghgible  mass  loading  in  a  flowmg  nonisotbermal  gaseous  medium  and  their  deposition  on  strongly 
cooled  or  heated  solid  objects  by  examining  'he  instructive  case  of  steady  axisymmetric  “dusty-gas”  flow 
between  two  infinite  disks:  an  inlet  (porous)  disk  and  the  impermeable  “target"  disk — a  flow  not  unlike  that 
encountered  in  recent  seeded-flame  experiments.  Since  this  stagnation  flow/geometry  admits  interesting  self- 
similar  solutions  at  all  Reynolds  numbers,  we  are  able  to  predict  laminar  flow  mass-,  momentum-  and 
energy-transfer  rate  coefficients  over  a  wide  range  of  particle  mass  loadings,  dimensionless  particle 
relaxation  times  (Stokes  numbers),  dimensionless  thermophoretic  diffusivities,  and  gas  Reynolds  numbers. 
As  a  by-product,  we  illustrate  the  accuracy  and  possible  improvement  of  our  previous  “diffusion  model"  for 
tightly  coupled  dusty-gas  systems  Moreover,  we  report  new  results  illustrating  the  dependence  of  the 
important  "critical"  Stokes  number  (for  incipient  particle  impaction)  on  the  particle  mass  loading  and  the 
wall  gas  temperature  ratio  for  dust-laden  gas  motion  towards  “overheated"  solid  surfaces.  The  present 
formulation  and  resulting  transport  coefficients  should  not  only  be  useful  in  explaining  predicting  recent 
deposition  rate  trends  in  “seeded" -flame  experiments,  but  also  highly  mass  loaded  systems  of  technological 
interest,  such  as  the  deposition  of  opto-electronic  materials  by  jet  impingement,  and  fouling  layers  from  ash¬ 
laden  fossil  fuel  combustion  products. 


I.  INTRODtCTIOV 

Transport  phenomena  involving  the  motion  of  small 
particles  suspended  in  gaseous  media  and  their  depo¬ 
sition  on  immersed  or  containment  solid  surfaces 
occur  often  in  industry  and  nature  [see  for  example. 
Friedlander  (1977)  and  Hidy  (1984)].  Indeed,  a  wide 
variety  of  technologies,  including  the  fabrication  of 
optical  waveguides  and  semiconductor  devices,  pro¬ 
cess  gas  cleaning,  corrosion  fouling  erosion  of  com¬ 
bustion  turbine  and  fossil-fuel-fired  boiler  compo¬ 
nents,  etc.,  require  an  ability  to  predict  the  transport 
rates  of  aerosol  particles,  often  subrpicrometer  in  size. 
Depending  on  the  context,  interest  may  be  in  acceler¬ 
ating  or  suppressing  particle  deposition  rates  and  or 
achieving  a  prescribed  deposit  uniformity  and  micro¬ 
structure. 

Each  of  the  abovementioned  “dusty-gas"  examples 
involves  a  two-phase  flow  system  with  a  very  small 
volume  fraction  of  particles,  but  often  with  a  significant 
mass  fraction  of  particles  (Rosnei  and  Park,  V988). 


'Origi-vally  submitted  March  1987  to  Chemical  Engineer¬ 
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eering  Laboratory,  and  Professor.  Chemical  Engineenng 
Department.  Yale  L'niversity.  Author  to  whom  correspon¬ 
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Despite  the  chemical  engineering  importance  of  highly 
(mass-)loaded  aerosol  systems,  the  literature  of  this 
branch  of  aerosol  dynamics  can  be  said  to  be  still  in  its 
infancy,  so  that  reliable,  versatile  engineering  predic- 
tion.'correlation  techniques  are  not  yet  available.  In 
principle,  for  many  applications  the  information 
sought  is  the  collective  motion  of  the  particle  “phase" 
relative  to  the  carrier  (host)  fluid,  especially  in  the 
immediate  vicinity  of  solid  surfaces.  In  such  cases,  it  is 
convenient  to  view  the  particle  “phase"  as  a  con¬ 
tinuum  having  its  own  local  densities  of  momentum, 
mass  and  energy.  Eulerian  partial  differential  equa¬ 
tions  for  each  phase  can  then  be  written  which  account 
for  all  important  interactions  between  the  phases 
through  the  interfacial  exchange  of  momentum,  mass 
and  energy  [see,  for  example.  Marble  (1970),  Boure  and 
Delhaye  (1977),  Fernandez  de  la  Mora  and  Rosner 
(1982)  and  Rosner  (1986)].  In  this  way,  it  should  be 
possible  to  provide  a  theoretical  understanding  of  the 
coupled  effects  of  particle  me.tlia,  thermophoresis  and 
convection  in  highly  mass  loaded  systems.  The  present 
work  describes  our  first  steps  in  this  direction. 

As  is  well  known,  a  dusty-gas  flow  can  be  treated  as 
single-phase  flow  if  the  suspended  particles  “track"  the 
host  fluid  sufficiently  closely.  The  relevant  dimen¬ 
sionless  criterion  is  the  Stokes  number  (for  interphase 
linear  momentum  exchange)  defined  by 

Sf  =  tmom  A flo*  ( 1 ' 1 ) 

where  t,^  is  the  so-called  “particle  stopping  time" 
[sec.  for  example,  Friedlander  (1977)],  and  is  a 
characteristic  flow  (transit  or  deceleration)  time. 
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Chemical  engineers  will  note  that  this  is  a  sort  of 
inverse  Damkohler  number  governing  dynamical  non¬ 
equilibrium  (Rosner,  1986).  If  the  Stokes  number  (for 
linear  momentum  exchange)  is  larger,  one  must 
usually  resort  to  a  “multi-fluid”  model  (i.c.  with  each 
phase  governed  by  its  own  momentum,  energy  and 
species  mass  balance  equations).  At  the  other  extreme 
(very  small  Stokes  numbers)  one  can  explicitly  neglect 
the  dynamics  of  particle  phase  by  treating  the  particle 
phase  motion  as  “nearly  the  same”  as  that  of  the  host 
fluid  (the  so-called  “diffusion  limit”).  It  can  be  shown 
that  this  is  a  kind  of  singular  [>erturbation  problem 
[see,  for  example.  Van  Dyke  (1969)]  with  the  diffusion 
limit  corresponding  to  the  so-called  “outer”  solution 
(Marble,  1970). 

In  our  previous  work,  motivated  in  part  by  the 
current  processes  for  depositing  optical  waveguide 
glass  (Rosner  and  Park,  1988;  Park  and  Rosner, 
1989a,  b),  we  considered  applications  of  the  “diffusion 
model”  for  nonisothermal  dusty  gas  mixtures  with 
appreciable  submicron  particle  mass  loading  but  negli¬ 
gible  “inertial  effects”’  In  this  paper,  we  consider  for 
the  first  time  more  general  balance  equations 
governing  the  motion  of  a  highly  loaded  “dusty” 
nonisothermal  gas  mixture  (“two-fluid”  model)  in  the 
presence  of  appreciable  inertial  effects.  One  of  our 
goals  i.  to  investigate  t  limitations  and  possible 
systematic  improvements  )f  the  previously  explored 
“diffusion  model".  Another  important  goal  is  to 
illustrate  for  the  first  time  the  coupled  effects  of  high 
particle  mass  loading,  particle  (momentum  and  ther¬ 
mal)  inertia  and  particle  thermophoresis.  This  ap¬ 
proach  also  opens  the  way  toward  the  numerical 
investigation  of  non-self-similar  two-dimensional  ge¬ 
ometries  encountered  in  recent  experiments  (Rosner 
and  Kim,  1984;  Kim  and  Kim,  1986. 1988)  Ultimately, 
based  in  part  on  the  results  of  physical  and  numerical 
experiments,  we  hope  to  develop  rational  yet  tractable 
correlation  schemes  which  will  allow  straightforward 
engineering  estimates  in  convective  flow  systems 
characterized  by  this  cluster  of  thermophysical 
phenomena  [extending  the  approach  exploited  in,  for 
example,  Gokoglu  and  Rosner  (1984a.  b),  Rosner  et  al. 
(1983),  Israel  and  Rosner  (1983),  Rosner  and  Park 
(1988)  and  Castillo  et  al.  (1989)]. 

Generally  speaking,  while  multi-fluid  models  are 
powerful  (versatile)  for  highly  interactive  multiphase 
continuum  flows,  it  is  not  trivial  to  solve  numerically 
even  two-fluid  model  equations.  In  adopting  two-fluid 
models  the  number  of  differential  equations  to  be 
solved,  of  course,  nearly  doubles.  However,  perhaps 
the  most  severe  difficulty  is  the  “stiffness”  of  the 


'Ironically.  Gourdin  and  Andrejco  (1982)  explicitly 
neglected  high  mass  loading  effects  and  suggested  that  the 
general  form  of  impingement-type  (“vapor-axial")  deposits 
was  determined  by  inertial  (Stokes)  forces  on  the  suspended 
particles  However,  under  their  experimental  conditions  it 
appears  that  the  dimensionless  particle  stopping  time, 
Slim.™,  was  too  small  [(7(10'*)]  to  support  this  ccftilention. 
Indeed,  it  will  be  shown  below  that  such  situations  fall  well 
within  the  domain  of  our  diffusion  model 


problem  due  to  the  interaction  (“source”)  terms  in  the 
momentum,  energy  and  species  mass  balance  equa¬ 
tions,  especially  when  the  relevant  Stokes  numbers  are 
small  (Rosner  and  Park,  1988).  Because  of  these 
difficulties  there  are  not  yet  many  cases  where  two- 
fluid  model  equations  for  highly  loaded  dusty-gas 
systems  have  been  solved  “completely”  [see,  for 
example,  Zung(1969)].  For  lightly  loaded  systems  the 
computational  problems  become  somewhat  more 
tractable — for  a  recent  two-dimensional  application 
of  the  present  approach,  see,  for  example,  Kim  and 
Kim  (1988).  Our  purpose  here  is  to  initiate  the  study  of 
more  physically  complex  systems,  using  a  particularly 
tractable  geometry  having  many  features  in  common 
with  geometries  encountered  in  practice  or  in  the 
laboratory. 

One  flow  configuration  that  permits  a  relatively 
simple,  yet  highly  instructive  analysis  is  the  steady 
axisymmetric  dusty-gas  flow  between  two  infinite* 
stationary  “disks”,  one  being  piorous  (through  which 
the  “dusty  gas"  is  “injected")  and  the  other  (“target”) 
nonporous  (see  Fig.  1).  Except  for  the  absence  of 
rotation,  this  laminar  stagnation  flow  is  a  generaliz¬ 
ation  of  the  "flow  induced  by  an  infinite  rotating  disk" 
(von  Karman,  1921),  which,  for  a  dusty  gas,  admits  an 
interesting  self-similar  solution  (Zung.  1969).  More¬ 
over,  as  noted  above,  this  steady  flow  exhibits  most 
features  of  the  “low"  Reynolds  number  stagnation 
region’  flows  generated  in  recent  flat  flame-seeded 
burner  laboratory  experiments  (Rosner  and  Kim, 
1984;  Eisner  and  Rosner,  1985;  Kim  and  Kim,  1988).  A 
variant  of  this  flow  (i.e.  the  stagnation  region  of 
opposed  jets)  has  also  been  fruitfully  used  to  study 
coal-dust/air  combustion  phenomena  (Graves  and 
Wendt.  1982).  Here,  we  consider  highly  loaded  dusty- 
gas  flow  with  an  arbitrary  (but  subsonic)  injection  rate 
of  dusty  gas.  Adapting  Batchelor's  analysis  of  von 


Fig  1.  Steady  axisymmetric  stagnation  flow  of  a  “dusty  gas" 
toward  a  solid  cooled  (healed)  target;  configuration  and 
nomenclature. 


’We  anticipate  that  the  effects  of  finite  dimension  will  be 
negligible  if  the  axial  gap.  L,  is  comparatively  jinall  Never¬ 
theless,  L  is  assumed  to  be  very  large  compared  to  the  mean 
free  path  in  the  gas.  and  the  suspended  particle  diameters. 
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Karman’s  flow  problem  (Batchelor,  1951),  wc  have 
employed  a  somewhat  simpler  similarity  trans¬ 
formation  than  that  of  Zung  (1969). 

In  what  follows,  we  formulate  two-fluid  model 
conservation  equations  for  this  prototypical  system 
(Section  2),  and  then  outline  the  derivation  of  simpli¬ 
fied  forms  of  these  balance  equations  valid  in  the  limit 
of  small  Stokes  number  (Section  3).  In  Section  4  we 
predict/present/discuss  representative  results  for  the 
various  dimensionless  wall  transfer  coefficients  of 
maximum  engineering  interest  for  such  systems  and,  in 
Section  5,  we  summarize  our  principal  conclusions  on 
the  simultaneous  deposition  rate  effects  of  high  par- 


2.  TMO-FLLID  MODEL 

Consider  the  steady,  axisymmetric  flow  of  a  “dusty” 
gas,  composed  of  a  compressible  viscous  Newtonian 
fluid  (here  a  "perfect”  gas)  and  suspended  small  spheri¬ 
cal  panicles,  between  two  infinite  disks  (cf.  Fig.  1 ).  The 
lower  (target)  disk  is  here  considered  nonporous,  while 
the  upper  disk  through  which  the  "dusty”  gas  of 
prescribed  velocity,  temperature  and  dust  mass  frac¬ 
tion  IS  injected  (Fig.  I)  is  porous. 

In  accord  with  our  research  objectives,  we  consider 
a  (pseudo-)  single-component  gas  and  neglect  the 
thermal  effects  of  the  rate  of  viscous  dissipation  associ- 
aiecl  wtiii  pai  tide  and  the  thertTia!  effects  Ot 

v^'grad  p  work  We  also  neglect  the  (nonlocal)  theimal 
effects  of  radiative  energy  transport  between  particles 
of  different  temperature,  presuming  instead  that  the 
dominant  energy  transfer  mechanism  is  local  conduc¬ 
tion  from  the  particles  to  the  surrounding  gas  (or  vice 
versa).  The  particles  are  assumed  here  to  be  "identical” 
upon  injection  and  to  remain  constant  in  diameter 
(and  mass),  implying  (among  other  things)  that  the 
effects  of  coagulation  due  to  Brownian-  motion  and/or 
gas  shear,  thermophoresis’  are  negligible  Quantitative 
criteria  for  the  neglect  of  boundary  layer  coagulation 


'An  order  of  magnitude  estimate  reveals  that  this  assump¬ 
tion  will  be  self-consistent  provided  the  combination 
(Up  ,  Stk'  Rr  [liT ‘  is  siliaii  Lonipaicd  lo  uiiitv.  roi  ihc 
cases  discussed  below  this  number  is  at  most  of  order  10"’. 

•Normall)  thermophoresis  alone  m  a  system  with 
"initially"  uniform  sue  (hence  JyDpI  will  noi  bring  about 
encounters  [see.  for  example.  Rosner  and  Park  (1988)]. 
However,  due  to  the  thermal  boundary  layers  ..lO'  id  large 
particles  for  which  7,.  the  Brownian  coagulation  rate  is 
modified  [see  Mackowsk’  and  Rosner  (1989)] 

Th  IS  can  be  show  n  to  be  valid  if  a  dimensionless  group  of 
the  form 


{J,L)Stk, 


’(ATT.)' 


process  in  such  systems  are  given  in  Rosner  and  Park 
(1988)  and  Park  and  Rosner  (1989b).  Because  they  are 
not  so  easily  satisfied  in  systems  with  high  particle 
mass  loading  and  nonnegligible  inertia,  the  present 
theory  should  be  generalized  in  the  future  to  include 
the  systematic  effects  of  particle-particle  encounters  in 
highly-loaded  systems,  especially  where  the  main¬ 
stream  (“injected”)  particles  are  not  all  of  the  same 
size.  As  in  our  earlier  study  of  small-particle  transport 
phenomena  relevant  to  the  deposition  of  optical  wave¬ 
guide  “preforms”  (Rosner  and  Park,  1988)  the  sus¬ 
pended  particles  are  taken  to  be  large  enough  so  that 
their  Brownian  diffusion  can  be  neglected  compared 
•o  thmr  thermnnhnr^tic  drift  in  the  prevailing  local 
temperature  gradient  [see  also  Goren  (1977)].  How¬ 
ever,  in  our  present  extensions  into  the  domain  of 
nonnegligible  particle  inertia  we  also  neglect  the  drift 
produced  by  gas  vorticity-induced  “lift”  forces  [see,  for 
example,  SalTman  (196S)]  compared  to  the  prevailing 
thermophoretic  drift  velocities  across  streamlines.*  In 
our  numerical  illustrations  the  “slip”  velocities  will  be 
assumed  to  be  small  enough  to  allow  the  use  of  linear 
laws  for  interphase  momentum  and  energy  transfer — 
i.e.  the  characteristic  times  t„„„  and  introduced 
below  will  be  taken  to  be  insensitive  to  the  local  “slip” 
velocity  I  »,-»,!■ 

For  an  axisymmetric  flow  in  cylindrical  coordinates 
(r,  2)  the  Eulerian  continuum  balance  equations  for 
this  steady  dusty-gas  flow  system  are: 

Gas  {carrier  fluid)  phase: 

Mass  conservation: 

-7-(»•p,w,)  +  J-(P»’■,)  =  0  (2-1) 

rcr  cz 

r-Momentum  balance: 

^•V'dr  ■^‘''77/" 

2  u  2  cv  1  c  r  feu,  ev,  \ 

r  V  dr  r  / 


UjD,  din  7j 


z-Momentum  balance: 


is  sufficiently  small  For  the  cases  treated  here  thermo¬ 
phoretic  drift  is  expected  to  dominate  shear-induced  particle 
drift  by  more  than  two  orders  of  magnitude  One  can  also 
show  that  since  the  particle  rotational  relaxation  time  is  of 
the  same  order  of  magnitude  as  the  abovementioned  (trans¬ 
lational)  relaxation  time,  then  particle  rotational  inertia  will 
not  influence  our  ((/,«/.)  particle  transport  rate  predictions. 


/  dv,  dv,  \  op  6  [4  dv, 

2  du,  2  u,1  Idf  fdu,  dti.Nl 

3^'cr  J'^rdrr* Adz'^^'-zJ 


arD,d\nT, 

^  a 


2236 


H.  M.  Park  and  D.  E.  Rosner 


Energy  balance:’ 


cT,\ 

1  r/ 

cTf 

rk,^ 

cz  J 

r  cr\ 

.  rr  , 

c 

/  cT, 

+  — 
cz 

‘■77 

)  +  Pp‘^i 

T  -  T 

(2-4) 

‘k 


Particle  (aerosol)  phase: 
Mass  balance: 


r  cr 

r-M  omentum  balance 


~  ^(rPpU^)  +  ~{p^i„)  =  0  (2-5) 


f  cu  cu,\  (trD  c\n 

Pp\  “p—  +  ip—  =  -  Pp  ^  -H  Pp - 

\  cz  J  t„„„  cr 


z-Momentum  balance: 

(  ^‘p  ^‘p] 

Energy  balance: 


- -t-Pp - 

t  / 

*mom  ‘mom 


ar^p  ^Inr, 

‘mom 

(2-7) 


/  cT,  cT,\  r„-r 

(2-8) 

where  all  field  densities,  thermophysical  properties 
and  coordinates  are  defined  in  the  Notation. 

Following  von  Karman  (1921),  we  now  seek  sol¬ 
utions  such  that  [,/[  =  u(r,  z)  r]  and  Fforeach  phase 
are  functions  of  :  only,  and,  using  the  (Ma)^«l 
analysis  [cf.  Batchelor  (1951)].  we  can  simplify  this 
PDE  set  to  the  following  coupled  ODE  set: 

Gas  mass  balance: 


^(P,<pl+2p,/,  =  0  (2-9) 

Gas  r-momentum  balance  (differentiated  in  z-direc- 
lion): 


dz  dz 


Pi 


d  Ppl/p  fi^ 

-  ^mom 


Gas  energy  balance: 
dTA  dr 


1 U  .  IZ*. 

d-\  *  d-  /  ^*^'’■***(1-  '^Pi^p  p 


T  -  T 

- - ^=0  (2-11) 


Particle  mass  balance 
d 
dz 


— (Ppip>-^2pp/,=0 


’In  view  of  our  neglect  ofthe(i,r;i  rzl-  .  terms  and  our 
subsequent  suppression  of  pi:)  from  the  momentum  eq 
(2-10).  one  additional  consirainl  that  musi  be  satisfied  is 
(Ma)’ «  1,  but,  for  the  parameter  range  of  primary  interest  to 
us,  this  "subsonic"  flow  condition  is  ’■ealislic 


Particle  r-momentum  balance: 

***  ^moin 

Particle  z-momentum  balance: 

^  dv,  vp-v,  ayD^dlnr^^ 

^moin  ^mom 

Particle  energy  balance: 

dr,  T,-T,  ^ 

P,c,,,i^p— -f-PpC,., - =  0 


Gas  equation  of  state: 


(2-13) 


(2-14) 


(2-15) 


(2-16) 


f,(2)  =  u,lr  and  f„(z)=ujr.  (2-17) 

For  our  present  purposes  the  boundary  conditions  of 
greatest  interest  can  be  summarized  as  follows: 


at  ®(z  =  0):  t!,  =  0,/,  =  0,  T,=  T^ 

at  ©  (z  =  L):  V,  =  v,,„  v,  =  u,,, /,  =  0, /,  =  0 

r,=  r,=  r„  tu,=tu,.,  (specified). 

Physically,  these  correspond,  respectively,  to  the  con¬ 
ditions  [at  z  =  0  (cf.  Fig.  1)]  of  no  gas  suction  (or 
blowing)- and  no  tangential  gas  “slip”,  and  (at  z  =  L) 
specified  gas/particle  injection  velocities,  no  tangential 
“slip”  (or  gas  and  particles,  and  specified  (equal)  gas 
and  particle  temperatures. 

Our  interest  is  to  some  extent  on  the  coexisting  local 
“fields”  of  gas  and  particle  velocity,  temperature  and 
concentration,  but  mainly  on  the  corresponding  wall 
(z=0)  fluxes  of  momentum,  energy  and  particle  mass 
(i.e.  deposition  rates).  These  fluxes  can  be  computed 
from  the  properties  of  the  fields  at,  and  in  the  immedi¬ 
ate  vicinity  of,  station  ®  (z=0)  and  will  be  reported  in 
the  form  of  certain  dimensionless  transfer  coefficients 
(Rosner,  1986)  defined  in  Section  4. 

There  are  many  numerical  algorithms  for  solving 
this  kind  of  nonlinear  two-point  boundary  value 
problem.  We  adopted  Keller's  "box  scheme”  (Keller, 
1974),  a  finite-difference  method  which  has  an  accu¬ 
racy  of  0(/i^ ).  The  number  of  mesh  point  used  was  800, 
which,  for  the  two-fluid  model,  imposes  a  limit  on  the 
lowest  value  of  the  Stokes  number  that  can  accurately 
be  solved  numerically  (ca  10'^). 


3.  DIFFUSION  MODEL  AND  HIGHER-ORDER 
DIFFUSION  MODEL 

As  mentioned  previously,  if  the  Stokes  numbers 
(dimensionless  momentum  and  thermal  relaxation 
times)  are  very  small,  the  set  of  cqs  (2-9)-(2-17)  be¬ 
comes  “stiff"  and  difficult  to  solve  numerically.  Not 
surprisingly,  we  can  use  perturbation  techniques  to 
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circumvent  this  difficulty.'  Howcvci',  to  apply  pertur-  constant  of  “fast”  vanables  is  very  small  compared 
bation  analysis  it  is  more  convenient  (and  convcn-  with  that  of  “slow”  variables.)  For  the  present  system, 
tional)  to  use  mixture  conservation  equations  rather  we  tentatively  identify)],,  and  Tp  as  “fast”  variables 
than  the  individual  fluid  phase  balance  equations.  For  with  the  remaining  field  variables  being  classified  as 


this  purpose  we  define  the  following  mixture  field 
densities: 

Mixture  mass: 

P  =  Pp  +  P,  (3->) 

Mixture  momentum: 

pv  =  Ppip  +  P,v,  (3-2) 

pf=Ppfp  +  P,f,  (3-3) 

Mixture  sensible  energy 

pCpT^Pptp  p  T,^  PpCp  plp  (3-4) 

where  pCp  =  PpCp  p  + p,Cp  ,. 

With  these  definitions  of  “mixture  variables”  and 
the  corresponding  balance  equations  for  the  particle 
phase  and  fluid  phase  we  can  derive  the  following 
governing  equations  for  the  present  flow  configur¬ 
ation: 

Mixture  mass  balance. 


—(pD  +  lpf^Q 
dr 

Mixture  momentum  balance: 

d--’V"'d--/  dV'-'  '  A-X'A-J 


---dPp(fp-f)Up-i)] 

dr* 


dr* 


-/)]=0 

de 

Mixture  energy  equation: 
d/  d7\  d7 


-/)(/, -/I] 


dr  dr 

+  pCpt—  +Pp{lp-v){Cp,p-Cp,,)~ 


‘I'^p 

'  Pp^p  p^p~^  ® 


“slow”.  We  then  simply  assume  the  following  regular 
perturbation  scheme  to  suppress  the  dynamics  of 
“fast”  variables 


=  I  ^  /P.. 


The  remaining  equations  necessary  to  “close” 
the  system  are  the  particle  phase  conservation  eqs 
(2-I2H2-15).  Next,  the  dependent  variables  are  separ¬ 
ated  into  two  groups,  i.e.  “fast"  variables  and  “slow” 
variables.  (For  a  linear  uncoupled  system,  the  rime 


where  £  =  Uoon  substituting  cq.  (3-8)  into 

eqs  (2-13)-(2-15)  and  collecting  terms  of  the  same 
order  in  c,  the  following  set  of  algebraic  “constitutive" 
equations  is  obtained  for  the  “fast”  variables  (retaining 
up  to  first-order  terms  in  e): 

/,=/,-/«..[/; (3-9) 

/  dlnr.\  /  d;nr,'\d 

(3-10) 

1/  dlnrAdr, 

7-,=  r.-r_-(^r,-a,0,_'j-*  (3-11) 

where  the  particle  characteristic  time  ratio, 
^(  =  tmon,/U^  is  usually  of  order  unity  [see  Appendix  1 
in  Rosner  and  Park  (1988)]. 

If,  alternatively,  only  the  zeroth  expansion  of  the 
“fast”  variables  is  retained  the  resulting  DDEs  are  as 
follows.*  Hereafter,  we  call  this  simplified  set  of  ODEs 
the  diffusion  model  (limit)  for  the  present  system. 

Diffusion  model 
Mixture  mass  balance: 

^(pv)  +  2pf=0  (3-12) 

az 

Mixture  momentum  balance: 

V- ^rp[/*-)-i’^]l  =  0  (3-13) 

dz‘\  'd.-/  dzL  V  d^J] 

Mixture  energy  balance: 
d/  dr\  dr  dlnr 

dr 

^(Cp.p-Cp,,)—  (3-14) 

dr 


'Note,  for  example,  that  the  well-known  Enskog- 
Chapman  solution  of  the  Boltzmann  equation,  compatible 
wiiti  the  Navier-Stokes  equations  of  continuum  fluid  mech¬ 
anics  (employed  here),  is  itself  the  (outer)  solution  of  a 
singular  perturbation  problem,  where  the  small  parameter 
can  be  identified  as  the  Knudsen  number 


’Interestingly  enough,  the  same  set  of  eouations  can  be 
derived  by  assuming  that  the  suspended  particles  simply  act 
as  “gigantic'  molecules  in  a  disparate  molecular  weight  ~gas~ 
mixture  (Rosner  and  Park,  1988)  implying,  among  other 
things,  that  particle  transport  by  Brownian  motion  can  be 
neglected  compared  with  thermophoresis  |i.e.  XpDpPDp  and 
vlDpi>  \  [see,  for  example.  Goren  (1977)]  J. 
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Particle  mass  balance: 


impaction  contribution  if  no  particles  “reflect”): 


da>.-  d  r  d  In  rl 

pi- - —  paj.Z>  cf;  (1 -ii;  )— —  =0  (3-15) 

Qz  dz\_  dz 


_ Pp.w^p,wi  w) 

iBcnia  ~  7“  2 


(4-4a) 


where  w,  =  p,/p  (particle  mass  fraction). 

The  diflusion  model  can  describe  the  system  very 
well  at  extremely  small  Stokes  numbers  [cf..  for 
example,  Rosner  and  Park  (1988)].  However,  for  the 
range  of  small  Stokes  numbers  in  which-it  is  difficult  to 
solve  two-fluid  model  equations  and  yet  there  are 
nonnegligible  particle  inertia  effects,  we  retain  up  to 
first-order  terms  in  eqs  (3-9),  (3-10)  and  (3-11).  The 
resulting  set  of  equations  will  be  called  a  "higher-order 
diffusion  model".  For  brevity  we  omit  the  detailed 
equations  governing  this  model,  but  it  may  be  worth¬ 
while  to  state  that  whenever  derivative  terms  arise 
which  are  higher  order  than  the  original  equation, 
they  are  reduced  to  lower-order  derivative  terms  using 
the  diffusion  model.  One  important  defect  of  this 
“higher-order  diffusion  model"  is  that  it  cannot  ac¬ 
commodate  arbitrary  initial  conditions,  or  “memory" 
effects,  which  become  significant  as  the  Stokes  num¬ 
bers  incre.tse.  These  considerations  establish  an  upper 
limit  on  the  Stokes  number  for  the  applicability  of  this 
higher-order  diffusion  model  (or,  more  generally,  the 
"outer”  solution  of  this  singular  perturbation 
problem). 


4.  RESULTS  AND  DISCUSSION 
To  summarize  the  results  of  principal  engineering 
interest  we  define  the  following  dimensionless  wall 
transfer  coefficients  [see,  for  example,  Rosner  (1986) 
and  Rosner  and  Park  (1988)],  considering  first  the 
"diffusional"  mechanisms. 

Radial  momentum: 


Energy: 


C 


/.(Jiff 


Mass: 


where 


Sr. 


paj-DpOjp 


dlnr 


d; 


1’,. 


(4-1) 


(4-2) 


(4-3) 


—  f,,s  injection  velocity  of  gas. 
fi,  ,  =  specific  enthalpy  of  injected  gas  (at  the 

porous  disk), 

fi,  ..  s  specific  enthalpy  of  gas  at  the  “target"  disk, 
mass  fraction  of  the  particle  phase  in  the 
injected  stream. 


Additionally,  we  define  the  following  “inertial" 
transfer  coefficients  (associated  with  the  particle 


Sr. 


(  dlnT.N 


(4-4c) 


where 


tangential  velocity  of  particles  arriving  at  the 

target  wall, 

.  =  normal  v,plocity  of  particles  at  the  target  wall. 

Note  that  in  defining  we  are  explicitly 

accounting  for  the  nonzero  particle  slip  velocity  at  the 
wall  (u,_.9^0).  Moreover,  in  defining  St,  we  are 
not  counting  separately  a  contribution  associated 
with  the  (usually  small)  translational  kinetic  energy  of 
the  arriving  particles— i.e.  p,,„(-i’,,.)(tp.„/2). 

Finally,  note  that  St.,,i„enu  pertains  to  the  inertial 
contribution  to  the  net  deposition  rate  only  if  every 
impacting  particle  is  “captured”  [cf.,  for  example, 
Rosner  and  Nagarajan  (1987)].  Clearly,  if  one  is  only 
interested  in  the  total  particle  deposition  rate  (i.e. 
deposition  as  a  result  of  both  thermophoretic  drift  and 
inertial  impaction)  then  it  is  the  sum  St.  -t-  St., 
which  is  needed.  Thus,  actual  (dimensional)  particle 
mass  fluxes  can  be  calculated  from  the  abovemen- 
tioned  sum,  St.,ji„-i-St..i„„,„  by  simple  multiplica¬ 
tion  with  the  reference  mass  flux,  P,.,(-i',,,)u>p„  in 
the  application  of  interest.  Based  on  the  abovemen- 
tioned  definitions  similar  statements  can  be  made  for 
the  total  tangential  momentum  flux  and  the  total  heat 
flux  to  the  wall.  However,  in  the  figures  below  we  have 
deliberately  "decomposed”  these  totals  because  each 
contribution  varies  with  system  parameters  (e.'g. 
Stk„„.)  in  its  own  (instructive)  way. 


Fig.  2.  Typical  computed  dimensionless  velocity  and  tem¬ 
perature  profiles  from  the  “diffusion  model"  (Re,  =  20, 
CO,  ,  =  0.45,  r.  =  0.6) 
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In  our  illustrative  numerical  integrations,  nc  as¬ 
sumed  constant  tbermophysical  property  ratios  (i.e. 
Pr^  =  0J,  c,  ,/c,  ,  =  0.65)  and  used  the  interpolation 
formula  ofTallxtt  (1981)  for  estimating  local  particle 
thermophoretic  factors.*  Since  our  primary  concern  is 
with  parametric  trends,  computations  were  carried 
out  by  simply  covering  interesting  ranges  of  the  (as¬ 
sumed  independent’)  governing  dimensionless  par¬ 
ameters  TJT„  (»rD,/v,),  Re,  and 

Typical  predicted  profiles  for  velocities,  tempera¬ 
tures  and  particle  concentration  are  shown  in  Fig.  2 
for  the  “diffusion*'  model  (Srit„„„  <  1 )  at  a  Reynolds 
number  of  20.  As  noted  above,  in  the  diffusion  model, 
onccanrioi  lakc  c>r',iibiu<ii  y  uuiial  voamiiiwns 

for  the  particles,  so  it  is  implicitly  assumed  that  •  ,  , 
=  1',  ,  In  '.r  dci.  To  malte  !he  results  of  both 

models  consistent  with  each  other  we  choose  the  same 
boundary  condition  for  r,  (particle  injection  velocity) 
in  the  full  two-fluid  model,  with  illustrative  results 
included  below. 

Figure  3  gives  a  comparison  between  the  “dif- 
fusionaP  particle  mass-transfer  results  of  the  diffusion 
model,  the  higher-order  diffusion  model  and  the  full 
two-fluid  model.  Note  that  for  a  range  of  small  Stokes 
numbers  with  nonnegligible  inertial  effects  (up  to  a 
doubling  of  5t.)  the  higher-order  diffusion  model 
yields  nearly  the  same  results  as  those  of  the  two-fluid 
model  (which  is  "exact").  Note  that  in  such  (cold-wall) 
cases  there  is  no  threshold  ("critical")  Stokes  number 

ueiciw  «vuiv.n  ificftiui  efTcCiS  vatHsh. 

Figure  4  shows  the  effect  of  the  momentum  Stokes 
number  on  all  dimensionless  wall  transfer  coefficients 
for  the  particular  c  ise  of  w,  ,  =  0.3,  Re,=  1.  For  zero 
Stokes  number  the  results  are  from  the  “diffusion 
model"  [cf  Rosner  and  Park  (1988)]  and  for 
0<Sik<  i  X  10“’  the  results  are  obtained  using  the 
"higher-order  diffusion  model".  The  remaining  range 


Fig  3.  Comparison  of  the  “higher-order  diffusion  model” 
with  the  “two-fluid  model"  for  the  “diffusional"  (thermo¬ 
phoretic)  mass-transfer  Stanton  number  (Re,  =  5,  cu,  ,  =  0.3, 

r./r,  =  0.6). 


Fig.  4.  Varialion  of  all  predicted  dimensionless  momentum-, 
heat-,  and  mass-transfer  coefficents  with  Stokes  number 
(Re,  =  5,  to,.,  =  0.3,  r.,  r,  =  0.6). 


’Incidentally,  despite  the  fact  that  we  are  considering  flow 
with  the  nonzero  vorticity  (C,)  and  spherical  particles  large 
enough  to  expenencr  translational  (and.  hence,  rotational) 
inertial  effects,  it  is  easy  to  show  that  the  conductivity  ratios 
are  loo  small  for  panicle  rotation  to  appreciably  alter 
the  predicted  thermophoretic  forces  and  corresponding  drift 
velocities  under  the  conditions  explored  here. 

’Of  course,  in  practice,  (e  g  a  particular  set  of  experiments) 
these  parameters  may  not  be  ‘independent”  Thus,  if  an 
investigator  changer,  by  changing  the  injection  vel¬ 

ocity  (  - 1,  ,1,  this  will  normally  be  associated  with  a  corre¬ 
sponding  change  in  (he  system  Reynolds  number.  Alter¬ 
nately.  if  Sik  IS  changed  by  changing  the  diameter  of  the 
particles  suspended  in  a  gas  this  will  generally  (unless  </,</) 
produce  a  change  in  the  dimensionless  particle  thermo¬ 
phoretic  diffusivily  (aif  D,  v,).  Even  if  Sik„^  is  changed  by 
“merely"  changing  the  intrinsic  density  of  particles  of  fixed 
size,  there  could  be  nonnegligible  associated  changes  in  5(k, 
and  These  possible  interdependencies  must  be  kept 

in  mind  in  the  interpretation  of  any  particular  set  of  exper¬ 
iments.  or  in  making  engineering  predictions  However,  in  no 
way  does  this  mitigate  the  value  of  using  the  dimensionless 
groups  Sik.  Re  and  to  economically  summarize 

results  of  the  present  (or  future)  work  (see.  for  example, 
Rosner  and  Fernandez  de  la  Mora  (1984)  and  Chap.  7  of 
Rosner  (1986)]. 


of  “large"  Stokes  numbers  is  covered  by  the  “two-fluid 
model".  Here,  the  "inertial"  transfer  coefficients 
and  increase  monotoni- 

cally  as  the  Stokes  number  increases.  However, 

Srx,ajfi  and  (the  corresponding  “diffusional” 

transfer  coefficients)  first  increase  and  attain  maxima 
before  decreasing  to  their  ultimate  values  (NB:  as 
Stk-roo,  the  phases  become  completely  uncoupled). 
Initial  increases  in  the  values  of  these  transfer  coef¬ 
ficients  are  associated  with  the  “accumulation"  of 
particles  near  the  wall  (i.e.  to,  increases  near  the 
“target"  disk)  as  the  Stokes  number  increase  from  0  to 
0.1  or  0.2  [see,  also  the  discussion  of  particle  phase 
“compressibility"  in  Fernandez  de  la  Mora  and 
Rosner  (1981,  1982)].  Note  that  the  momentum  and 
thermal  interaction  terms  in  the  fluid  r-momentum 
and  fluid  energy  equations  are,  respectively: 


-  and 


h 
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The  trend  is  sucii  that  Pp  ,  increases  as  Stk  increases 
from  zero  to  ca  0.2  (after  this  value  Pp  ,  decreases)  but 
ifp-f,)  and  (Tp-T,)  continue  to  increase  as  Sik 
increases.  Thus,  for  small  values  of  Stokes  number, 
these  interaction  terms  increase  and  this  causes  deriva¬ 
tives  (r«/fc)„  and  {cTjc:)^  at  the  wall  to  increase. 
However,  for  sufficiently  large  values  of  Stk  (e  g.  large 
values  of  and  t*)  these  interaction  terms  ulti¬ 
mately  decrease,  causing  reductions  from  the  peak 
"diffusional”  transfer  coefficients  achieved  at  inter¬ 
mediate  Stk  values  (see  Figs  4-7).  Returning  to  the 
inertial  (contribution  to)  C f,  St/,  and  Sf„.  one  can  show 
from  their  definitions  and  the  boundary  conditions  at 
e  that,  as  S/k  -•  x ,  they  should  ultimately  approach  0, 

respect¬ 
ively.  Tliese  limits  follow  from  the  fact  that  the  particle 
“state"  (momentum,  energy)  upon  impact  will  be 
uninfluenced  by  the  host  gas  within  O^r^Z,  in  this 
(S(k-»x)  limit. 

Figures  5-10  are  the  cor'-esponding  three-dimen¬ 
sional  plots  ("surfaces”|  of  the  various  dimensionless 
transfer  coefficients  to  illustrate  the  combined  effects 
of  Stokes  number  and  particle  mass  loading.  The 
particle  mass  loading  effects  shown  in  the  limit  of 
(diffusion  limit)  are  qualitatively  consistent 
with  the  "suction”  effects  displayed  and  correlated  for 
high-Re  LBL  flow  in  Rosner  and  Park  (1988),  It  is 


Fig  5  Vanaiion  of  ihe  predicled  dimensionles>  "diffusive" 
uriiji'riiiul  momcnium  transfer  cocfficienl  wilh  panicle  mass 
loading  and  Slokes  number  (Rc,=  5,  7,  7,  =  06. 

1.-0.5I 


Fig  6  Vanation  of  the  predicled  dimensionless  "diffusive" 
fieui-transfer  coefficient.  Sr,  j,„.  with  panicle  mass  loading 
and  Slokes  number  (Re,  =  5.  T,  r,  =  0  6i 


Fig.  7.  Variation  of  the  predicted  dimensionless  “diffusive" 
mass-transfer  coefficient,  St,  with  particle  mass  loading 
and  Slokes  number  (Re,  =  5,  T,  T,  =  0.6). 


Fig.  8.  Variation  of  the  predicted  dimensionless  inertial 
tangential  momentum  transfer  coefficient  with  panicle  mass 
loading  and  Stokes  number  (Rf,  =  5.  r,  T,  =  0.6). 


Fig.  9  Vanation  of  the  predicted  dimensionless  inenial  hear- 
transfer  coefficient  with  particle  mass  loading  and  Stokes 
number  (Re,  =  5,  T,  7,  =  0.6) 

significant  that  the  inertial  effect  on  the  thermo- 
phoretic  mass  transfer  coefficient  St^^^r,  set  in  at 
lower  particle  mass  loadings  than  for  the  cor¬ 
responding  heat-transfer  coefficient  Sr,  — a 
phenomenon  that  can  be  attributed  to  the  above- 
mentioned  “accumulation"  (on  inertially  produced 
enrichment)  of  particles  near  the  wall.  While  the  effects 
of  particle  inertia  on  the  diffusional  heat  and 
momentum  transfer  coefficient  are  somewhat  smaller, 
an  interesting  corollary  of  the  observec  behavior  of 
the  "diffusive”  (gas-transmitted)  heat  transfer  coef¬ 
ficient  St,  tfjff  (cOp  ,,  Stk)  and  also  CfunHOp,.  Stk)  is 
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(19S8)j  and  the  only  mechanism  contributing  to  par¬ 
ticle  deposition  is  the  inertial  "drift''  (Fernandez  de  la 
Mora  and  Rosner,  1981,  1982).*  In  such  cases  a 
“criticaP  Stokes  number  can  be  defined  such  that,  if  the 
Stokes  number  is  smaller  than  Stk„i„  particles  cannot 
reach  the  target  disk.  Figures  11  and  12  show  the 
dependence  of  this  critical  Stokes  number  on  the 
particle  mass  loading,  ci>,„  and  the  wall  temperature 
ratio,  TJT,.  It  is  quite  interesting  that  high  particle 
mass  loading  noticeably  increases  Stk^,„  (cf.  Fig.  12) — 
"delaying"  the  onset  of  particle  impaction. 


Fig.  10.  Variation  of  the  predicted  dimensionless  inertial 
mos.s-transfer  coefficient  with  particle  mass  loading  and 
Stokes  number  {Re^~  5,  T,  7", -0.6). 


that  in  highly  particle  loaded  gaseous  systems  we 
would  expect  Stk  to  have  a  similar  influence  on  the 
convective  diffusion  (mass)  transport  of  a  “nonpartici¬ 
pating”  dilute  vapor  also  present  in  the  mainstream. 
This  is  one  of  several  possible  influences  that  the 
presence/deposition  of  suspended  particles  can  have 
on  the  simultaneous  deposition  of,  say,  an  important 
condensible  vapor  [see  also  Castillo  and  Rosner 
(1988).  Rosner  and  Liang  (1988)  and  Park  and  Rosner 
(1989c)].  In  future  studies  it  will  also  be  interesting  to 
explore  the  preliminary  observation  that  some  “high 
particle  mass  loading”  transport  effects  become  im- 
portani  when  ihc  proJuvi  ujp  ,t\t'  ^  i»  iioniiegligit>1e. 
Thus,  in  higb-Re  systems  of  primary  engineering 
importance  it  is  not  necessary  that  the  particle  mass 
fraction,  oip,,.  it  self  be  appreciable  to  encounter  “high 
particle  mass  loading"  effects. 

Recalling  that  the  prediction  of  the  total  wall  fluxes 
of  (tangential)  momentum,  energy  and  particle  mass 
will  require  (respectively)  the  sums  Cy^.,,jff-t- 

+  and  5f„,d,ff  + St*.  we  note  from 

Figs  5-10  that,  at  nonnegligible  mass  loadings,  the 
diffusional  and  inertial  contributions  are  often  of 
comparable  magnitude,  especially  for  momentum 
Stokes’  numbers  of  order  unity. 

While  it  is  beyond  our  purpose  here  to  discuss 
factors  governing  impacting  particle  "sticking”  coeffic¬ 
ients  [see,  for  example,  Rosner  and  Nagarajan  (1987)] 
it  is  imcresiing  lo  note  mat  nonzero  values 

[cf  Figs  4  and  9,  and  eq.  (4-4b)]  imply  that  the 
particles  striking  the  surface  are  systematically  hotter 
than  the  surface  itself  (and  the  adjacent  gas  mixture). 
Clearly,  this  would  be  particularly  important  if  the 
surface  were  maintained  he/ow  the  freezing  point  and 
the  mainstream  was  above  the  freezing  point  of  the 
suspended  particulate  matter,  in  which  case  latent  heat 
transport  effects  would  also  have  to  be  included. 

Finally,  we  briefly  consider  the  interesting  case  of  a 
“hot  target”  in  the  presence  of  particle  inertia  effects.  If 
the  target  is  maintained  at  a  temperature  higher  than 
that  of  the  inlet  mixture  stream,  the  thermophoretic 
force  acts  to  repel  particles  from  the  wall  [(see.  for 
example,  Gdkoglu  and  Rosner  (1986),  Friedlander  et 
ai.  (1988),  Park  and  Rosner  (1989c)  and  Stratman  et  al. 


K  CONCLUSIONS 

To  shed  light  on  challenging  dusty-gas  deposition 
problems  now  of  industrial  interest  we  have  investi¬ 
gated  theoretically  the  transport  and  deposition  of 
small  particles  in  flowing  nonisothermal  gaseous 
media,  simultaneously  including  for  the  first  time  the 
interacting  effects  of  high  particle  mass  loading,  par¬ 
ticle  “inertia”  (momentum  and  thermal),  and  particle 
thermophoresis.  By  exploiting  the  fact  that  the  full 
Navier-Stokes  equations  for  the  gas  phase  and 
Eulerian  conservation  equations  for  the  particle  phase 
can  be  reduced  to  a  coupled  set  of  ODEs  for  steady 
axisymmetric  stagnation  flow  (between  two  infinite 
parallel  disks),  we  have  formulated  and  solved  both 
the  “two-fluid”  model  and  a  “higher-order  diffusion” 
model  for  this  instructive  class  of  “dusty”  gas  systems 
and  obtained  the  important  dimensionless  coefficients 
describing  the  diffusive  and  inertial  heat-,  mass-  and 
momentum-transfer  rates  to  the  solid  wall  over  a  wide 
range  of  particle  Stokes  numbers  and  mass  loadings. 
While  only  selected  (illustrative)  results  are  included 
here,  and  much  remains  to  be  done  to  develop  gen¬ 
erally  useful,  rational  correlation  techniques  based,  in 
part,  on  these  new  results,  certain  important  trends  are 
already  apparent.  For  example,  as  expected,  the  “iner¬ 
tial”  heat-  and  mass-transfer  coefficients  [eqs  (4-4)] 
increase  monotonically  with  increasing  Stokes  num¬ 
ber.  However,  for  each  value  of  the  feed  stream  particle 
mass  loading  there  is  a  local  maximum  in  each  of 
“diffusive”  transfer  coefficients  [eqs  (4-l)-(4-3)]  at 
some  intermediate  momentum  Stokes  numbers,  corre¬ 
sponding  to  the  maximum  coupling  effects  of  the 
interphase  momentum  and  energy  exchange  terms. 
Our  results  for  this  interesting  and  experimentally 
realizable  axisymmetric  stagnation  flow  field,  which 
permit  very  simple  analysis  and  computation,  suggest 
rational  and  flow  field  independent  procedures  for 
generalizing  our  previous  treatments  (diffusion  model) 
for  small  particle  transport  in  nonisothermal  laminar 
boundary  layer  flows  (Rosner  and  Park,  1988;  Park 
and  Rosner,  1989a,  b)  to  embrace  cases  in  which  the 


’In  the  presence  of  appreciable  radiation  energy  fluxes 
photophoretic  (“radiometric”)  effects  can  also  become  im¬ 
portant  for  intermediate  size  absorbing  panicles.  As  shown 
in  Castillo  et  al.  (1989).  this  effect,  like  inertia,  can  drive 
panicles  onto  an  “overheated"  surface. 
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T,/T, 

Fig  II.  Variation  of  the  critical  Stokes  number  for  particle 
impaction  with  "overheat”  temperature  ratio,  TJT,.  at 
several  feed  stream  particle  mass  loadings,  m,  ,  [Re,=  l, 
(irD,  v,),  =  0.55]. 


Fig  12.  Predicted  increase  of  critical  Stokes  number  for 
particle  impaction  with  particle  mass  loading  [at  fixed  "over¬ 
heat"  temperature  ratio.  F,,  7,  =  3  (R<’,  =  I)]. 

Stokes  numbers  become  nonnegligible  (e.g.  due  to 
larger  particle  sizes). 

In  this  connection,  it  should  be  remarked  that, 
recently,  Kim  and  Kim  (1986, 1988)  have  repeated  and 
extended  (to  larger  particle  sizes)  the  low  mass  loading 
thermophoretic  deposition  experiments  of  Rosner  and 
Kim  (1984)  using  atmospheric  pressure  seeded  pre¬ 
mixed  gas  flames.  For  the  case  of  very  low  Stokes 
numbers  (negligible  inertial  effects),  the  deposition 
rate  trends  they  report  are  evidently  compatible  with 
the  results  of  our  earlier  experiments  and  theoretical 
(“diffusion")  model.  However,  at  the  higher  Stokes 
numbers  (when  particle  inertia  plays  an  important  role 
over  the  broad  range  of  particle  sizes  simultaneously 
introduced  into  the  flame),  quantitative  tests  of  the 
present  theory  are,  as  yet,  incomplete  Certainly,  addi¬ 
tional  controlled  experiments  in  which  these  transport 
mechanisms  (inertia,  thermophoresis,  convection)  par¬ 
ticipate  would  be  timely,  even  for  lightly  loaded 
along  with  extended  computations  patterned 


after  those  introduced  here  but  including  other  com¬ 
monly  encountered  geometries. 

The  fact  that  most  systems  of  technological  interest 
inevitably  involve  a  distribution  of  particle  sizes  [see, 
for  example,  Rosner  (1989)]  and,  hence,  a  distribution 
of  particle  relaxation  times,  suggests  the  importance  of 
being  able  to  extend  the  present  treatment  in  this 
direction.  From  the  multiphase  continuum  viewpoint 
of  this  paper,  in  effect,  this  can  be  dealt  with  by  treating 
each  “size  class”  as  a  distinct  particle  “phase” 
governed  by  a  set  of  Eulerian  balance  equations  of 
forms  (2-5)-(2-8).  Not  only  would  each  particle  size 
class  experience  “two-way"  interactions  with  the  host 
carrier  gas,  this  would  also  increase  the  importance  of 
particle-particle  interactions  [e.g.  leading  to  coagu¬ 
lation  and  possible  coalescence  [see,  for  example.  Park 
and  Rosner  (1988b)  and  Biswas  (1988)]  or,  in 
principle,  encounters  leading  to  particle  break-up].  In 
accord  with  the  observations  on  particle-gas 
momentum  and  energy  coupling  effects  above,  even  if 
the  mass  fraction  of  particles  with  St/£  =  O(10"*-10‘’) 
were  small,  measurable  coupling  effects  could  result  at 
high  enough  Reynolds  numbers.  These  potentially 
important  phenomena,  beyond  the  scope  of  this  intro¬ 
ductory  paper,  are  certainly  now  amenable  to  sys¬ 
tematic  study.  Also  of  engineering  interest  would  be 
extensions  of  earlier  research  on  suspended  par¬ 
ticle/vapor  (interphasc  mass  transfer)  interactions  [see, 
for  example,  Castillo  and  Rosner  (1988),  Rosner  and 
Liang  (1988)  and  Park  and  Rosner  (1989a)]  into  the 
domain  of  appreciable  particle  “phase”  inertia. 

In  closing,  we  remark  that  this  axisymmetric  stag¬ 
nation  flow  configuration  is  also  proving  to  be  con¬ 
venient  for  studying  the  interesting  phenomenon  of 
local  phase  separation  (i.e.  the  existence  of  a  “dust- 
free”  sublayer  bounded  by  a  “thermophoretic  shock”) 
near  “overheated”  (solid  or  gas  flame)  surfaces  (Park 
and  Rosner,  1989c;  Stratman  et  ai,  1988)  and  its 
possible  exploitation  for  particle  thermophoretic  dif- 
fusivity  (property)  determinations  (Gomez  et  ai,  1988) 
and  practical  “gas  cleaning”  in  an  otherwise  awkward 
particle  size  range — i.e  the  continuous  removal  of 
submicron  particles  (Park  and  Rosner,  1989b).  Also  of 
considerable  practical  interest  (e.g.  combustion  tur¬ 
bine  technology),  and  currently  under  investigation 
for  this  flow  (and  closely  related)  configuration(s),  is 
the  effect  of  dust-free  gas  injection  through  ®  (i.e. 
“transpiration”  protection  [sec,  for  example,  Gdko|lu 
and  Rosner  (1984)]  on  the  critical  Stokes  number  for 
inertial  impaction,  and  total  particle  deposition  rates 
above  Stk„j,.  It  is  hoped  that  the  insights  and  engin¬ 
eering  correlations  ultimately  derivable  from  such 
theoretical  studies  will,  in  the  near  future,  reduce  the 
cost  of  developing  and  optimizing  equipment  oper¬ 
ating  in  such  particle-laden  hot  gas  convective  en¬ 
vironments. 
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NOTATION 

Cf  tangential  momentum  transfer  (“friction”) 

coefficient 

,  gas  heat  capacity 

^p.i>  particle  he^t  captcity 

Dp  particle  Brownian  diffusivity  (  <<v,) 

dp  particle  diameter 

/  2-dependeiit  part  of  radial  velocity  [u(r,  z)/r] 

g  gravitational  body  force  per  unit  mass  (g,) 

h  specific  enthalpy 

h  step-size  in  hnite-difference  (numerical) 

method 

7p.  „  particle  diffusion  flux  at  the  wall 
kg  gas  phase  thermal  conductivity 

L  gap  width  (Fig.  1)  (c,) 

M  molecular  weight 

Ma  Mach  number  (of  inlet  gas) 

p  local  thermodynamic  (static)  pressure 

Pr  Prandtl  number  (momentum/lteat  diffusivity 

ratio)  for  gas 

R  iiniviprcj^l  gQ« 

R  ratio  /t*  for  particle  "relaxation” 

r  radial  coordinate  in  axisymmetric  geometry 

(Fig.  1) 

Reg  Reynolds  number  based  on  carrier  gas  prop¬ 

erties  [(-f, .,)/./>•,,] 

Sc  Schmidt  number  (v.  Dp)  (assumed  large) 

St»  heat  transfer  Stanton  number 

Sik  Stokes  number 

St„  mass-transfer  Stanton  number 

T  mixture  temperature 

tfio,  characteristic  flow  time  [£•/(  — i-,,,)] 

Tg  gas  temperature 

particle  heat  transfer  relaxation  time  [eq. 
(2-4)] 

',7(11'!. .«  I  \tlllV  0)j 

fmom  particle  momentum  relaxation  time  [eq. 

(2-2)J 

Tp  particle  temperature 

u  r-directional  velocity  (ty) 

f  2-directional  velocity  (ly) 

V,  gas  phase  (mass-averaged)  velocity  vector 

Vp  particle  phase  (mass-averaged)  velocity  vec¬ 

tor 

z  distance  normal  to  the  solid  wall  (Fig,  1) 

Greek  letters 

<Xt  thermal  diffusion  factor  for  particles 

e  perturbation  paratru  er  i(„„„/t„„.) 

6-component  of  fluid  vorticity 
Pg  dynamic  (Newtonian)  viscosity  of  gas  phase 


Vg  g^s  momentum  diffusivity  (kinematic  vis¬ 

cosity)  ipg/pg) 
p  mass  density 

Pp  intrinsic  density  (of  an  individual  particle) 
(Up  particle  mass  fraction  in  mixture 

Subscripts 

crit  critical  (singular)  value 

diff  diffusional  (contribution) 

e  at  upstream  (permeable  wall)  (Fig.  1) 

g  gas  phase 

h  heat  (energy)  transfer 

inertia  inertial  (contribution) 

tn  mass  cransfer 

mom  momentum  transfer 

p  particle  phase 

w  at  the  impeimeable  wall  (Fig.  1) 

Abbreviations 

ODE  ordinary  differential  equation 

PDE  partial  differential  equation  • 

Operators 

A  change  in  ( A  Fs  F,  -  T, ) 

0(  )  order  (of  magnitude) 
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Abstract — Deposition  rates  on  targets  cooled  far  below  the  dew  point  of  undersaturated  mainstreams  have 
often  been  found  to  be  surprisingly  low  and  surface  temperature  dependent.  A  rational  yet  tractable  theory 
to  account  for  these  observations  is  formulated  and  exploited  in  particular  cases  of  current  practical 
interest — e.g.  the  deposition  of  trace  alkali  sulfate  vapors  present  in  combustion  products.  The  present 
physico-chemical  model  is  based  on  the  formation  of  a  condensate  aerosol  near  the  deposition  surface,  with 
the  resulting  droplets  (or  particles)  collected  by  the  mechanism  of  thermophoresis  [shown  to  be  dominant, 
but  previously  neglected  in  related  two-phase  boundary  layer  (BL)  analyses].  The  vapor,  assumed  here  to  be 
in  local  equilibrium  with  (he  aerosol  phase,  is  collected  by  the  familiar  mechanism  of  Pick  (concentration) 
diffusion  across  the  prevailing  laminar  BL  (LBL),  but  the  overly  restrictive  assumption  0,^3,,  (unity  Lewis 
number)  is  not  made.  As  by-products  of  the  calculation  of  the  total  (aerosol -I- vapor)  deposition  rate  the 
position  of  nucleation  onset,  as  well  as  the  structure  of  the  LBL  on  either  side  of  this  “fog-locus",  are 
obtained.  Encouraging  agreement  with  limited  available  data  on  Na2S04  deposition  is  obtained  by 
assuming  that  the  (hermophoretic  diffusivity  of  the  resulting  aerosol  phase  is  about  one  decade  smaller  than 
the  momentum  diffusivity  of  the  host  combustion  products. 


1.  INTRODUCTION 
1.1.  Motivation  and  applications 
Despite  recent  advances  in  the  theory  of  chemical 
vapor  deposition  (CVD)  and  aerosol  particle  depo¬ 
sition,  motivated  in  part  by  the  needs  of  the  electronics 
industry  and  the  combustion/propulsion/power  gen¬ 
eration  industry,  little  is  yet  known  about  commonly 
occurring  situations  in  which  both  mechanisms  oper¬ 
ate  simultaneously.  One  such  class  of  problems  is 
encountered  even  when  the  mainstream  is  itself  com¬ 
pletely  free  of  particles;  i.e.  when  the  aerosol  particles 
are  formed  within  the  cooler  regions  of  the  boundary 
layer  (BL)  near  the  deposition  surface  itself  Because  of 
the  resulting  complexity  of  this  two-phase  mass  trans¬ 
fer  situation,  previous  investigators  have  qualitatively 
discussed  this  possibility  in  an  effort  to  account  for 
otherwise  surprising  deposition  rate  trends  for  targets 
cooled  far  below  the  prevailing  dew  point.  The  goal 
here  is  to  provide  a  rational  yet  quantitative  theory  to 
allow  useful  engineering  predictions  of  deposition 
rates  in  this  interesting  and  commonly  encountered 
mass  transfer  regime. 
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1.2.  Previous  work 

Because  of  its  engineering  importance  the  behavior 
and  rate  of  deposition  of  various  condensible  vapors 
on  cold  surfaces  have  often  been  experimentally  stud¬ 
ied  [Johnstone  er  ol.  (1950),  using  mixtures  of  nitrogen 
and  vapors  of  sulfur,  n-butyl  alcohol  and  water, 
Sjogren  (ca  1959)  and  Ross  (1965)  (sulfuric  acid). 
Medley  et  al.  (1966)  (vanadium  pentoxide).  Hart  et  al. 
(1964)  and  Heywood  and  Womack  (1969)  (potassium 
sulfate),  and  Brown,  (1967)  and  Santoro  et  al.  (1984) 
(sodium  sulfate)].  These  studies  have  shown  that  there 
exists  an  initial  increase  in  the  deposition  rate  when 
the  surface  temperature,  T„,  drops  below  the  dew 
point,  until  a  maximum  deposition  rate  is  reached. 
Interestingly  enough,  further  decreases  in  T,,  signifi¬ 
cantly  reduce  the  deposition  rate.  This  reduction  has 
been  qualitatively  attributed  to  the  condensation  of 
the  vapor  inside  the  thermal  BL  (Brown,  1967).  In  fact, 
two  sets  of  investigations  reported  direct  observations 
of  a  fog  region  close  to  the  cold  surface  (Johnstone 
et  al.,  1950;  Mori  and  Hijikata,  1973)  comprised  of 
submicron  size  droplets  (Heywood  and  Womack, 
1969).  However,  until  now  the  only  rational  theoreti¬ 
cal  model  that  has  been  proposed  to  quantitatively 
explain  such  deposition  rate  results  is  that  of  Gardner 
(1968),  which  is  adapted  and  extended  here  (see  Sec¬ 
tion  2.1). 

Toor(1971a  and  b)  studied  the  formation  of  fog,  and 
Mori  and  Hijikata  (1973)  and  Hijikata  and  Mori 
(1973)  the  influence  of  condensation  on  heat  transfer. 
These  analyses  assumed  that  in  the  fog  region  the 
vapors  and  the  condensate  droplets  were  in  thermo¬ 
dynamic  equilibrium,  but  they  were  not  concerned 
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with  the  rate  of  deposition  and  considered  that,  in  the 
two-phase  region,  the  average  velocity  of  the  gas  phase 
and  the  velocity  of  the  liquid  droplets  were  equal.  In  so 
doing,  they  have  neglected  the  thermophoretic 
migration  of  droplets,  shown  to  be  crucial  for  similar 
aerosols  in  other  contexts  (Rosner,  1980). 

1.3.  Outline  of  present  paper 

In  this  paper  a  tractable  theory  of  the  behavior  of 
unary  dilute  condensible  vapors  flowing  near  cold 
surfaces  is  presented.  Condensation  of  the  vapor  with¬ 
in  the  liiermal  BL  and  its  influence  on  the  total 
deposition  rate  is  taken  into  account.  Since  the  im¬ 
portance  of  thermophoretic  transoort  fthe  drift  of  ron- 
densate  particles,  liquid  droplets  or  solid  particles 
down  the  local  iemperature  gradient)  has  recently 
been  well  established  [e.g.  see  the  recent  reviews  of 
Rosner  (1980,  1986)]  this  mechanism  of  condensate 
transport  toward  the  cold  surface  is  included,  as  in  the 
remarkable  but  little  known  pioneering  study  of 
turbulent  BL  transport  by  Gardner  (1968).  The  as¬ 
sumptions  underlying  the  present  theoretical  model 
and  the  associated  equations  are  presented  in  Section 
2.  Section  3  then  develops  self-similar  solutions  for  the 
vapor  and  condensate  mass  fraction  equations,  first  in 
the  simple  case  where  there  is  no  condensation  of 
vapor  inside  the  BL  (dispersed  condensate  is  not 
present)  and  then  for  the  more  interesting  and  pre¬ 
viously  unsolved  case  in  which  local  condensation, 
indeed,  occurs.  Representative  results  for  the  depo¬ 
sition  of  Na2S04  vapors  from  flowing  combustion 
gases  are  given  in  Section  4,  together  with  a  com¬ 
parison  with  available  experimental  measurements. 
Last,  in  Section  S,  the  main  conclusions  and  their 
implications  are  summarized. 

2.  THEORETICAL  MODEL  AND  GOVERNING  EQUATIONS 
2.1.  U nderlying  assumptions 

To  simplify  the  problem  without  losing  its  essential 
new  features  the  following  defensible  assumptions  will 
be  made: 

(A I)  The  mass  fraction  of  condensible  vapor  is 
sufficiently  small  (with  respect  to  the  mass 
fraction  of  noncondensible  gas)  so  that  the 
prevailing  velocity  and  temperature  fields  are 
not  affected  by  the  thermophysicai  processes 
experienced  by  the  relatively  small  amount  of 
vapor  (e.g.  condensatii,  i,  freezing,  depo¬ 
sition).* 

(A2)  The  condensible  vapor  behaves  like  an  ideal 
gas.  Thus,  the  relation  between  the  vapor  mass 
fraction  ui^.,  and  vapor  partial  pressure,  p^.can 

*Tliis  assumption  is  seir-consisienl  provided 
Aui,  <(at  ,/D)'  ^  c^TiL.  In  the  present  applications,  while  the 
right-hand  side  (RHS)  is  of  order  unity,  the  left-hand  side 
(LHSI  is  only  of  order  10’’.  However,  in  ‘highly  loaded' 
systems  (e  g.  of  interest  in  optical  waveguide  manufacture) 
latent  heat  release  effects  are  appreciable  even  for  dopants 
(Park  and  Rosner.  1989). 


be  wntten  as 


where  ca^spjp,  is  the  vapor  molecular 
weight,  and  R  is  the  universal  gas  constant. 

(A3)  Whenever  the  vapor  is  in  contact  with  its 
condensate  (liquid  droplets,  solid  particles  and 
liquid  or  solid  deposit),  they  are  in  mutual 
thermodynamic  equilibrium  (Fig.  1).  This  re¬ 
quires  that  the  characteristic  residence  time  is 
much  larger  than  the  characteristic  time  re¬ 
quired  for  the  system  to  reach  such  equilibria. 
Making  inis  approximation  frees  one  from 
speculation  about  the  kinetics  of  conden¬ 
sation,  nucleatiou  or  freezing,  as  well  as  the 
kinetics  of  growth  of  liquid  droplets  or  solid 
particles.  Furthermore,  for  simplicity,  the 
equilibrium  vapor  pressure  over  a  small  liquid 
droplet  (or  a  solid  particle)  will  be  taken  to  be 
the  same  as  on  a  flat  liquid  (solid)  layer  at  the 
same  temperature  (i.e.  the  so-called  Kelvin 
effect  will  be  neglected).  Therefore,  there  is  no 
.  need  to  be  concerned  with  the  size  (or  number 
density)  of  droplets  in  the  two-phase  region, 
and  interest  will  only  be  shown  in  the  local 
amount  of  condensible  material  in  each  phase 
(vapor  and  either  liquid  droplets  or  solid 
particles,  depending  on  the  local  temperature), 
irrespective  of  the  number  or  sizes  of  these 
droplets  or  particles.  Consequently,  in  the 
two-phase  region  the  partial  vapor  pressure  is 
equal  to  the  equilibrium  vapor  pressure  over  a 
flat  liquid  (or  solid)  surface:  thus  an  equilib¬ 
rium  mass  fraction  can  be  calculated  from  eq. 
(2.1-1)  as 


which  is  only  a  function  of  local  temperature 
{for  constant  p,  as  assumed  below  [assump- 


Fig.  1.  Schematic  of  structure  of  laminar  boundary  layer 
near  deposition  surface  showing  inner  zonefs)  of  two-phase 
(aerosol  condensate)  flow:  primary  condensate  deposition 
mechanism  is  thermophoresis  toward  cooled  surface. 
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tion  (A5)]}.  Thus,  w,=w;‘Hr)  in  the  two- 
phase  (2^)  region  and  ru,  <«>'.“  in  the  single¬ 
phase  (ld>)  region.  The  validity  of  this  assump¬ 
tion  is  discussed  in  Section  4.3.  In  a  recent 
paper,  Castillo  and  Rosner  (1988a)  have  re¬ 
laxed  assumption  (A3)  to  examine  the  influ¬ 
ence  of  both  a  nonequilibrium  between  vapor 
and  condensate  and  the  Kelvin  effect  on  the 
overall  mass  transfer  rate. 

(A4)  The  flow  within  the  BL  is  steady  and  laminar. 
The  usual  BL  approximations  will  be  used  and 
self-similarity  will  be  assumed  (see,  for 
example,  Schlichting  (1968)]. 

(A5)  All  thermophysical  properties  of  the  gas  mix¬ 
ture  (momentum  and  thermal  diffusivities,  etc.) 
will  be  considered  constant  and  equal  tu  the 
values  for  the  carrier  gas  at  mainstream 
conditions.*  Transport  properties  for  the 
vapor  (diffusion  coefficient)  and  its  dispersed 
condensate  (thermophoretic  coefficient)  will 
also  be  taken  to  be  constant.  Lastly,  the  total 
2<(i  system  will  be  considered  effectively  incom¬ 
pressible,  i.e.  the  total  density  will  be  assumed 
to  be  constant. 

(A6)  Thermal  diffusion  (Soret  effect)  will  be  neglec¬ 
ted  for  the  vapor.  Thus,  the  difference  between 
local  carrier  gas  and  vapor  velocities  is  due 
only  to  the  diffusion  flux  of  the  vapor  down  its 
own  concentration  gradient. 

(A7)  Condensate  particles  (liquid  droplets  or  solid 
particles)  do  not  appreciably  migrate  due  to 
Brownian  diffusion.  Thus,  the  local  difference 
between  the  condensate  velocity  and  the  car¬ 
rier  gas  velocity  is  assumed  to  be  only  due  to 
the  thermophoretic  drift  of  the  condensate. 
This  thermophoretic  velocity  will  be  taken  at 
each  position  as  that  corresponding  to  an 
isolated  particle  in  a  uniform  gas  with  the  same 
temperature  gradient.  However,  in  contrast  to 
Gardner  (1968),  the  proportionality  constant 
(dimensionless  thermophoretic  diffusivity)  is 
allowed  to  be  a  parameter. 

2.2.  Mass  conservation  equations 

Consider  a  system  in  which  there  are  three  “co¬ 
existing”  constituents:  an  inert  carrier  gas  (density 
Pi„,„),  a  condensible  vapor  (p„)  and  the  same  substance 
in  a  condensed  (dispersed)  phase  (p,)  (i.e.  liquid  drop¬ 
lets  or  solid  particles  depending  on  the  local  tempera¬ 
ture). 


’Gokoglu  and  Rosner  (1984)  compared  numerical  results 
for  heat  and  mass  transfer  in  laminar  boundary  layers  (LBLs) 
with  and  without  properly  variations  for  vapors  in  air  and 
proposed  a  simple  correlation  scheme.  They  showed  that,  in 
general,  for  the  range  0.25  ^  TJT,  $  4  and  for  Lewis  numbers 
iD  x^t  <  t  (as  in  the  present  case),  the  results  for  mass  transfer 
considering  constant  properties  differ  no  more  that  18% 
from  the  results  using  actual  property  variations.  In  particu¬ 
lar.  for  K  jSO^  vapors  in  air,  the  difference  was  <  10%  for  the 
same  range  of  temperature  ratios  Thus,  even  for  the  lower 
values  of  T,  T,  considered  the  error  made  in  the  present 
analysis  is  acceptably  small 


Under  assumption  (Al),  the  total  density  and  mass 
average  velocity  of  the  mixture  are  approximately 
equal  to  the  values  for  the  inert  gas.  Accordingly,  the 
vapor  mass  fraction,  =  p,/p,  must  satisfy  the  follow¬ 
ing  partial  differential  equation  (PDE)  (Rosner,  1986): 


.  r'" 

-f  V  ■  grad  aj„=D„div  grad  to„ - (2.2-1) 

ct  p 


where  r'"  denotes  the  local  rate  at  which  vapor  mass  is 
being  transformed  into  condensate  per  unit  volume 
and  assumption  (A6)  has  been  used,  i.e.  the  difference 
between  v,.  and  v  is  the  diffusion  velocity  of  the  vapor: 

P>t-»)  =  P.Vdirr..=j''dirr..=  -D„P  grad  w... 

(2.2-2) 


In  the  same  way,  the  condensate  mass  fraction, 
to,  =  pJp,  can  be  shown  to  satisfy  the  PDE 


du)^ 

“ir 


+(''  +  »r)  gradco,=  — div  Vj.-|-  — 

P 


(2.2-3) 


where  assumption  (A7)  has  been  introduced,  i.e.  the 
condensate  velocity  is  assumed  to  differ  from  the  gas 
velocity  by  a  thermophoretic  velocity  Vj.: 


Vt  =  v  +  Vr-  (2.2-4) 

This  thermophoretic  velocity  is  normally  written  as 

Vr=aTf),[-(gnMl7')/n  (2.2-5) 

where  is  a  dimensionless  “thermal  diffusion  factor”. 
Actually,  D,  is  included  here  just  to  emphasize  the 
similarity  between  eq.  (2.2-5)  and  a  difl'usion  velocity, 
but  the  value  of  the  “thermophoretic  diffusivity”  ajD, 
does  not  really  depend  on  [which,  in  fact,  is  taken  to 
be  zero  according  to  assumption  (A7)].  Rather,  it 
depends  on  the  gas  momentum  diffusivity  v,  the 
particle  Knudsen  number  and  the  particle  and  carrier 
gas  thermal  conductivities;  being  a;^D,»0.54  v,  irres¬ 
pective  of  the  particle  radius,  for  a  solid  particle  whose 
radius  is  much  smaller  than  the  mean  free  path  of  the 
gas  molecules  and  whose  thermal  conductivity  is 
much  larger  than  that  of  the  “host”  gas  (Talbot,  1981). 
This  remarkably  simple  limiting  case  [the  only  case 
treated  by  Gardner  (1968)]  provides  a  useful  first 
approximation  for  the  magnitude  of  even  for 
microdroplets,  and  motivates  the  introduction  of  the 
ratio  asotj-DJv  in  the  analysis  and  parametric 
examples  which  follow. 


2.3.  Host  (carrier  gas)  flow  field  (external  flow  past  a 
“wedge",  1) 

The  inviscid  (potential)  flow  (external  solution) 
which  corresponds  to  the  neighborhood  of  the  for¬ 
ward  stagnation  point  on  a  wedge  (Fig.  2)  with  in¬ 
cluded  angle  P  IP  =  2m/(m -I- 1)]  has  a  “surface”  veloc¬ 
ity  distribution  of  the  form 

uj(x)=ax’"  (2.3-1) 

where  a  is  a  constant.  As  is  well  known,  two-dimen¬ 
sional  stagnation  region  flow,  as  well  as  the  BL  on  a 
flat  plate  at  zero  incidence,  constitute  particular  cases 
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Fig  2  ‘iieady  ‘ijid  flow  pas:  a  a,.uge 

opening,  angle  rff:  Re'  (. 


of  wedge  flows,  the  fonner  for  ^=1  (i.e.  m=l),  the 
latter  for  ^  =  0  (i.e.  m  =  0).  On  the  other  hand,  the  case 
P  =  \  (m  =  ^)  can  easily  be  transformed  into  the  flow 
near  an  axisymmetric  stagnation  point  (Schlichting, 
1968  p.  ISO)  if,  in  the  BL  equations  t;(wedge) 
=  >)(rotalional  symmetry)^^. 

The  similarity  variable  tj^x,  y)  which  leads  to  BL 
densities  described  by  ordinary  differential  equations 
(ODEs)  is 

{[“cW]/(vx)}  ‘'^  =  y(ax"‘  Vv)*'^  (2.3-2) 

f  he  total  mass  conservation  equation  is  automatically 
satisfied  with  the  introduction  of  a  dimensional  stream 
function  [and  the  corresponding  nondimensional 
function  /(>;♦]: 

y)  s(va)''^x""*  '"Yft/).  (2.3-3) 

Thus,  the  fluid  velocity  components  become 

u  =  d4i/cy  =  ax''f'{ri)  =  uJ'{rj}  (2.3-4) 


fill  m  +  \ 

v=  -  — = - r-fvax 

fx  2 


where  primes  denote  differentiation  with  respect  to  rj. 
The  x-momentum  conservation  equation  then  be¬ 
comes  the  following  well-known  third-order  nonlinear 
ODE  for  /(>;) 

/'■•+^/r  +  m[l-(/)^]=0  (2.3-6) 

with  the  boundary  conditions 

at  tt=0;  /=/’=0  {2.3-1) 

atrt=x:  /'=!•  (2.3-8) 


2.4.  Temperature  field 

In  a  steady  state,  using  BL  approximations  (A4)  and 
(A5),  the  energy  equation  which  governs  the  host  gas 


temperature  distribution  simplifies  to 
dT  dT  S^T 

St  being  the  thermal  diffusivity. 

A  self-similar  solution  is  now  sough:  for  T(x,  y),  i.e. 
T(ti),  where  tj{x,  y)  is  defined  by  eq.  (2.3-2).  Thus,  when 
the  wall  temperature  is  held  constant  and  equal  to  T„: 

(2.4-2) 

where  is  the  temperature  at  the  mainstream,  far 
from  the  wall,  with  boundary  conditions 

fl(0)  =0  and  0(00)  =  1.  (2.4-3) 

Using  cqs  (2.3-2),  (2.3-4)  and  (2.3-5)  and  eq.  (2.4-2)  in 
eq.  (2.4-1); 

r-F^^Pr/0'  =  O  (2.4-4) 

where  Pr  is  the  Prandtl  number  {Pr  =  \fsi^). 

The  solution  of  eq.  (2.4-4)  with  boundary  condition 
(2.4-3)  is  given  by  [e.g.  Spalding  an3  Evans  (1961)]: 


<5^  =  j%xp  I  -  Pr  jV(i )  di  I  d<^.  (2.4-6) 

(For  a  description  of  the  numerical  computation  of  dj 
see  the  end  of  Section  3.1.) 

2.5.  Self-similar  mass  fraction  equations  and  the  predic¬ 
tion  of  deposition  rates 

Assuming  that  the  vapor  mass  fraction  field  de¬ 
pends  on  y  and  x  only  through  rj,  i.e.  (u,.  =  cu,.(r7),  and 
using  eqs  (2.3-1),  (2.3-3)  and  (2.3-4)  in  eq.  (2.2-1), 
together  with  the  BL  approximations  {A4),  w,.(i7)  must 
sarisfy  the  second-order  ODE 

d^o)..  m  + 1  dto,. 

—i-i-—Scf^  =  Sccj-  (2.5-1) 

atj^  2  dt] 

where  Sc=  is  the  Schmidt  number,  and 

r'"(x,  y)  r'"(x,  y) 

w  (rj)  = - = - ITT' 

pu,(xf  pax  ' 

Using  the  same  relations  in  eq.  (2.2-3).  and  taking  into 
account  eq.  (2.2-5),  the  condensate  mass  fraction  field, 
wjht),  is  found  to  satisfy  the  first-order  ODE 

dw, 

A — -  +  Ba},=  -w’"  (2.5-3) 

d»i 

where  the  coefficients  are,  explicitly: 

m-F  1  a  dT" 

A(,,)  =  (2.5-4) 

2  T  arj 

ard’r  1/drVl 
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and  3  is  the  ratio  of  the  particle  “thermophoretic 
dilTusivity"  to  the  host  gas  momentum  dilTusivity,  i.c. 

a  =  a^Z)j/v.  (2.5-6) 

Equations  (2.5-1)  and  (2.5-3)  govern  the  amount  of 
condensible  material  which  exists  in  the  vapor  and 
condensate  phase,  respectively.  In  the  following  sec¬ 
tion  these  equations  are  solved  in  the  two  limiting 
cases:  (1)  when  there  is  no  condensate  formation 
within  the  BL,  i.e.  to,  =  0  everywhere;  and  (2)  when 
condensate  forms,  and  the  value  of  is  such  that 
thermodynamic  equilibrium  exists  between  the  vapor 
and  condensate  phases,  i.e.  u),.(ri)  =  w'‘'[  In  any 

case,  the  local  mass  deposition  rate  of  condensible 
material  arriving  as  vapor  will  be 

fO), 

=  -  (P.»t  •  »w),  -  0  =  PO.  — 

O'  ,  =  o 


V  ^  ^ 

Sc  \  X  J  dri 

The  total  deposition  over  a  length  L,  measured  along 
X  from  the  forward  stagnation  point,  will 

therefore  be 

J  0 

or.  in  terms  of  the  behavior  of  cojft)  near  the  wall: 


P  2 
5c  w-(- 1 


(<JvZ."*‘)'  ^ 


dw, 

dn 


1 


=  0 


where,  in  the  latter  case,  is  defined  using 
since 


3.  SELF-SIMILAR  SOLUTIONS 
3.1.  No-condensation  case 
When  the  boundary  conditions  and  parameters  are 
such  that  condensate  does  not  form  within  the  BL 
then  cb'"  =  0  and  w,  =  0,  and  the  solution  of  eq.  (2.5- 1 )  is 
simply 

‘Ui  =  w..«.  +  (w..=c  -Wi.jntj.O)  (3.1-1) 

whefe 


rf„(^)  =  |  exp|^-^5c|V(i)di]dC 

(3.1-3) 


According  to  assumption  (A3)  the  vapor  is  in  thermo¬ 
dynamic  equilibrium  with  the  macroscopic  deposit; 
therefore  oj,.  .  =  tuf‘'(  r„).  Thus,  the  nondimensional 
vapor  deposition  rate,  given  by  eq.  (2.5-7)  becomes 


/.= 


Sc  ^„(0) 


(3.1-4) 


which  is  readily  computed  once  o),.,,  tof*)  T.)  and  the 
diffusivity  ratio  Sc  are  known.  The  dew  point  wall 
temperature  is  defined  as  the  minimum  wall  tempera¬ 
ture  at  which  /,  =0.  It  is  clear  from  eq.  (3.1-4)  that 


If  the  nondimensional  vapor  deposition  rale  is 
defined  as 

/,s^(uvL"'')-"[-;:.JL)]  (2.5-7a) 

2p 


then 


1  do), 

Sc  dt)  ,  =  o 


(2.5-7b) 


If  condensate  particles  (liquid  droplets  or  solid  par¬ 
ticles)  are  also  present,  this  dispersed  condensate  will 
also  deposit  on  the  colder  wall  via  thermophoresis. 
Defining  a  nondimensional  condensate  deposition 
rate  in  a  similar  manner  to 


— (avL" .(L)]  (2.5-8a) 

2p 


then 


/.=  ^1  J'  <xcoM  =  0f.  (2.5-8b) 

T^Ot 

In  more  conventional  notation,  these  nondimensional 
fluxes  are  simply  related  to  the  associated  mass  trans¬ 
fer  Stanton  numbers  via 

/,  =(w,  ,  -w,  .,)5t„,,  Rel  ^ 

/,  =  (w,  ,  -w,  jSt„,,Rel  ^ 


w..»t  =^^"1  (3.1-5) 

so  gives  a  measure  of  the  value  of  w,  In  order  to 

calculate  the  value  of  5,,(0)  [and  bj,  given  by  eq.  (2.4-6), 
which  is  governed  by  a  similar  expression],  it  should 
be  noted  that  from  eq.  (2.3-7),/'  =  u/u,  and /'-*  1  when 
In  practice,/'  reaches  the  value  unity  fora  finite 
value  of  rj.  Thus,  suppose  the  large  rj  behavior  of /  is 
given  by 

f=tj  —  b  for  rt^n^  (3.1-6) 

where  f>  is  a  constant  which  depends  on  m.  Then,  from 
its  definition  [eq.  (3.1-3)]: 

^,.(0)  =  j'  expj^-^^^Sc  J /(if)di  jdd> 

n 

(m+  1)  Sc 

-j"'  *exp(^-^Sci^^d^|.  (3.1-7) 

This  equation  is  also  valid  for  6j  by  just  changing  Sc 
to  Pr  [see  eq.  (2.4-6)] 
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The  values  of  <5,.(0)  and  Sj  have  been  eomputcd 
using  Simpson's  rule  and  the  values  of /(i;)  calculated 
using  a  Taylor  expansion  using  the  numerical  values 
of /.  /  .  /'  and /"'  at  given  rj  values.  The  three  former 
if,  /  and  /  " )  quantities  are  tabulated  by  Schlichting 
(1968)  [Table  7.1  (p.  129)  for  m  =  0  (in  this  case 
rfj  =7.8,  b=  1.72077)  and  Table  5.1  (p.  90)  for  m=! 
(»;,  =3.8,  6  =  0.6482)  and  m  =  ^  (ij,  =5.6,  6  =  0.9855)]. 
In  this  last  case  the  different  nondimensionalizations 
have  been  taken  into  account  [ij  (here)  =  ^v 
(Schlichting)  and  /  (here)  =  .^/34>  (Schlichting)].  The 
value  of  f"  is  obtained  from  eq.  (2.3-6).  Accurate 
values  of  expression  (3.1-7)  for  certain  combinations  of 
m  and  Sc  .car,  also  be  four,u  tii  xaOic  .3, 

p.  33);  however,  it  should  he  noted  that  due  to  \hc 
different  similarity  variable  used.  d..(0i  is  equal  to  [2/(m 
-i-l)]'  ^  A  (Evans  iabulaied  value)  ',  and  — 

-E  1 ).  Evans'  table  has  been  used  the  to  check  the 
program,  and  perfect  agreement  vsas  obtained  for  the 
values  of  m  (0,  I  and  ])  of  greatest  practical  interest  in 
the  present  mass  transfer  research  program. 


3.2  Condensation  within  the  BL 
In  this  more  interesting  (and  previously  unsolved) 
case  a  two-phase  region  exists  near  the  wall  in  which 
there  are  condensate  particles  (liquid  droplets  or  solid 
particles,  depending  on  the  local  tempierature)  at  local 
equilibrium  with  the  vapor,  and  extending  into  the  BL 
until  a  position  given  by  r)  =  r}„  i  e.  the  "interface" 
oetween  the  single-  and  the  two-phase  region  is  lo¬ 
cated  at  n.  Then,  the  solution  of  cq.  (2.5-1)  for 
(w"  =  0  and  a»,  =  0  in  this  region)  is 

‘U,  ,-f-(<i;.  ,  -<o,  »!,);  riSi),  (3.2-1) 

with  Hrf,  ti,\  given  by  eq  (3.1-2)  and  cu,  ,  =  w,(»),). 

In  the  two-phase  region,  the  condensate  is  in  local 
equilibrium  with  the  vapor,  therefore 

<u.  =  wf^lDit));  (3.2-2) 


and  continuity  of  vapor  at  t],  implies  that 
(.u,  ,  =  (!)■'’[  Tff/,)]  The  mass  fraction  of  condensate 
will  be  [solving  eq.  (2.5-3)] 


u  = - exp  -  - d4 


dtp 


IJ.Z-J) 


with  the  function  given  by  [from  eqs  (2.5-1)  and 
(3.2-2)] 


_  I  d^wf*'  / 
~s'c  dT'  \ 


dr'''' 

dn . 


m+  I  /  Pr\dcu[‘'dr 

2  \  Sc }  dT  drj 

(3.2-4) 


The  nondimensional  vapor  deposition  rate,  will 
be,  using  eqs  (2.5-7)  and  (3.2-2). 


r, -r.dcor- 
Sedj  dr 


(3.2-5) 


In  contrast,  the  nondimensional  deposition  rate  of 
material  in  condensate  form  (transported  by  thermo- 


phoresis)  is  given  by  [eq.  (2.5-8)] 

/.=%^<»w,(';  =  0).  (3.2-6) 

r„6r 

The  total  nondimensional  deposition  rate  will  be 


/  =  /v  +  /.  (3.2-7) 

where  is  given  by  eq.  (3.2-5)  and  /.  by  cq.  (3.2-6).  It 
should  be  noted  that  the  contribution  can  be 
computed  without  solving  the  rest  of  the  equations.  In 
sharp  contrast,  to  determine  the  deposition  rate  in 
condensate  form,  eq.  (3.2-3)  must  be  calculated  at 
n=o 

To  complete  the  solution  of  this  system  of  equations 
the  value  of  r„  must  be  established.  This  is  done  by 
using  the  fact  that  the  flux  of  condensible  material 
across  i;  =  LOiislani  surfaces  must  be  continuous  for 
any  value  of  rj:  in  particular,  at  r)  =  r/,.  Thus 


( ■  B.)i*  =  +  Pc\  ■  hJl* 

where  the  subscripts  ld>  and  Itp  refer  to  the  indicated 
quantity  in  .he  single-phase  (two-phase)  region,  and  ii„ 
is  a  unit  vector  normal  to  the  contour  r;  =  i),  (pointing, 
say,  into  the  two-phase  region).  But  p,.  must  be 
continuous  at  rj,  (otherwise  the  vapor  diffusion  flux 
would  be  infinite)  and  p^rj  =  »),)= 0  [only  when  v,  •  n,  is 
equal  to  zero  could  p^rj,)  be  different  from  zero,  but 
this  is  not  the  case  of  interest  here:  in  fact,  this 
condition  was  used  to  derive  eq.  (3.2-3)].  Therefore, 
continuity  of  vapor  flux  implies  that,  at »;  =  ij,. 


du>,  fltu]." 

dn  dr) 


at  ri  =  tj.. 


(3.2-8) 


Using  eq.  (3.2- 1 )  to  obtain  the  value  at  the  single-phase 
side,  there  results 


da>f" 


dr 


(3.2-9) 


with  r,=  r„-E(  T,  -  r,)P(r;,).  Equation  (3.2-9)  allows 
one  to  compute  the  value  of  rj,.  Once  r),  is  known,  oj^rj) 
is  calculated  from  eq.  (3.2-3)  using  eq.  (3.2-4). 


3.3.  Minimum  wall  temperature  for  the  onset  of  BL 
condensation 

It  is  clear  that  the  boundary  between  the  non¬ 
condensation  case  and  the  case  in  which  a  two-phase 
(aerosol-containing)  region  appears  adjacent  to  the 
solid  body  corresponds  to  the  wall  temperature  ^ 
at  which  the  “interface"  between  the  single-  and  the 
two-phase  region  just  reaches  the  wall,  that  is.  r),  =  0. 
Imposing  this  condition  in  eq.  (3.2-9)  it  is  found  that  at 

6.(0)  d7 


7,  -  T, 

6r 


(3.3- 1 ) 
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Therefore  at  this  temperature  /,  =  0  and  is  given 
by  either  eq.  (3.1-4)  or  eq.  (3.2-6)  (both  yield  the  same 
value),  and  a  plot  of  /  (  =  /,-(-/,)  vs  T,  will  be 
continuous  at  T,  ,.  Not  only  that,  the  slope  of  J  will 
also  be  continuous  at  because  it  can  be  shown 
that 


dr. 


r. , 


'  dT 
'  “dF” 


11  1 


j  Sc  ( dj  S,  j  Sc  6j 


T,  -  T, 


(3.3  2) 


d/?* 

1 

T,  - 

r.d-vi 

dT 

1  J-  Sfiij  dr 

!/..  dP  1 

t 

d/,'* 

1  dt./" 

1 

( 

dr. 

“d7 

{ 

In,- 

(3.3-4) 


where  superscripts  2</)  and  1</)  are  used  to  distinguish 
between  the  values  of  /,  when  there  is  condensation 
(two  phases  around  the  wall)  [given  by  eq  (3.2-6)]  and 
when  there  is  no  condensation  (single  phase  near  the 
wall)  [given  by  eq  (3.1-4)],  respectively.  Thus,  the 
slope  of ./  =  /  ,  -f  is  also  continuous  at  T,  ,.  except 
in  the  case  of  a  =  0  [eq  (3.3-2)  is  then  not  valid]  which 
is  a  singular  limit.  Note  that  eqs  (3  3-2)-(3.3-4)  are 
general  and  the  conclusion  is  not  affected  by  the 
dependence  of  ai[''  on  T. 


4.  rOMPlTATIONAt.  PROCEDI  RES,  RESU  LTS  AND 
DISCUSSION 

The  particular  values  m  =  0,  and  1  have  been 
considered,  for  which  the  Blasius  function/ describing 
the  local  velocity  field  of  the  host  gas  is  well  known 
[and  tabulate  d,  for  example,  in  Schlichting  (1968)]  As 
mentioned  earlier,  when  the  value  of / was  required  at 
a  nontabu'ated  value  of  rj.  it  was  calculated  by  a 
Taylor  expansion  using  the  tabulated  values  of /, /' 
and  J  "  and  the  corresponding  value  of /'"  from  eq. 
(2.3-6)  at  the  closest  tabulated  value  of  rj.  All  integrals 
were  here  calculated  using  Simpson's  rule,  and  the 
temperature  at  a  given  position  within  the  thermal  BL 
was  computed  from  eq.  (2.4-2)  with  0{rj)  given  by  eq. 
(2.4-5). 

In  order  to  obtain  the  deposition  rate,  for  given 
conditions  T^.  and  r,,  the  following  steps  should 
be  followed: 


(1)  Using  the  diffusivity  ratios  Sc  and  Pr,  compute 

and  0^  as  indicated  at  the  end  of  Section  3,1. 

(2)  The  nondimensional  deposition  rate,  if  there  is 
no  BL  condensation,  is  then  calculated  from  eq. 
(3.1-4) 

(3)  The  nondimensional  vapor  deposition  rate, 
(with  condensation)  is  given  by  eq.  (3.2-5).  If  this 
value  is  larger  than  the  one  obtained  in  step  (2). 
condensation  within  the  BL  is  not  possible  and 
the  deposition  rate  is  given  by  eq.  (3.1-4). 

(4)  If  J,  {with  condensation  [eq  (3.2-5)]} </,. 
'without  condensation  [eq.  (3.1-4)]},  the  depo¬ 


sition  in  condensate  form  is  given  by  eq,  (3.2-6), 

In  order  to  evaluate  it  numerically  one  must: 

(4a)  Compute  the  value  of  i),  at  which  eq,  (3.2-9) 
is  satisfied.  It  could  be  shown  that  when  the 
diffeit  terms  in  eq.  (3.2-9)  are  calculated 
at  f)  < »;,  then  the  LHS  >  the  RHS  and  the 
opposite  is  true  for  rj  >  ri,.  Thus  tj,  is  found 
by  starting  at  t;  =  0  and  incr-iasing  the  value 
of  t)  until  |(LHS/RHS)  —  1|<£,  where  £  is 
the  required  precision. 

(4b)  Once  rj,  is  known,  integral  (3.2-3)  is  carried 
out,  starting  at  tj,  and  ending  at  r;  =  0  with 
rii '(h)  given  by  eq.  (3.2-4),  and  and 
B(ij)  by  eqs  (2.5-4)  and  (2.5-5),  respectively. 
It  should  be  mentioned  that  the  function 
ai"'(h)  is  discontinuous  at  ri  =  ri,:  because 
d)  "(h)  =0  for  h>hii  and  is  given  by  eq. 
(3.2-4)  for  h  <  h.,  the  value  given  by  eq.  (3.2- 
4)  at  h  =  hii  should  be  used  in  the  first 
integration  step  in  eq.  (3.2-3). 

(4c)  The  value  obtained  in  step  (4b)  is  used  in  eq. 
(3.2-6)  and  yields  the  nondimensional  depo¬ 
sition  rate  in  condensate  form.  Adding  this 
value  of  to  [step  (3)]  the  total 
dimensionless  deposition  rate  is  obtained 
from  which  the  absolute  total  deposition 
rate  [e.g.  the  sum  of  vapior  and  condensed 
material  fluxes  expressed  in  (mg'h)/cm  of 
depth  transverse  to  the  flow  follows  from 
the  definitions  in  eqs  (2.5-7a)  and  (2.5-8a)]. 

As  illustrations  of  considerable  current  interest  [see. 
for  example,  Santoro  et  al.  (1984)],  some  results  are 
presented  here  for  dilute  vapors  of  Na^SO*  in  com¬ 
bustion  products  with  thermophysical  properties  ap¬ 
proximating  those  of  air.  Values  of  the  alkali  salt  and 
air  thermodynamic  properties  actually  used  are  given 
in  the  Appendix. 


4.1  Deposition  on  the  wall 
Figures  3-5  depict  the  deposition  rates  for 
r,^=1713K,  r,,=  1400K  and  m  =  0,  \  and  1,  re¬ 
spectively.  Line  e  represents  the  deposition  rate  when 
condensation  within  the  BL  is  either  not  possible  or 
not  considered.  This  deposition  rate  is  equal  to  zero  at 
7-.=  r,,  and  increases  as  T„  decreases,  tending  to  a 
plateau  value  given  by  w}")  r^,)/Sc5,,  [i.e.  w[‘'(  TJ  is 
negligible  in  eq.  (3.1-4)].  But  by  decreasing  the  wall 
U.Tiperature  from  as  soon  as  line  e  crosses 

the  line  given  by  eq.  (3.2-5)  (line  a  in  Figs  3-5)  small 
liquid  droplets  start  to  form  near  the  surface  and  the 
total  deposition  is  given  by  the  depiosition  in  vapor 
form  (line  a)  and  the  contribution  due  to  the  con¬ 
densate  and  is  represented  by  lines  b,  c  and  d  for 
the  thermophoretic  coefficient  a  equal  to  10"^,  10“  ' 
and  5x10"',  respectively.  For  any  value  of  a  (except 
a  =  0)  the  total  deposition  is  continuous  (as  well  as  the 
first  derivative)  at  T,  =  T,  ,,  as  shown  in  Section  3.3. 
The  results  are  qualitatively  similar  for  the  three 
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Fig.  3.  Surface  temperature  dependence  of  total  deposition 
rate  ofNa^SO^  as  a  function  of  condensate  thermophoretic 
narameter  a  (ssj-D./v)-  Conditions:  F,  =1713K, 

=  1400  K,  flat-plate  collector  (m  =  0). 


WALL  TEMPERATURE.  T^(K) 


Fig  4.  Surface  temperature  dependence  of  total  deposition 
rate  of  NajSOi  as  a  function  of  condensate  thermophoretic 
parameter  «  {  =  aj-D,iv).  Conditions:  F,  =  1713K.  Tar 
=  1400  K,  axisymmetric  stagnation  point  (m  =  J). 

values  of  m.  so  what  follows  will  be  restricted  to  the 
most  important  special  case:  m=l  (two-dimensional 
stagnation  region). 

Figure  6  is  an  extended  version  of  Fig.  5  for  a  =  0.1. 
in  which  wall  temperatures  below  the  melting  point 
temperature  for  Na2S04  have  been  included.  It  should 
be  pointed  out  that  [with  condensation  Oine  a)] 
and  therefore  /  [  =  F  c)J  3re  discontinuous 

at  T„—  due  to  the  discontinuity  of  dw[‘'/dr at  this 
temperature.  Line  b  represents  the  deposition  rate  in 
condensate  form,  which  tends  to  zero  when  F,  ap¬ 
proaches  r,,  from  below.  Note  that  the  maximum 
deposition  rate  corresponds  to  a  wall  temperature 
which  is  lower  than  F„ ,  and  the  distance  from  this 
maximum  to  T^  ,  increases  as  a  increases,  as  can  be 
observed  in  Fig.  5.  The  reduction  in  deposition  rate 
due  to  condensation  phenomena  within  the  BL  could 
be  appreciable.  For  instance,  for  T„  —  1000  K. 
condensation)//(with  condensation)  =  3.66. 

4.2.  Condensation  and  freezing  points:  BL  structure 

As  mentioned  earlier,  when  F,  decreases  below  F„,. 
a  two-phase  region,  in  which  the  condensible  sub- 


WALL  TEMPERATURE.  T^{K) 

Fig.  S.  Surface  temperature  dependence  of  total  deposition 
rate  of  Na^SO,  as  a  function  of  coni,  .isate  thermophoretic 
parameter  a  {sa-fDJv).  Conditions:  F,  =  1713K,  Fr, 
=  1400  K..  two-dimensional  (planar)  stagnation  line  (m  =  1 ). 


Fig.  6.  Predicted  effect  of  condensate  freezing  on  the  surface 
temperature  dependence  of  the  deposition  rate  of  Na2S04 
condensate  and  vapor.  Conditions:  F,  =  1713K.  F^, 
=  I400K,  two-dimensional  (planar)  stagnation  line  collec¬ 
tor,  a  (*aj'Dt/v)  =  0.1. 


stance  exists  in  vapor  form  as  well  as  forming  liquid 
droplets  or  solid  particles  (depending  on  the  local 
temperature),  starts  to  develop  near  the  cold  surface. 
In  Fig.  7  the  position  inside  the  BL  at  which  con¬ 
densate  starts  to  form  (locus  of  the  “interface"  between 
the  two-  and  the  single-phase  region)  is  plotted  vs  the 
wall  temperature  as  well  as  the  locus  of  the  melting 
point  interface  (position  in  the  BL  at  which  F  =  T„^). 
The  conditions  are  the  same  as  for  Fig.  6  but  in  this 
case  neither  rj,  nor  depend  on  the  value  of  a.  When 
F„<  F„,,  three  different  regions  can  be  distinguished 
in  the  BL;  an  outermost  region  for  ri>ti„  in  which  the 
condensible  substance  exists  only  in  dilute  vapor  form, 
an  intermediate  region  in  which  liquid  droplets  are 
also  present,  and  a  third  region,  still  closer  to  the  wall, 
in  which  there  exists  vapor  and  solid  particles.  This 
third  region  docs  not  exist  for  F„,  <  F,  <  F,  ,,  and 
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WALL  TEMPERATURE,  T^{K) 

Fig  7.  Predicted  locations  in  the  laminar  boundary  layer  at 
which  Na2S04  fog  onset  and  fog  freezing  occur  at  various 
deposition  surface  temperatures.  Conditions:  T,  =  1713K., 

7'4p=  1400  K.  two-dimensional  (planar)  stagnation  line. 

only  the  first  region  is  present  for  T,.  >  T, According 
to  assumption  (A3),  the  vapor  is  in  thermodynamic 
equilibrium  with  the  condensate  at  and  the 

liquid  droplets  suddenly  convert  to  solid  particles 
when  crossing  the  line  r]  =  r\^^.  In  some  cases,  as 
depicted  in  Fig.  11,  the  intermediate  region  does  not 
exist  (because  ri^i,>ri„)  and  solid  particles  are  directly 
formed  from  the  vapor  upon  entering  the  two-phase 
region. 

In  Fig  8  the  structure  of  the  mass  transfer  BL  is 
plotted  for  the  same  conditions  as  Fig.  6  and 
T,  =  1000  K.  Line  a  represents  the  vapor  mass  frac¬ 
tion  when  condensation  is  not  considered  and  line  c 
when  condensation  is  taken  into  account.  Both  have 
the  same  limit  values,  equal  to  TJ  «  1.55  x  10'® 
at  the  wall  (r(  =  0)  and  equal  to  lo,.  ^  =w'‘'(  %2.I8 

X  10'  ’  at  the  mainstream  {rj-*oz).  From  Fig.  8  it  can 
be  seen  that  cu,.  departs  from  the  noncondensation 
value  and  meets  the  function  ai''*(  T)  (line  b)  at  »j  =  rj,. 
For  r}<r\,.  lines  b  and  c  coincide  as  well  as  their  slope 
at  t;,  [in  fact,  these  were  the  conditions  used  to 
determine  the  value  of  through  eq.  (3.2-9)].  On  the 
other  hand,  the  condensate  mass  fraction,  increases 
from  the  value  zero  at  r\„  and  reaches  its  maximum 
value  at  the  wall  ( %  6.66  x  1 0 '  ’  in  this  particular  case). 
The  slopes  of  w,  and  tuf"  are  discontinuous  at 

In  Fig.  9  the  saturation  ratio,  ssto,./w[‘',  is  plotted 
inside  the  BL  for  the  same  conditions  as  Fig.  8.  When 
condensation  is  considered.  s=  1  inside  the  two-phase 
region  But  if  condensation  were  “not  al¬ 

lowed",  w,.  will  be  given  by  locus  a  of  Fig.  8  and  wi^  by 
locus  b.  displaying  a  region  in  which  s>  I  [reaching  a 
maximum  value  of  more  than  300  very  close  to  the 
wall  (at  r;  %  0.084)].  Of  course,  this  maximum  value  of  s 
(when  condensation  is  “not  allowed")  increases  when 
T„.  decreases. 

4.3.  Discussion  of  underlying  assumptions 

Most  of  the  assumptions  underlying  the  present 
theory  of  deposition  in  the  presence  of  BL  conden- 


Fig.  8.  Predicted  distribution  of  NajSO*  vapor  and  con¬ 
densate  across  laminar  boundary  layer  near  deposition  sur¬ 
face.  Conditions:  r.  =  1713K,  r4,=  1400K,  r.=  l(X)0K, 
two-dimensional  (planar)  stagnation  line,  a  (sarDJv)=0.1. 


V 


Fig.  9.  Predicted  distribution  of  Na2S04  vapor  saturation 
ratio  across  laminar  boundary  layer  near  deposition  surface 
with  (and  without)  condensation.  Conditions:  =  1713  K, 
r4,=  1400K,  7",=  1000  K,  two-dimensional  (planar)  stag¬ 
nation  line,  a  (saj-Dc/v)=0.1. 

sation  (sec  Section  2.1)  are  widely  used  and  accepted  in 
the  literature  on  constant  property  BL  theory.  There¬ 
fore,  assumptions  (Al),  (A2)  and  (A4)  need  not  be 
discussed  further  here.  However,  a  brief  discussion  of 
the  range  of  validity  of  assumptions  (A3)  (saturation 
within  the  2^  region)  and  (AS)  and  (A 7)  (size-insensi¬ 
tive,  thermophoretically-dominated  migration  of  dis¬ 
persed  condensate)  is  in  order.  Indeed,  it  is  required 
that  the  dispersed  condensate  particles  be  large 
enough  to  neglect  the  Kelvin  effect  as  well  as 
Brownian  diffusion,  yet,  unless  the  condensate  par¬ 
ticles  are  much  smaller  (or  larger)  than  the  prevailing 
mean  free  path,  assumptions  (A5)  and  ( A7)  also  require 
that  the  change  in  condensate  particle  size  across  the 
2tp  region  corresponds  to  a  negligible  change  in  ther- 
mophoretic  diffusivity. 
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Fortunately,  in  the  most  commonly  encountered 
engineering  situations  nucleation  is  not  purely 
“homogeneous”,  but  instead  occurs  on  dispersed,  pre¬ 
existing  “nuclei”,  e.g  gaseous  ions  or  “seed  particles” 
In  the  case  of  liquid  droplets  it  is  easy  to  show  that,  in 
effect,  it  has  been  assumed  that  the  Kelvin  (effect) 
parameter 


1  M,  2a, 
Pi 


(4.3-1) 


is  small,  but  the  free-molecule  growth  law  based 
Damkdhier  number: 


V-  -/p.ttW  gfOWlIl 


4«„  { .. 

(du,/djc)  V  ) 


(4,3-i) 


which  governs  the  “scavenging”  kinetics  of  vapor  ^ 
particles  within  the  24)  region  near  a  stagnation  point 
(m  =  1 )  is  very  large.  In  the  applications  of  interest  here, 
both  conditions  would  be  satisfied  in  mainstreams 
containing  at  least  ca  10*  nuclei/cm^  above  10"*  /on 
diameter,  corresponding  to  seed  particle  volume  frac¬ 
tions  which  have  to  be  above  only  1/100  ppb.  While 
generalizations  of  the  present  rational  asymptotic 
theory  [jr-»0,  (Dam)p-*Qo]  are  currently  in  progress, 
its  simplicity  and  generality  should  render  it  very 
useful  for  engineering  estimates  of  the  effects  we  set  out 
to  predict.  Moreover,  even  if  environmental  con¬ 
ditions  are  such  that  the  condensate  particles  are  not 
much  smaller  (or  larger)  than  the  prevailing  mean  free 
path,  their  size  is  not  expected  to  change  by  an  order  of 
magnitude  during  ihcrmophoretic  transit  across  the 
24>  region.  Accordingly,  the  assumption  of  constant 
ajDJy  should  provide  a  useful  first  approximation  in 
describing  the  more  complex  “polydispersed”  con¬ 
densate  situation  which  will  generally  prevail  within 
the  inner,  24>  regions  of  such  boundary  layers. 


SURFACE  TEMPERATURE,  T^(C) 


Fig.  10.  Comparison  of  experimental  and  predicted  surface 
temperature  dependence  of  Na2S04  deposition  rate  from  an 
undersaturated  stream  of  combustion  products.  Conditions: 
r,  =  1713K,  r4,=  1273K,  two-dimensional  (planar)  stag¬ 
nation  line(m  =  l),  a  (sarDc/v)  =  0.1. 


WALL  TEMPERATURE,  T^(C) 


4.4.  Comparison  with  available  experiments 
Available  experimental  results  for  Na2S04  vapors 
are  based  on  deposition  onto  cooled  cylindrical  tubes 
immersed  in  a  combustion  gas  stream.  Although  this  is 
not  the  geometry  considered  here,  due  to  the  fact  that 
the  theoretical  results  are  very  similar  for  the  different 
values  of  m  (Section  4.1)  at  least  a  qualitative  agree¬ 
ment  is  expected.  To  assess  this  level  of  agreement  the 
experimental  results  have  been  multiplied  by  a  con¬ 
stant  factor,  i  e.  rescaled  in  each  figure 
Figure  10  compares  the  experimental  deposition 
rate  of  NajSO*  vapors  on  a  cylinder  by  Santoro  et  al 
(1984)  (their  Fig.  11)  with  the  theoretical  results  for 
deposition  in  a  stagnation  point  configuration  (m=  I) 
with  a  =  0. 1,  and  lOOO'C.  The  theoretical  curve  is 

discontinuous  at  r„,(when  condensation  is  taken  into 
account)  but  is  continuous  at  the  beginning  of  conden¬ 
sation  (T. ,).  as  was  mentioned  in  Section  4.1.  The 
experimental  results  are  less  scattered  for  T < 
suggesting  that  the  dispersion  of  data  for 
could  be  associated  with  “run-ofT  of  the  liquid. 
Evidently  freezing  does  occur  in  these  experiments. 
Clearly,  the  agreement  between  theory  and  exper¬ 


Fig.  II.  Comparison  of  experimental  and  predicted  surface 
temperature  dependence  of  Na2S04  deposition  rate  from  an 
undersaturated  stream  of  combustion  products.  Conditions: 
r,  =  1523  K,  1073  K,  two-dimensional  (planar)  stag¬ 
nation  line  (m=  1),  a  (saTf^,/v)  =  0.1. 


iment  is  much  better  when  BL  condensate  formation  is 
taken  into  account  (present  work;  solid  line  for 
^w<  T'.j.)  than  when  condensation  is  not  considered 
(dashed  line  for  r„<  r„j,). 

Figure  II  compares  theoretical  results  for  m=l, 
a  =  0.1,  r*  =  1523  K  and  1073  K  with  the  exper¬ 
imental  results  of  Brown  (1967)  (his  Fig.  7).  In  this 
case,  the  wall  temperature  range  is  such  that  the  liquid 
droplet  region  shown  in  Fig.  7  does  not  exist  and  solid 
particles  are  formed  directly  from  the  vapor  entering 
into  the  two-phase  region.  While  the  scatter  in  these 
experimental  results  will  clearly  preclude  a  good  fit 
with  any  theory,  the  agreement  is  certainly  better  when 
condensation  is  considered  (present  work,  solid  line) 
than  when  tt  is  neglected  (dashed  line). 
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5.  CONCLUSIONS  AND  IMPUCATIONS 

To  predict  deposition  rates  under  operating  con¬ 
ditions  in  which  the  “dew  point"  is  achieved  within  the 
thermal  boundary  layer,  one  must  be  able  to  predict 
the  contribution  associated  with  the  collection  of  the 
newly  formed  condensate  aerosol.  Here  the  physical 
model  of  Gardner  (1968)  has  been  adapted  and  a 
rational  yet  ttactable  method  developed  for  making 
such  predictions  for  laminar  boundary  layers  in  the 
limiting  case  that  vapor-liquid  equilibrium  is  main¬ 
tained  in  the  two-phase  (inner)  region  of  the  BL,  and 
the  dispersed  condesnate  is  collected  primarily  by  the 
mechanism  of  thermophoresis,  with  the  parameter 
(XrD^lv  left  arbitrary.  Moreover,  the  restrictive  as¬ 
sumption  (Toor,  1971a)  that  the  molecular  difTusivities 
for  vapor  transport  and  heat  transport  are  equal  is 
avoided.  Illustrative  calculations  are  included  for  the 
deposition  of  sodium  sulfate  from  initially  under¬ 
saturated  streams  of  combustion  products  (here 
D/aik  =  0.39)  exposed  to  actively  cooled  solid  targets 
representing  as  turbine  blades  (above  the  Na2S04 
melting  point)  or  heat  exchanger  surfaces  cooled 
below  the  NajS04  freezing  point.  While  agreement 
with  experimental  data  in  the  available  literature  for 
the  surprisingly  low  value  aj-D^/vJsO.l  is  encouraging, 
it  seems  clear  that  more  precise  data  will  be  needed  to 
draw  definitive  conclusions  about  the  sufficiency  of  the 
present  theory  and  the  parameters  appearing  therein 
[eg.  particle  thermophoretic  diffusivity  chosen  by 
Gardner  (1968)  to  be  the  theoretical  upper  limit  0.54]. 
Such  experiments,  underway  in  these  laboratories,  are 
reported  elsewhere  (Liang  et  ai,  1988;  Rosner,  1988). 

In  the  present  work  only  "unary”  vapor  systems 
under  LBL  conditions  when  the  mainstream  is  under¬ 
saturated  have  been  explicitly  considered.  Two  necess¬ 
ary  and  interesting  extensions  of  this  work  (recently 
completed)  deal  with:  (a)  initially  undersaturated 
binary  systems  (which  nucleate  far  more  readily  in 
thermal  BL)  (Liang  et  ai,  1988;  Castillo  and  Rosner, 
1988b),  and  (b)  unary  systems  under  conditions  when 
the  mainstream  is  already  a  saturated  two-phase 
(aerosol)  mixture  (Castillo  and  Rosner,  1989). 

With  the  help  of  the  abovementioned  studies  a 
comprehensive,  quantitative  picture  of  the  important 
regimes  of  vapor  and/or  particle  deposition  is  be¬ 
ginning  to  emerge,  including  their  interesting  mutual 
interactions  and  the  role  of  local  departures  from 
vapor-liquid  equilibrium  (Castillo  and  Rosner, 
1988a).  Since  these  convective  mass  transfer  phenom¬ 
ena  appear  in  so  many  important  technologies,  this 
understanding  should  ultimately  pay  handsome  divi¬ 
dends  in  the  form  of  improved  predictability  and 
rational  process  optimization/control. 
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NOTATION 

a  constant  in  cq.  (2.3-1)  describing  u,(x) 

A  function  defined  by  eq.  (2.5-4) 

b  constant  in  eq.  (3.1-6) 

B  function  defined  by  eq.  (2.5-5) 

D  Pick  diffusion  coefficient 

(Dam),  Damkohler  number  [eq.  (4.3-1)] 

/  piasius'  function  [eq.  (2.3-2)] 

j"  mass  flux  vector 

/  nondimensional  mass  flux  at  the  wall 
jT  Kelvin  parameter  [eq.  (4.3-1)] 

L  distance  along  x  from  the  stagnation  point 

m  parameter  defined  in  eq.  (2.3-1)  [m  =  ^/(2 

-m 

M,  molecular  weight  of  condensible  vapor 

B  unit  normal  vector 

number  density  of  seed  particles  in  main¬ 
stream  (Section  4.3) 
p„  vapor  pressure 

Pr  Prandtl  number  [momentum/heat  dif¬ 

fusivity  ratio  (Pr  =  v/a»)] 

^  radius  of  seed  particles  in  mainstream  (Sec¬ 
tion  4.3) 

f"  local  vapor  sink  strength  [eq.  (2.2-2)] 

R  universal  gas  constant 

s  saturation  ratio  (s=(ojo/^) 

Sc  vapor  Schmidt  number  (Scs  v/D,,) 

t  time 

T  local  fluid  temperature 

u,  external  (potential)  flow  velocity  along  x  [eq. 
(2.3-1)] 

V  fluid  velocity  vector  (c,  s  u,  n,  =  u) 

X  distance  along  the  wall  (measured  from  the 

stagnation  point)  (Fig.  2) 
y  distance  normal  to  the  wall  (Fig.  3) 

Creek  letters 

a.  normalized  thermophoretic  coefficient 

(ctsoirDJv) 

84  thermal  (heat)  diffusivity 

accommodation  coefficient 
Bt  thermophoretic  coefficient  [eq.  (2.2-5)] 

P  included  (wedge)  angle  (Fig.  2) 

r  normalized  vapor  mass  fraction  [eq.  (3.1-2)] 

St  parameter  defined  by  eq.  (2.4-6) 

S,  function  defined  by  eq.  (3.1-3) 

II  similarity  variable  {ii=>’[u^x)/vx]''^ 

7,^  value  of  II  defined  by  eq.  (3.1-6) 

9  dimensionless  local  temperature  [eq.  (2.4-2)] 

V  gas  momentum  diffusivity  (kinematic  vis¬ 
cosity) 

p  density 

p,  density  of  the  liquid  inside  a  droplet 

a,  droplet  surface  tension 
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>1/  stream  function  [eq.  (2.3-5)] 

w,  vapor  mass  fraction  (ai„  =  p„/p,) 
oj,  condensate  mass  fraction  (ai,= p,/p,) 

w"  dimensionless  vapor  sink  strength  [eq. 

(2.5-2)] 

Suhscripfs 

c  condensate  phase 

diff  diffusion  quantity 

dp  dew  point  conditions 

e  at  the  outer  edge  of  the  BL  at  station  x  (local 

"mainstream”) 

g  total  gas  (carrier  gas  -t-  vapor) 

inert  inert  carrier  gas 

mp  at  the  melting  point 

n  at  “iiiterface”  between  the  two-  and  single- 

phase  regions 
T  thermophoretic 

V  vapor 

w  at  the  wall 

X  at  the  mainstream 

Superscripts 

eq  equilibrium  value  over  a  flat  condensate 

layer 

10,  20  refer  to  quantity  on  the  "interface”  between 
the  two-  and  single-phase  regions  at  the  two- 
or  single-phase  side,  respectively 
derivative  with  resne^t 

Miscellaneous 
BL  boundary  layer 

eVD  chemical  vapor  deposition 

LBL  laminar  boundary  layer 

LHS  left-hand  side 

ODE  ordinary  differential  equation 
PDE  partial  differential  equation 
RHS  right-hand  side 
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APPENDIX;  INPLT  DATA  (ILLL’STRATIVE  CASES) 

All  figures  presented  in  this  paper  correspond  to  dilute 
Na2S04  vapors,  with  the  inert  “carrier"  gas  air  at  at¬ 
mospheric  pressure.  According  to  assumption  (AS)  the  gas 
thermodynamic  properties  are  considered  constant  and 
equal  to  their  values  at  the  mainstream  temperature.  T,. 
Following  assumption  (A3),  the  vapor  equilibrium  mass 
fraction  is  given  by 


The  following  values  were  used  in  the  numerical  illustrations: 


M,- 142.05  gmol 


p  =  0.353  T,  g  'cm^ 


and,  over  the  solid: 

p;’(r)  =exp  dyn/cm^  T «  T., 

then  y,  =  25.05  and  A,//t  =  3.325  x  10*  (Kohl  ei  al.,  1975)  and 
AJR  =  y61  X  10*  with  y,  such  that  both  values  for  the  vapor 
pressure  coincide  at  the  melting  point  temperature, 
T^p  =  1 1 57  K.  The  value  of  AJR  was  calculated  using  the  fact 
that  A, = A,  -<■  Ij,  were  (^  is  the  latent  heat  of  fusion,  approxi¬ 
mately  equal  to  If  «  5.63  kcal/mol  (Janz  et  al.,  1979).  Turning 
to  the  important  diffusivity  ratios  governing  this  class  of 
problems,  the  Prandtl  number  Pr  was  taken  to  be  equal  to  0.7 
(air)  and  the  vapor  Schmidt  number  Sc  =  1 .8.  For  these  values 
of  Pr  and  Sc  the  following  values  of  Sf  [eq.  (2.4-6)]  and  Sj(0) 
[eq.  (3.1-3)]  were  obtained  for  the  values  of  m  of  principal 
interest  here: 


m 

Sj  (Pr=0.7) 

<5,(0)  (Sc  =  1.8) 

m  =  0(flat  plate) 

3.41669 

2.45525 

m=^  (axisymmetric  stag- 

nation  point) 

2.60279 

1.82522 

m=  1  (planar  stagnation 

point) 

2.01669 

1.39912 

for  the  equilibrium  vapor  pressure  over  a  liquid  condensate. 


The  vapor  mass  fraction  in  the  mainstream  (specified  in 
each  figure)  was  obtained  via  the  experimentally  observed 
dew  point  temperature,  using  the  relation 

=0>l'‘iTpp) 

valid  in  the  absence  of  appreciable  thermal  (Soret)  diffusion 
of  Na2S04  vapor  (Rosner,  1980). 
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13.  AtSTRAa  OMuimgmiOOwweW 

AbiCraci— Mass  deposition  rates  on  cooled  solid  surfaces  exposed  to  saturated  mainstreams  containing  a  dispersed 
condensate  aerosol  are  influenced  by  both  the  ihermophoreiic  capture  of  such  particles  and  the  inevitable  scavenging  of  vapor 
that  takes  place  during  their  transit  through  the  thermal  boundary  layer  (BL).  A  tractable  asymptotic  theory  is  presented 
which  allows  total  mass  deposition  rates  to  be  predicted  from  such  coupled  two-phase  boundary  layers  on  the  realizable 
assumptions  that  the  dispersed  condensate:  (i)  is  captured  predominantly  as  a  result  of  thermophoresis  down  the  prevailing 
temperature  gradient,  and  (ii|  is  able  to  maintain  the  condition  of  local  vapor-condensate  phase  equilibrium  (LVCE) 
throughout  the  thermal  BL.  It  is  shown  that  under  such  circumstances  the  total  mass  deposition  rate  can  be  conveniently  split 
into  three  additive  contributions,  the  simplesi  being  the  vapor  contribution,  which  can  be  computed  (based  on  LVCE)  without 
a  knowledge  of  the  condensate  contributions.  The  latter  can  themselves  be  split  into  two  calculable  portions — one  associated 
with  the  deposition  rate  of  the  mainstream  particles  computed  in  the  (hypothetical)  absence  of  vapor  scavenging,  and  one 
associated  with  the  amount  of  condensate  scavenged  from  the  vapor  during  the  process  of  particle  thermophoresis  across  the 
thermal  BL.  The  present  formulation  applies  to  carrier  gas-vapor-condensate  systems  of  any  Prandtl  number  (Pr),  vapor 
Schmidt  number,  dilute  condensate  mass  fraction,  dimensionless  condensate  panicle  thermophoretic  diffusivity,  and  heat  of 
vaporization.  Illustrative  numerical  results  are  presented  here  for  high  Reynolds  number,  Pr  «  0.7  (air-like)  streams  in  forward 
stagnation-point  flow  (two-dimensional  and  axisymmetric)  or  flat-plate  flow,  for  absolute  surface  temperatures  in  the  range 
0  5<r.  T,  ^1.0.  over  the  interesting  ranges  of  dimensionless  thermophoretic  diffusivities  (arP./v)  and  latent  heats 
[A(Rr,)] 
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EQUILIBRIUM  THEORY  OF  SURFACE  DEPOSITION 
FROM  PARTICLE-LADEN  DILUTE,  SATURATED  VAPOR 
CONTAINING  LAMINAR  BOUNDARY  LAYERS^ 

JOSE  L.  CASTILLO*  and  DANIEL  E.  ROSNER* 

Department  of  Chemical  Engineering,  Yale  University,  New  Haven,  CT  06S20,  U.S.A. 

(firsi  received  10  July  1985;  accepted  in  revised  form  12  September  1988) 

Abstract— Mass  deposition  rates  on  cooled  solid  surfaces  exposed  to  saturated  mainstreams  containing  a  dispersed 
condensate  aerosol  are  influenced  by  both  the  thermophoretic  capture  of  such  particles  and  the  inevitable  scavenging  of  vapor 
that  takes  place  during  their  transit  through  the  thermal  boundary  layer  (BL).  A  ttactable  asymptotic  theory  is  presented 
which  allows  total  mass  deposition  rates  to  be  predicted  from  such  coupled  two-phase  boundary  layers  on  the  realizable 
assumptions  that  the  dispersed  condensate:  (i)  is  captured  predominantly  as  a  result  of  thermophoresis  down  the  prevailing 
temperature  gradient,  and  (ii)  is  able  to  maintain  the  condition  of  local  vapor-condensate  phase  equilibrium  (LVCE) 
throughout  the  thermal  BL.  It  is  shown  that  under  such  circumstances  the  total  mass  deposition  rate  can  be  conveniently  split 
into  three  additive  contributions,  the  simplest  being  the  vapor  contribution,  which  can  be  computed  (based  on  LVCE)  without 
a  knowledge  of  the  condensate  contributions.  The  latter  can  themselves  be  split  into  two  calculable  portions — one  associated 
with  the  deposition  rate  of  the  mainstream  particles  computed  in  the  (hypothetical)  absence  of  vapor  scavenging,  and  one 
associated  with  the  amount  of  condensate  scavenged  from  the  vapor  during  the  process  of  particle  thermophoresis  across  the 
thermal  BL.  The  present  formulation  applies  to  carrier  gas-vapor-condensate  systems  of  any  Prandtl  number  (Pr).  vapor 
Schmidt  number,  dilute  condensate  mass  fraction,  dimensionless  condensate  particle  thermophoretic  diHusivity,  and  heat  of 
vaporization.  Illustrative  numerical  results  are  presented  here  for  high  Reynold  number,  Pr=0.7  (air-like)  streams  in  forward 
stagnation-point  flow  (two-dimensional  and  axisymmetric)  or  flat-plate  flow,  for  absolute  surface  temperatures  in  the  range 
0.5<  r./T,  <  1.0,  over  the  interesting  ranges  of  dimensionless  thermophoretic  diifusivities  fXjDJv)  and  latent  heats 
[A'lRrj], 


1.  INTRODUCTION 
1.1.  Motivation  and  applications 
The  R  and  D  needs  of  high-technology  materials 
processors  (e  g.  micro-electronic  circuit  components) 
and  energy  conversion  device  manufacturers  (to  re¬ 
duce  fouling  and/or  corrosion  for  components  ex¬ 
posed  to  combustion  products  containing  both  con¬ 
densible  vapors  and  particulate  matter  [see,  for 
example,  Stearns  et  al.  (1983)]  have  stimulated  recent 
advances  in  our  understanding  of  the  laws  governing 
vapor  deposition  (VD)  and  particle  deposition  (PD) 
[summarized,  for  example,  in  Rosner  (1985)  and 
Rosner  and  Atkins  (1983)].  However,  until  recently, 
little  attention  has  been  directed  to  more  complex,  but 
commonly  encountered,  situations  in  which  particle 
deposition  and  vapor  deposition  occur  together  and 
interact  owing  to  interphase  exchange  processes  with¬ 
in  the  gas-side  boundary  layers  adjacent  to  the  depo¬ 
sition  surface.  An  instructive  class  of  examples,  re¬ 
cently  treated  in  Castillo  and  Rosner  (1989)  occurs 
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even  when  the  mainstream  is  undersaturated  and 
apparently  free  of  particles  (other  than  condensation 
nucleii).  When  the  deposition  surface  is  cooled  suf- 
hciently  far  below  the  vapor  dew  point,  condensation 
occurs  within  the  thermal  boundary  layer  (BL), 
forming  an  aerosol  which  modifies  the  local  vapor 
composition  distribution  and  which  is  itself  "at¬ 
tracted"  to  the  collector  by  the  hitherto  neglected 
mechanism  of  thermophoresis  [see,  for  example, 
kosner  and  Kim  (1985)  and  Rosner  and  Fernandez  de 
la  Mora  (1982)].  In  the  present  case  a  closely  related 
(limiting)  case,  also  commonly  encountered  in  prac¬ 
tice,  is  treated,  viz.  that  in  which  the  mainstream  is 
already  saturated  with  respect  to  a  dispersed  con¬ 
densate  present  in  the  noncondensible  carrier  gas  at 
low  mass  fraction,  co,  „.  The  focus  is  on  the  thermo- 
phoretically  augmented  deposition  rate  of  this  con¬ 
densate  and  the  amount  of  vapor  it  scavenges  in  the 
course  of  its  migration  through  the  thermal  BL.  These 
processes  will  be  shown  to  dramatically  modify  the 
surface  temperature  dependence  of  the  total  depo¬ 
sition  rate  for  targets  cooled  below  the  prevailing 
vapor  dew  point.  For  the  presenL  particles  large 
enough  to  inertially  "drift"  relative  to  the  decelerating 
gas/vapor  mixture  [see,  for  example,  Rosner  and 
Fernandez  de  la  Mora  (1982,  1984)  and  Rosner 
(1986)]  were  precluded  from  consideration.  Thus,  the 
influence  of  submicron  condensate  particles  whose 
surface  area  per  unit  volume  (of  mixture)  is  large 
enough  to  alter  the  simultaneous  process  of  vapor 
deposition  is  considered  explicitly. 
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1.2.  Outline  of  present  paper 
It  might  appear  that  for  interacting  VD-PD  situ¬ 
ations  as  complex  as  those  outlined  above,  recourse 
must  be  made  to  full-scale  experiments  and/or  ancil¬ 
lary  numerical  computations  of  very  limited  gen¬ 
erality.  However,  by  introducing  a  series  of  simpli¬ 
fying,  but  realizable  asymptotic  assumptions,  the 
problem  of  calculating  each  contribution  to  the 
total  deposition  rate  is  reduced  to  a  tractable  and 
general  form,  quite  suitable  for  future  engineering 
design/optimization  studies.  The  assumptions  which 
allow  this  treatment  are  outlined  in  Section  2.1,  along 
with  brief  comments  about  their  domain  of  validity. 
The 

momentum  and  energy  density  fields  for  steady  lami¬ 
nar  BL  flow  (Sections  2.2  and  2.3)  is  similar  to  that 
recently  given  in  Castillo  ana  Rosnei  (1989),  but  is 
reproduced  here  in  abbreviated  form  for  complete¬ 
ness.  At  the  heart  of  the  analysis  are  the  mass  balance 
equations  governing  the  interacting  vapor  and  dis¬ 
persed  condensate  density  fields  (Section  2.4),  and 
their  consequences  with  respect  to  the  individual 
deposition  rate  contributions.  While  generally  useful, 
formal  quadrature  results  are  derived,  and  numerical 
illustrations  are  provided  in  Section  3  based  on  the 
methods  outlined  in  Section  3.1.  In  particular,  tabular 
and  graphical  results  are  obtained  and  displayed 
covering  the  most  important  range  of  parameters 
governing  surface  temperature,  type  of  flow  field 
(st2g!'<t*'on  jy>in»  nr  flat  plate),  particle  thetm/v. 
phoretic  diflusivity,  and  dimensionless  heat  of  vapor¬ 
ization  [A/(RTb)]-  principal  theoretical  con¬ 
clusions  and  their  engineering  implications  are  given 
in  Section  4,  which  completes  the  present  paper. 
Experiments  are  currently  underway  in  the  author's 
laboratory  to  verify  some  of  these  conclusions  in  well- 
characterized,  seeded  combustion  gas  situations  [see, 
for  example,  Rosner  and  Atkins  (1983),  Rosner  and 
Kim  (1985)  and  Rosner  and  Liang  (1986)],  but  at 
lower  Reynolds  numbers. 


2.  THERMOPHYSICAL  MODEL  AND  GOVERNING 
EQUATIONS 


2.1.  Underlying  assumptions 
To  simplify  the  problem  and,  at  the  same  time, 

•  viaiii  ■»!>  SAIV4A  iiAipx/a  4ci«it  vtsaiavAVi  laaiva*  %tt\> 

assumptions  will  be  made: 


(Al)  The  total  amount  of  condensible  material  is 
very  small  compared  to  the  amount  of  noncondensible 
(host  or  “carrier")  gas.  Thus,  the  host  gas  velocity  and 
temperature  fields  are  not  appreciably  affected  by 
physical  processes  that  the  relatively  small  amount  of 
condensible  material  undergoes  (condensation,  depo- 
rition). 

(A2)  The  gas  mixture  flow  is  steady  and  laminar. 
The  usual  large  Reynolds  number  BL  approximations 
and  self-similarity  are  exploited  [see,  for  example, 
Schlichting  (1968)]. 

(A3)  Transport  properties  of  the  gas  (momentum 
and  heat  diffusivities)  are  considered  constant  and 


equal  to  their  values  for  the  carrier  gas  under,  say, 
local  mainstream  conditions.  Also,  the  mass  transport 
properties  of  the  vapor  (Fick  diffusion  coefficient)  and 
condensate  particles  (thermophoretic  coefficient)  will 
be  considered  constant.  Last,  the  total  mixture  will  be 
considered  incompressible,  Le.  the  total  density  is 
taken  to  be  constant. 

(A4)  Thermal  diffusion  (Soret  effect)  will  be 
neglected  for  the  vapor.  Thus,  the  difference  between 
the  velocities  of  the  carrier  gas  and  condensible  vapor 
is  due  only  to  the  Fick  diffusion  flux  of  the  dilute  vapor 
down  its  own  concentration  gradient. 

(AS)  Condensate  particles  exhibit  no  appreciable 
difrur’en,  Le  the  difference  between  the 
«elodiy  of  the  condensate  and  the  carrier  gas  is  due 
only  to  a  thermophoretic  velocity  of  the  condensate 
particles  At  each  position  in  the  thermal  BL  this 
thermophoretic  “drift”  velocity  will  be  taken  as  the 
one  corresponding  to  an  isolated  particle  in  a  uniform 
gas  with  the  same  temperature  gradient  [see,  for 
example,  Talbot  (1981)],  i.c.  ^ 

v^=arD,[-(grad  r)/r]  (2.1-1) 

where  is  a  dimensionless  “thermal  diffusion  factor". 
Actually,  the  dispersed  condensate  Brownian  dif- 
fusivity  D,  is  included  here  just  to  emphasize  the 
similarity  between  eq.  (2.1-1)  and  a  diffusion  velocity, 
but  the  value  of  the  “thermophoretic  diffusivity" 
does  not  really  depend  on  D,  (which,  in  effect,  is  taken 
fo  he  zero  in  the  analysis  which  follows).  Rather, 
depends  on  the  carrier  gas  momentum  diffusivity,  par¬ 
ticle  Knudsen  number  and  particle/gas  thermal  con¬ 
ductivity  ratio;  being  ajD,si0.54v,  irrespective  of  par¬ 
ticle  radius  for  particles  whose  radius  is  much  smaller 
than  the  prevailing  mean  free  path  (of  the  carrier  gas 
molecules)  (Talbot,  1981).  This  remarkably  simple 
limiting  case  provides  a  useful  first  approximation  for 
oirD,,  and  motivates  the  introduction  of  the  parameter 
a{sarDJv)  in  the  analysis  which  follows. 

(A6)  Whenever  vapor  and  condensate  particles 
coexist  they  are  in  mutual  thermodynamic  equilib¬ 
rium.*  This  is  equivalent  to  requiring  that  the  charac¬ 
teristic  condensate  residence  time  is  much  larger  than 
that  required  for  such  a  (perturbed)  two-phase  dis¬ 
persed  system  to  (Fe)attain  vapor-liquid  (or  vapor- 
splid)  equilibrium  Making  this  asymptotic  approxi¬ 
mation  frees  one  from  the  need  to  speculate  about  the 
condensation  kinetics  Furthermore,  for  simplicity,  the 
equilibrium  vapor  pressure  over  a  small  condensate 
particle  fliquid  droplet  or  solid  particle)  is  taken  to  be 
the  same  as  over  a  fiat  condensate  layer  at  the  same 
temperature  (i.e.  the  so-called  “Kelvin  effect"  will  be 
neglected).  Therefore,  in  what  follows  there  is  no  need 
to  be  concerned  with  the  size  (or  number  density)  of 
condensate  particles,  but  only  with  the  local  amount  of 
condensible  material  in  each  phase  (vapor  and  con¬ 
densate  particles). 


*See  Castillo  and  Rosner  (1988)  for  validity  criteria  of  this 
assumption. 
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(A7)  The  condensible  vapor  behaves  like  an  ideal 
gas,  even  when  a  dispersed  condensate  phase  is  also 
present.  As  a  result  of  the  abovementioned  as¬ 
sumptions,  the  amount  of  condensible  material  in  the 
vapor  phase  is  fixed  by  the  equilibrium  value  over  a 
flat  condensate  surface  at  the  local  temperature,  i.e. 


with  boundary  conditions  u = 0  (no  slip)  and  v = 0  (no 
blowing)  along  the  surface  y-0,  and  u  =  u,(x)  at 
y=oo. 

A  similarity  variable  ti(x,  y)  which  allows  the  trans¬ 
formation  of  these  equations  to  an  ordinary  difler- 
ential  equation  (ODE)  is 


w,  =ioj‘'(r)  =  - 


RT 


(2.1-2) 


=y(ax"- Vv)'^^- 


(2.2-4) 


which  depends  only  on  local  temperature  {for 
p  =  constant,  as  assumed  [assumption  (A3)] }.  In  what 
follows,  the  temperature  dependence  of  pf*  will  be 
written  in  the  two-parameter  Clausius-Clapeyron 
form: 

p[‘'(r)=exp^y- (2.1-3) 

2.2.  Host  {carrier)  gas  flow  fleld  {wedge  flow) 

The  inviscid  (external  solution)  velocity  distribution 
corresponding  to  the  flow  past  a  symmetrical  wedge 
(Fig.  1)  of  included  angle  up  is  given  by 

u,(x)=a.x"  (2.2-1) 

where  P  =  2m/(m  -f  1 ),  and  a  is  a  constant.  Two-dimen¬ 
sional  flow  in  the  vicinity  of  a  stagnation  line,  as  well 
as  the  flow  external  to  a  thin  BL  on  a  flat  plate  at  zero 
incidence,  are  particular  cases  of  “wedge-flows",  the 
former  for  p=\  (i.e.  m=l),  the  latter  for  P=Q 
(i.e.  m  =  0).  Moreover,  the  special  case  of  p  =  ^{m  =  \) 
can  easily  be  transformed  into  the  rotationally 
(axi-)symmetrical  flow  near  a  forward  stagnation 
point  [see,  for  example,  Schlichting  (1968,  p.  ISO)]. 

As  in  any  two-dimensional  motion  of  a  Newtonian 
fluid,  the  Prandtl  BL  equations  can  be  written 


cu 

cu 

du. 

B^u 

(2.2-2) 

u - 

cx 

+  1’”  = 
cy 

dx 

cu 

c'f 

—  + 

—  =0 

(2.2-3) 

dx 

cy 

Fig  I  Steady,  nearly  incompressible  flow  of  a  saturated, 
condensate-carrying  gas  past  a  cooled,  solid  wedge  of 
opening  angle  nP.  Rej,  ’  1. 


The  local  mass  balance  equation  [eq.  (2.2-3)]  is 
automatically  satisfied  by  the  introduction  of  a  stream 
function  of  the  form 

,lt(x,y)=(vax"*‘)''VM.  (2.2-5) 

Thus,  the  carrier  fluid  velocity  components  become 

u-dil//dy=a3^f'{ri)=u,f'{ri).  (2.2-6) 

W+1  /  ftl—"  \  \ 

t)=  —dtl/ldx= - ^(vflx""‘)‘'^(/-l — ^*1/  ) 

(2.2-7) 

where  primes  denote  differentiation  with  respect  to  r/. 
Introducing  these  expressions  into  the  x-momentum 
balance  equation  [eq.  (2.2-2)]  the  following  well- 
known  third-order  nonlinear  ODE  for  /(t;)  is  ob¬ 
tained: 


/"'+  +  m(l  -/'^)=0  (2.2-8) 

with  the  “split"  boundary  conditions 

/=0,  /'*0  at  i?=0  (2.2-9) 

/'=1  at  r(=oo.  (2.2-10) 

An  important  consequence  of  the  assumptions  (con¬ 
stant  thermophysical  properties  and  low  vapor/ 
condensed  material  mass  fraction)  is  that  the  carrier 
gas  momentum  density  (velocity)  field  can  be  found 
without  considering  the  corresponding  temperature 
and  composition  fields.  Indeed,  use  will  be  made  of 
tabular  values  of  the  dimensionless  stream  function 
f{tl)  [see,  for  example,  Schlichting  (1968)]  in  com¬ 
puting  all  integrals  which  appear  in  the  solutions  for 
the  corresponding  temperature  and  composition 

fields. 

2.3.  Temperature  field 

In  the  steady  state,  using  BL  approximations  (A2) 
and  (A3),  the  partial  differential  equation  which 
governs  the  temperature  distribution  Tfx,  y)  when 
r„<  is 


BT  BT 


(2.3-1) 


being  the  thermal  (heat)  diffusivity.  Defining 


(2.3-2) 


when  the  wall  temperature  is  held  constant,  6  admits  a 
self-similar  solution  with  the  ODE  for  6{ti)  becoming 
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m+ ) 

0'  +-j- Pr  fd'  =  0  (2.3-3) 

where  Pr  is  the  Prandtl  number  (Pr  =  v/a,)  and  the 
abovementioned  dimensionless  stream  function  ap¬ 
pears  as  a  coefficient  in  the  convective  term.  The 
boundary  conditions  on  d{f])  are  clearly 

fl(0)  =  0.=  rjr,;  fl(ao)  =  l.  (2.3-4) 

The  solution  to  eq.  (2.3-3)  can  be  written  in  the 
following  quadrature  form  [see,  for  example,  Spalding 
and  Evans  (1961)]: 


and  the  functions 


w  M  s - X 

puAx) 

(2.4-5) 

m-yl  a  dfl 

(2.4-6) 

adfl  /m-yl  1  dfl\ 

”  fld^ (  2  fl  d^ j 

(2.4-7) 

where  a  is  the  nondimensional  thermophoretic  coef¬ 
ficient  for  the  dispersed  condensate: 


1  f"  r  »"  +  l 

6(»;)  =  6..  +  (l -6»)-J  exp!  --y-Pr 

X  (2.3-5) 

with 

<5=  j"  exp|^-^  Pr|V(i)d{jd0.  (2.3-6) 

For  a  description  of  the  computation  of  S  (needed,  for 
example,  to  determine  the  local  wall  heat  flux)  see 
Castillo  and  Rosner  (1989,  Section  3.1). 


2.4.  Mass  fraction  equations  and  deposition  rates 
Under  assumptions  (Al)-(A5),  the  coupled  BL 
equations  for  the  mass  fractions  of  condensible  ma¬ 
terial  in  the  vapor  phase  (<u,.  =  p„/p)  and  in  the  con¬ 
densate  phase  (tu,  =  pjp)  can  be  written  (Castillo  and 
Rosner,  1989)  as 


c’cou  d<u„  5^co,  r'" 

u^+v—=D,— - 

cx  cy  cy‘‘  p 


(2.4-1) 


and 


ci  =  a.fDJv  (2.4-8) 

have  been  introduced. 

As  mentioned  above,  the  interest  here  is  in  the  case 
when  far  from  the  wall  the  gas  is  already  saturated 
with  respect  to  the  condensible  vapor  [i.e. 

(2]^)]  and  condensate  particles  already  exist  in  the 
mainstream  [£o,(»;-*oo)  =  tOj  ,r].  Now  consider  that 
such  a  mixture  flows  past  a  surface  maintained  at  a 
temperature,  r„,  lower  than  (i.e.  fl,=  T„/T^  <  1). 
Since  the  ODE  for  (u,(it)  [eq.  (2.4-4)]  is  linear  the 
solution  CO,  can  be  split  into  two  different  contri¬ 
butions.  The  first  is  of,  which  describes  the  evolution 
inside  the  boundary  layer  of  the  preexisting  con¬ 
densate  particles  as  if  they  were  not  interacting  with 
the  vapor  phase  [therefore,  co°  must  satisfy  eq.  (2.4-4) 
with  d>"'  set  equal  to  zero  (i.e.  of  is  the  solution  of  the 
“homogeneous”  ODE  and  its  boundary  condition  is 
of  *  =  o,.  )].  The  second  contribution  (o[)  takes  into 
account  the  vapor  scavenging  that  occurs  by  the 
particles  as  they  drift  across  the  thermal  BL.  Its 
boundary  condition  is  of  =0  [i.e.  of  is  a  particular 
solution  of  the  inhomogeneous  eq.  (2.4-4)]. 

To  reduce  the  number  of  parameters  in  this  problem 
and  thereby  facilitate  the  presentation  of  general 
results  (Section  3),  define 


CO,  d(o,  cvj  r'" 

u-T— -t-(t +L>)— = -o,— -(- —  (2.4-2) 
cx  cy  cy  p 

where  Vj  is  the  y-component  of  the  condensate 
particle's  thermophoretic  velocity  [given  by  eq. 
(2.1-1)]  and  f"  denotes  the  mass  of  vapor  that  is 
locally  transforminp  into  ''onde'’?’**  phase  per  unit 
time  and  volume. 

Under  assumption  (A2),  ca,  and  o,  depend  on  x  and 
y  only  through  the  similarity  variable  q.  Therefore, 
using  eqs  (2.2-4),  (2.2-6)  and  (2.2-7)  in  eqs  (2.4-1)  and 
(2.4-2),  it  is  found  that  o,.(i;)  satisfies  the  second-order 
ODE 

d^o„  m  +  1  do,. 

^  —  Sc/  ^  =  o'"  Sc  (2.4-3) 

2  aq 

whereas  (o,(q)  satisfies  the  coupled  but  linear  first- 
order  ODE 


do,  .  . 

A - -y  Bco,  =  —  o'".  (2.4-4) 

di; 

In  these  equations  the  Schmidt  number  (Sc  =  v/D,) 


,  p,  o. 

(2.4-9) 

or  Pv.a,  W[''(r,,) 

0;  =  -^ 

(2.4-10) 

C^r.oD 

of 

nf=— L-. 

(2.4-11) 

Note  that  both  R,  and  Of  are  normalized  with  respect 
to  o,.a;,  whereas  o,,„  is  used  in  Of,  emphasizing  in 
this  way  their  respective  origins. 

The  ODEs  governing  these  new  dependent  vari¬ 
ables  are  [from  eqs  (2.4-3)  and  (2.4-4)],  respectively: 

d^O,  m  -y  1  dfl, 

diF"— 


dOf 

A— ^-yBnj=-Q 
dq 

dO” 

A— -yBnf  =  0. 

dq 


(2.4-13) 


(2.4-14) 


Equilibrium  theory 

According  to  the  vapor-condensate  thermodynamic 
equilibrium  assumption  [assumption  (A6)] 

=  therefore,  using  eqs  (2.1-2)  (2.1-3)  and 

(2.3-2): 


n,  =  fir‘'(0(»;))=-exp 

U 


Using  eq.  (2.4-15)  in  eq.  (2.4-12): 


(2.4-15) 


(2.4-16) 
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Using  eqs  (2.4-15),  (2.3-5)  and  (2.4-22): 

(2.4-25) 

Note  that  the  present  5t.  „  can  easily  be  calculated 
once  the  parameters  Sc,  6,„  SC  and  S{m,  Pr)  are 
specified.  Since  the  deposition  rate  contribution  due  to 
the  condensate  particles  is  split  into  two  parts,  the 
dimensionless  transfer  coefficients  are  now  defined; 


n"'(t7)  =a;'{ri)  +  ~  (2.4-17) 

Sc 


SC.c= 


(2.4-26) 


m-i-1  dOfodfl 

nv'  =  — / — ! — 

'  2  d0  d>i 


(2.4-18) 


(2.4-27) 


d^nf”  /d0\^ 

Then,  the  solution  of  eq  (2  4-13)  with  boundary 
condition  fl)(>;-»x)  =0  can  be  written  as 

(2.4-20) 

and  the  solution  of  eq.  (2.4-14)  with  boundary  con¬ 
dition  n®  ,  =  1  can  be  written  as 


where  jj'®  and  are  contained  in  eq.  (2.4-23). 
Accordingly 

(2.4-28) 

oo„  »-o 


i-e,  r  r* 


(2.4-29) 


a® -exp  j 


(2.4-21) 


where  the  functions  A  and  B  have  been  given  in  eq. 
(2.4-6)  and  eq.  (2  4-7),  respectively,  and  O  '  is  given  by 
eq.  (2.4-17). 

The  main  interest  here  is  in  the  mass  deposition  rate 
of  vapor  and  condensate  particles  on  the  “cold"  wall. 
The  local  mass  deposition  rate  of  condensible  material 
in  vapor  form  is 


Note  that  these  are  not  conventional  mass  transfer 
Stanton  numbers  {which  are  normally  referred  to  the 
mass  fraction  difference  “driving  force"  (to*  —  w.)  [cf., 
for  example,  Rosner  (1986)]}  but  in  the  present  case 
the  above  definitions  are,  in  fact,  more  useful.  Note 
also  that  St„.„  and  SC.,  are  referred  to  to,  * ,  whereas 
Si®  ,  is  referred  to  to,.*.  Finally,  the  dependence  of 
SC.C  on  the  Schmidt  number  Sc  can  be  explicitly 
extracted  by  defining 

SC.c=«e;‘'^^/,  +  l/j)  (2.4-30) 


/‘"‘"A 

Sf  \  X  /  dij 


.  “Jo  M<t>) 

“’[-111!'"] 


(2.4-22) 


d<l>  (2.4-31) 


In  contrast,  the  mass  deposition  rate  of  the  condensate 
particles  is 

/u  1  — 0 


(2.4-23) 


A  kind  of  (modified)  mass  transfer  Stanton  number  for 
the  vapor  is  now  defined,  i.e. 


^C.  r  — 


(2.4-24) 


with  Q'l"  given  by  eq.  (2.4-18)  and  Q'i'itb)  by  eq. 
(2.4-19). 

Summarizing,  in  the  present  case: 

Stm.,  Rei'*  =  function  (m,  Pr,  Sc,  SC,  0J  given  by  eq. 
(2.4-25)  with  the  dependence  on  m  and  Pr  through  the 
value  of  d, 

SC,,Rel'^  =  /.(m,  Pr,  a,  SC,  0JHySc)/i{m,  Pr, 
0,  SC,  0J  with  /(  given  by  eq.  (2.4-31),  and 
SC,Rei'’- function (m,  Pr,  a,  6„)  given  by  eq. 
(2.4^29). 

The  computation  of  these  functions  is  the  subject  of 
Section  3. 
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3.  RESULTS  AND  SiSCUSSlON 

3. 1 .  Numerical  method 

Because  of  their  practical  importance  the  focus  here 
is  on  the  particular  cases  m=0,  ^  and  1,  for  which  the 
dimensionless  stream  function  /  is  well  known  and 
tabulated  [e.g.  in  Schlichting  (1968)].  When  the  value 
of  /was  required  at  a  ‘nontabulated  value”  of  i;,  it  was 
calculated  from  a  Taylor-series  expansion  using  the 
tabulated  values  of /  /'  and  /  ",  and  the  corresponding 
value  of  /'"  from  the  ODE  (2.2-8),  at  the  closest 
tabulated  value  of  tj. 

In  this  paper  all  indicated  integrals  were  numeri¬ 
cally  calculated  using  Simpson's  algorithm.  Although 
‘.he  intcgiali  ni  cqs  (2."l-2v;  and  extend  from 

to  X,  tn  both  cases  ttic  integrand  is  vanish¬ 
ingly  small  outside  the  thermal  BL.  Accordingly,  these 
integrals  were  earned  out  by  starting  at  ri=Q  and 
ending  at  the  outer  edge  of  the  thermal  BL,  estimated 
via  t;,  ,,k  =  h^.mon, /Pr'  \  Here  t),  is  the  outer  edge 
of  the  momentum  diffusion  BL  [the  position  at  which 
/'  =  1  — £,  where  £(  <  1)  is  the  required  precision];  on 
the  other  hand,  at  which  was  used  as  a 

test  in  the  program. 

The  most  important  cases  are  those  for  which  the 
carrier  gas  is  essentially  air  (perhaps  containing  com¬ 
bustion  products)  and  therefore  the  Prandtl  number 
was  fixed  at  the  value  Pr  =  0  7.  For  this  Pr  the  values 
given  by  eq.  (2.3-6)  are  (Castillo  and  Rosner,  1989); 

<5(m  =  01=3.41 669 

i(m  =  J)  =  2  60279 

^(m=l)  =  2.01 669.  (3.I-I) 

These  values  are  required  for  d0'di;|,.o  and  to  start 
the  integrations.  All  numencal  results  presented  below 
are  for  Pr  =  0.7.  , 

Comments  have  already  been  made  on  the  rationale 
for  the  ranges  of  0,  (sr,/r„)  and  a  (sa^DJv) 
covered  in  this  paper.  To  this  it  should  be  added  that 
since  the  main  interest  is  in  deposition  of  inorganic 
(alkali-containing)  vapors  from  combustion  products, 
with  values  of  about  1500  K,  the  value  of 
if^sA/(Rr, )]  defined  by  eq  (2.4-16)  is  ^22  (for 
NajSO*'  19  for  KjSO*,  and  14  for  NaCl.  Accord¬ 
ingly,  the  range  of  if  covered  is  from  10  to  30. 

3.2.  Mass  deposition  rate  of'‘noninieracting''  particles 

As  mentioned  in  Section  2.4,  St^.c  represents  the 

de{>osition  rate  of  the  preexisting  condensate  particles 
as  if  they  did  not  interact  with  the  prevailing  con¬ 
densible  vapor.  Therefore,  it  also  provides  the  depo¬ 
sition  rate  of  any  kind  of  particle  for  which  assumption 
(AS)  is  valid,  with  the  thermophoretic  parameter  con¬ 
stant  through  the  laminar  BL  [cf.  Goren  (1977)  and 
Gokoglu  and  Rosner  (1985)]. 

Numerical  values  of  StJ.,  Rej,  ^/a  are  given  in  Table 
1  (for  m=0).  Table  2  (m  =  ])  and  Table  3  (m=  1),  for 
three  different  values  of  a.  a  =  0.5  (close  to  the  corre¬ 
sponding  theoretical  limit  for  particles  in  the  free- 
molecule  regime),  a  =  0. 1  [which  appears  (Castillo  and 
Rosner.  1989)  to  provide  a  good  estimate  for  exper- 


Tabie  1.  Numerical  values  of  the  preexisting  condensate 
particle  mass  transfer  coefficient  S(£.,  Rel'^/a  as  a  function  of 
the  normalized  wall  temperature  6.  (sTJT^)  for  three 
different  values  of  the  condensate  thermophoretic  parameter 
a  ( ■  arDJv),  for  flat-plate  collector  (m = 0) 


e. 

«=0.5 

ft 

II 

o 

a=0.01 

0.98 

5.925E-3 

5.960E-3 

5.971E-3 

096 

1.198E-2 

1.213E-2 

1.218E-2 

0.94 

1.818E-2 

1.853E-2 

1.865E-2 

092 

2.450E-2 

2.515E-2 

2.538E-2 

0.90 

3.095E-2 

3.200E-2 

3.240E-2 

088 

3.753E-2 

3.909E-2 

3.97IE-2 

0.86 

4.424E-2 

4.644E-2 

4.734E-2 

084 

5.108E-2 

5.404E-2 

5.530E-2 

082 

5.805E-2 

6.192E-2 

6.362E-2 

080 

6.5I6E-2 

7.007E-2 

7.232E-2 

0.75 

8.349E-2 

9.176E-2 

9.587E-2 

0.70 

1.027E-1 

1.155E-1 

1.224E-1 

0.65 

1.227E-I 

1.4I5E-1 

1.524E-1 

0.60 

1.436E-I 

I.699E-I 

1.866E-1 

0.55 

1.654E-1 

2.01 3E-1 

2.259E-1 

0.50 

I.882E-1 

2.358E-1 

2.713E-1 

Table  2.  Numerical  values  of  the  preexisting  condensate 
particle  mass  transfer  coefficient  St%  ,  as  a  function  of 

the  normalized  wall  temperature  0.  {*TJT^)  for  three 
different  values  of  the  condensate  thermophoretic  parameter 
al*aj-D,/v).  for  an  axisymmetric  stagnation  point  |m=]) 


e. 

«»0.5 

a  =  OI 

a  as  0.01 

0.98 

7.778E-3 

7.825E-3 

7.838E-3 

0% 

1.574E-2 

1.593E-2 

I.600E-2 

0.94 

2.387E-2 

2.433E-2 

2.449E-2 

0.92 

3.219E-2 

3.304E-2 

3.333E-2 

0.90 

4.067E-2 

4.205E-2 

4.255E-2 

088 

4.934E-2 

5.138E-2 

5.216E-2 

0.86 

5.8I8E-2 

6.106E-2 

6.220E-2 

0.84 

67I9E-2 

7.108E-2 

7.267E-2 

0.82 

7  639E-2 

8.147E-2 

8.362E-2 

0.80 

8.576E-2 

9.223E-2 

9.507E-2 

075 

1  IOOE-1 

1.209E-1 

1.26IE-I 

0.70 

1  354E-1 

1.524E-1 

1.6I1E-I 

0.65 

I.620E-1 

1.869E-1 

2.008E  - 1 

0.60 

1.898E-1 

2.250E  - 1 

2.462E  - 1 

0.55 

2.189E-1 

2.669E-1 

2.983E-1 

0.50 

2494E-I 

3.I33E-1 

3.589E-I 

imentally  observed  deposition  rates  of  Na]SO«  con¬ 
densate  particles],  and  a  lower  value  of  a  =  0.01  (which 
might  describe  the  behavior  of  high-conductivity 
condensate  particles  in  the  near-continuum  limit). 
Note  that  from  eq.  (2.4-29)  it  is  clear  that 

i-, s, --i.  (3.MI 

On  the  other  hand,  in  the  very  special  case  when 
a  /*r=  1,  it  can  be  shown  that 

Sfi.,=  Re;''^^^a(«Pr=l).  (3.2-2) 

0 
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Table  3  Numerical  values  of  the  preexisting  condensate 
particle  mass  transfer  coefficient  St®  ,  Rel  ^/a  as  a  function  of 
the  normalized  wall  temperature  0.  {  =  TJT^)  for  three 
different  values  of  the  condensate  thermophoretic  parameter 
a  [sifDJv),  for  a  two-dimensional  (planar)  stagnation  line 
collector  (m  =  1 ) 


0. 

3  =  0.5 

1  =  0.1 

a  =  0.01 

0.98 

1.004E-2 

I.OlOE-2 

1.012E-2 

096 

2.031E-2 

2.057E-2 

2,064E-2 

0.94 

3.082E  -  2 

3.141E-2 

3.160E-2 

0.92 

4.155E-2 

4.265E.  2 

4.302E-2 

090 

5.252E-2 

5  429E-2 

5.492E-2 

0.88 

6  37IE-2 

6.635E-2 

6.733E-2 

0.86 

7.5I4E-2 

7.885E-2 

8.028E-2 

0.84 

8.679E-2 

9.I80E-2 

9.380E-2 

082 

9  868E-2 

1.052E-1 

1.079E-I 

0.80 

1.108E-I 

1.192E-1 

1.227E-1 

075 

I422E-1 

1.563E-1 

1.628E-1 

0  70 

I.75IE-1 

1.971E-  1 

2.081E-1 

065 

2  096E  -  1 

2.419E-  I 

2  594E  - 1 

0.60 

2  457E-1 

2913E-1 

3  18IE-1 

0  55 

2.835E-  1 

3  459E-  1 

3  858E-1 

0  50 

3.231E-1 

4  064E  - 1 

4.644E-  1 

06  06  10 


T(WALL)/T(GAS) 

Fig.  2  Surface  temperature  dependence  of  the  pre-existing 
condensate  mass  transfer  coefficient  St®  ,  ^  a  for  different 

values  of  the  condensate  thermophoretic  parameter  a 
(sa,Z),  v).  Conditions.  Pr  =  01,  two-dimensional  (planar) 
stagnation  line  (m  -  I) 


In  Fig  2,  the  values  of  Table  3  together  with  the 
straight  line  corresponding  to  eq.  (3.2-2)  are  plotted. 
It  is  observed  that  all  cases  tend  to  the  slope  given  by 
eq.  (3.2-1 )  when  the  wall  temperature  ratio  0,  tends  to 
unity,  in  such  a  way  that  eq.  (3.2-2)  provides  a  good 
first  approximation  to  Sr”  ,  for  any  value  of  a  when  0. 
is  sufficiently  close  to  the  unity.  When  0,  departs 
substantially  from  unity  (i  e  for  a  highly  cooled  wall). 
St®  ,  IS  appreciably  larger  than  the  value  given  by  eq 
(3.2-2)  (the  opposite  will  be  true  for  the  hypothetical 
case  a  Pr  >  1 )  It  should  be  cautioned  that  while  these 


are  formally  computed  cases  with  0„  as  low  as  0.5 
(i.e.  7'„  =  J  r,  )  the  present  results  should  be  corrected 
for  the  inevitable  effects  of  variable  thermophysical 
properties  which  would  not  be  negligible  for  tem¬ 
perature  ratios  so  far  from  unity  [see,  for  example, 
Gokoglu  and  Rosner  (1984b)]. 

3.3.  Deposition  rate  of  the  scavenged  vapor 

The  mass  deposition  rate  (via  condensate)  of  the 
vapor  scavenged  by  the  particles  on  their  way  through 
the  thermal  BL  is  described  by  St‘„  ,  [eq.  (2.4-30)].  It  is 
interesting  to  note  that 

=0  (3.3-1) 

i.e.  SfJ,.,  starts  at  0,,=  1  with  zero  slope. 

Numerical  values  of/,  and  /j  (describing  the  two 
parts  of  St;, ,  Re'  '  [cf.  eq  (2.4-31)]  are  given  in  Tables 
4-6  [m  =  0  for  a  =  0.5  (Table  4),  a  =  0.1  (Table  5)  and 
a =001  (Tabic  6),  respectively],  Tables  7-9  (m  =  ]  and 
the  same  values  of  a)  and  T,:bles  10-12  (m=  1),  for  five 
different  values  of  the  heai-of-evaporation  parameter 
if  [  =  A/IRT,)].  Moreover,  using  the  numerical 
values  reported  in  Table  6.  St),  ’  is  plotted  in 
Fig.  3  for  Sc  =  2,  using  eq.  (2.4-30).  Note  that  for  0,, 
close  to  unity,  St®  ,  increases  with  iP,  whereas  the 
opposite  is  true  for  lower  values  of  0,..  This  is  due  to 
the  different  behavior  of  /,  and  /j,  as  can  be 
observed  in  Tables  4-12.  Thus,  for  a  given  value  of  the 
thermophoretic  diffusivity  parameter  a,  / ,  is  always 
an-  increasing  function  of  y.  In  contrast,  the  contri¬ 
bution  /j  increases  with  y  for  0,  close  to  unity,  but 
decreases  as  y  increases  for  lower  values  of  0,,. 

3.4.  Total  deposition  due  to  the  presence  of  vapor  in  the 
mainstream 

Although  Sr'„ ,  measures  a  contribution  to  the 
deposition  rate  associated  with  the  transport  of  con- 

0  10 


0  08 


006 

V 

ft 

w 

—  004 
in 

002 


000 

06  06  lO 

T(WALL)/T(GAS) 

Fig  3  Surface  temperature  dependence  of  the  scavenged 
vapor  deposition  contribution  Stl, ,  Re',  ^  for  different  values 
of  the  parameter  Y.  Conditions:  Pr  =  0.7,  Sc  =  2.  a  =  01. 
m=  1. 
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Table  4.  Numerical  values  of  /,  (upper  number)  and  /j  (lower  number)  defined  by  eq.  (2.4-31)  as 
functions  of  the  normalized  wall  temperature  6,{mTJT^)  for  a  flat-plate  collector  (m=0),  «=0.5 
and  stated  values  of  (he  parameter  Sf  [>A/(/ir„)] 


0. 

II 

o 

,^’=15 

i?’=20 

if’=25 

0.98 

4.649E-4 

2.274E-4 

6.908E-4 

8  688E-4 

8.964E-4 

1.747E-3 

1.083E-3 

2.785E-3 

1.254E-3 

3.918E-3 

096 

1.734E-3 

1.636E-3 

2.472E-3 

4.619E-3 

3.08SE-3 

8.031E-3 

3.595E-3 

I.I40E-2 

4.019E-3 

1.446E-2 

0.94 

3.679E-3 

4.607E-3 

5.050E-3 

1.106E-2 

6.092E-3 

1.720E-2 

6.885E-3 

2.2I2E-2 

7.489E-3 

2.555E-2 

0.92 

6.2I1E-3 

9  15IF-7 

8.238E-3 

1  q^gp-? 

.  9.648E-3 

2  708F_'> 

1.063E-2 

1.133E-2 

3.365E-2 

0.90 

9.265E  -  .1 
l.StOE  -  2 

»  IQtC  2 

2.830f  -2 

1.360E-2 

3.609E-2 

!.469E-2 

3.880E-2 

1.540E-2 

3.798E-2 

0.88 

I.280E  -2 
2.220E-2 

1.599E  -2 
3.725E-2 

1.787E-2 

4.334E-2 

1.900E-2 

4.299E-2 

1.968E-2 

3.924E-2 

0.86 

1.677E-2 

3.013E-2 

2.043E-2 

4.549E-2 

2.243E-2 

4.854E-2 

2.3SSE-2 

4.478E-2 

2.420E-2 

3.855E-2 

0.84 

2.118E-2 

3.857E-2 

2.523E-2 

5.262E-2 

2.728E-2 

5.180E-2 

2.837E-2 

4.487E-2 

2.898E-2 

3.695E-2 

0.82 

2  601E-2 
4.720E  -  2 

3.037E-2 

5.844E-2 

3.245E-2 

5.347E-2 

3.350E-2 

4.399E-2 

3.408E-2 

3.517E-2 

080 

3.I27E-2 

5.575E-2 

3.588E-2 

6.292E-2 

3.796E-2 

5.397E-2 

3.898E-2 

4.272E-2 

3.953E-2 

3.364E-2 

0.75 

4.645E-2 

7.528E-2 

5.150E-2 

6.921E-2 

5.3S7E-2 

5.288E-2 

S.4S7E-2 

4.01 7E- 2 

5.512E-2 

3.191E-2 

0  70 

6.503E-2 
9.067E  -  2 

7.043E-2 

7.i39E-2 

7.258E-2 

5.207E-2 

7.365E-2 

4.01 7E- 2 

7.427E-2 

3.308E-2 

0.65 

8.803E-2 

1019E-1 

9.390E-2 

7.309E-2 

9.626E-2 

5.365E-2 

9.747E-2 

4.287E-2 

9.821E-2 

3.645E-2 

0.60 

1  171E-I 
t.l07E-l 

I.236E-I 

7.677E-2 

I.264E-1 

5.812E-2 

1.278E-1 

4.794E-2 

1.287E-1 

4.I70E-2 

0.55 

I.546E-  1 

1  I99E-I 

1.622E-1 

8.380E-2 

I.655E-I 

6.561E-2 

1.673E-1 

5.545E-2 

1.684E-1 

4.901E-2 

0.50 

2  043E-1 
1.321E-I 

2.135E-1 

9.509E-2 

2.175E-1 

7.660E-2 

2.198E-1 

6.593E-2 

2.212E-I 

5.897E-2 

densate  particles,  in  fact  this  material  originates  from 
the  vapor  in  the  mainstream  (as  can  be  seen  from  the 
definition  of  wj )  Therefore,  it  could  be  said  that  the 
total  mass  deposition  rate  associated  with  the  existing 
vapor  in  the  mainstream  is  measured  by  the  sum 

Si„,.+Sr:.,.  (3.4-1) 

If  it  is  assumed  that  there  were  no  condensate  particles 
in  the  mainstream  at  all.  yet  the  conditions  there  were 
such  that  the  gas  was  saturated  [i.e,  w,  ^  =(uf'’(r, ) 
and  to,  *  =  0]  the  above  quantity  would  yield  the  total 
deposition  rate  on  the  cold  surface.  In  fact,  this  is  a 
limiting  of  the  more  general  treatment  of  under¬ 
saturated  mainstreams  given  by  Castillo  and  Rosner 
(1989),  one  in  which  the  “interface"  between  the  sinele- 


and  the  two-phase  region  moves  from  within  the 
thermal  BL  to  its  outer  edge. 

For  purposes  of  illustration,  this  deposition  rate  is 
displayed  in  Fig.  4  for  m=  1,  Sc  =  2,  and  y  =  20,  and 
three  values  of  the  dispersed  condensate  thermo- 
phoretic  coefficient  (a  =  0.5, 0.1  and  0.01).  The  value  of 
the  contribution  that  arrives  at  the  deposition  surface 
as  vapor  (St„  „  Rej,'^)  from  eq.  (2.4-25)  is  itself  given  by 
the  dashed  line  d.  Adding  the  SrJ,,,  contribution  which 
arrives  as  condensate  scavenged  by  the  preexisting 
particles  [cq  (2.4-31)],  based  on  the  numerical  values 
of/;  and  /j  for  =  20  from  Tables  10-12,  the  total 
deposition  rate  associated  with  vapor  in  the  main¬ 
stream  is  obtained:  see  curves  a  (a  =  0.5),  b  (a =0.1)  and 
c  (a  =  0.01),  respectively.  It  is  observed  that  for  the 
higher  values  of  the  wall  temperature  parameter  6,.  the 
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Table  5.  Numerical  values  of  /,  (upper  number)  and  (lower  number)  defined  by  eq.  (2.4-31)  as 
functions  of  the  normalized  wall  temperature  ( s  TJT^)  for  a  flat-plate  collector  (m = 0),  a  >=  0. 1 

and  stated  values  of  the  parameter  if  [bA/(KT„)] 


0. 

o 

II 

y=\s 

if=20 

if  =  25 

i?  =  30 

0.98 

9.689E-5 

1.858E-4 

1.437E-4 

5.169E-4 

1.861E-4 

9.492E-4 

2.246E-4 

1.446E-3 

2.594E-4 

1.978E-3 

0.96  ' 

3.653E-4 

1.058E-3 

5.183E-4 

2.530E-3 

6.439E-4 

4.137E-3 

7.470E-4 

S.666E-3 

8,317E-4 

7.000E-3 

0.94 

7.790E-4 

2.767E-3 

1.061E-3 

5.848E-3 

1.270E-3 

8.590E-3 

1.425E-3 

1.063E-2 

1.540E-3 

1.189E-2 

0.92 

1.317E-3 

5.282E-3 

1.726E-3 

9.938E-3 

2.000E-3 

1.314E-2 

2.184E-3 

1.471E-2 

2,308E-3 

1.494E-2 

0.90 

1.963E-3 

8.486E-3 

2.483E-3 

1.424E-2 

2.798E-3 

1.697E-2 

2.989E-3 

1.722E-2 

3.106E-3 

I.593E-2 

0.88 

2.703E-3 

1.221E-2 

3.312E-3 

1.829E-2 

3.644E-3 

1.967E-2 

3.826E-3 

1.813E-2 

3.927E-3 

1.538E-2 

0.86 

3.527E-3 

1.625E-2 

4.198E-3 

2.175E-2 

4.528E-3 

2.H3E-2 

4.693E-3 

1.780E-2 

4.776E-3 

1.396E-2 

0.84 

4.428E-3 

2.042E-2 

5.136E-3 

2.441E-2 

5.451E-3 

2.151E-2 

5.594E-3 

1.667E-2 

5.661E-3 

1.227E-2 

0.82 

5.399E-3 

2.452E-2 

6.123E-3 

2.621E-2 

6.414E-3 

2.I03E-2 

6.535E-3 

1.517E-2 

6.588E-3 

1.066E-2 

0.80 

6.440E-3 

2.837E-2 

7.160E-3 

2.717E-2 

7.422E-3 

2.000E-2 

7.525E-3 

1.362E-2 

7.568E-3 

9.337F-3 

0.75 

9.347E-3 

3.6IIE-2 

l.OOOE-2 

2.667E-2 

I.020E-2 

1.659E-2 

1.027E-2 

1.0S9E-2 

1.030E-2 

7.433E-3 

0.70 

1.274E-2 
4.034E  -  2 

1.330E-2 

2.399E-2 

1.345E-2 

I.390E-2 

l,331E-2 

9.225E-3 

1.354E-2 

7.000E-3 

0.65 

1.676E-2 

4.126E-2 

1.724E-2 

2.131E-2 

1.737E-2 

1.265E-2 

1.742E-2 

9.080E-3 

1.745E-2 

7.331E-3 

0.60 

2.162E-2 

4.0I4E-2 

2.205E-2 

1.977E-2 

2.217E-2 

I.263E-2 

2.223E-2 

9.67IE-3 

2.227E-2 

8.099E-3 

0.55 

2.766E-2 

3.861E-2 

2.808E-2 

1.965E-2 

2.82IE-2 

1.352E-2 

2.828E-2 

1.078E-2 

2.832E-2 

9.233E-3 

0.50 

3.539E-2 

3.808E-2 

3.583E-2 

2.085E-2 

3.599E-2 

1.515E-2 

3.607E-2 

1.241E-2 

3.612E-2 

1.078E-2 

direct  vapor  arrival  term  Sr„  ,  is  the  dominant  one, 
whereas  for  lower  values  of  0,..  Si„  becomes  negli¬ 
gible,  with  the  scavenged  vapor  contribution  arriving 
on  condensate  particles,  measured  by  5C,,,  playing 
the  major  role  The  total  deposition  rate  due  to 
the  existence  of  vapor  in  the  mainstream,  given  by 
eq.  (3.4-1)  is  seen  to  exhibit  a  rather  remarkable  trend 
as  the  surface  temperature  is  reduced  below  the  dew 
point  (here  ),  never  achieving  the  familiar  “plateau” 
observed  in  simple  vapor-only  transport  systems 
(Rosner  et  al.,  1979).  Owing  to  condensate  formation 
from  the  vapor  BL.  and  its  thermophoretically-driven 
transport  to  the  surface,  the  mass  deposition  rate  first 
rises  to  a  maximum,  if  a  is  far  below  its  theoretical 
maximum  the  thermophoretic  transport  of  condens¬ 
ate  cannot  keep  up  with  the  reduced  vapor  flux  and 


the  total  deposition  rate  drops  to  a  value  well  below 
the  first  maximum  before  gradually  recovering  at 
much  lower  surface  temperatures.  These  features  also 
describe  the  total  deposition  rate  when  the  main¬ 
stream  contains  a  dispersed  condensate  with 
w,  (see  Section  3.5). 


3.5.  Combined  deposition  rate 
The  combined  (condensate  particle  and  vapor)  de¬ 
position  rate  over  a  length  L  measured  from  the 
stagnation  point  will  be  given  by 


'=r 


;w=  [7;'.w(*)+;;:»w]dx  (3.5-1) 


where  the  fluxes  j"  and  „  are  given  by  eq.  (2.4-22) 
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Table  6.  Numerical  values  of  /,  (upper  number)  and  (lower  number)  defined  by  eq.  (2.4'31)  as 
functions  of  the  normalized  wall  temperature  d. (Era/r.)  for  a  flat-plate  collector  (m=0),  as: 0.01 
and  stated  values  of  the  parameter  SC  l*A/{RTJi] 


e. 

o 

II 

II 

if=20 

II 

tN> 

*9 

II 

0.98 

9.923E-6 

7.263E-5 

1.470E-$ 

1.828E-4 

1.902E-5 

3.231E-4 

2.292E-5 

4.819E-4 

2.645E-5 

6.499E-4 

0.96 

3.766E-5 

3.929E-4 

5.327E-5 

8.773E-4 

6.599E-5 

1.390E-3 

7.636E-5 

1.865E-3 

8.480E-5 

2.267E-3 

0.94 

8.056E-5 

1.002E-3 

1.091E-4 

1.993E-3 

1.300E-4 

2.832E-3 

1.453E-4 

3.415E-3 

1.564E-4 

3.735E-3 

0.92 

1.363E-4 

1.880E-3 

1.773E-4 

3.328E-3 

2.041E-4 

4.232E-3 

2.216E-4 

4.576E-3 

2.331E-4 

4.495E-3 

0.90 

2.030E  -4 
2.975E  -3 

2.543E-4 

4.6 '7.E  -  5 

2.842E-4 
S.308E  — 3 

3.01 6E-4 
5.I38E-3 

3.119E-4 

4.530E-3 

0.88 

2.790E  -4 
4.218E-3 

3.J76E-4 

S.872E-3 

3.680E-4 

5.934E-3 

3.838E-4 

5.I36E-3 

3.920E-4 

4.068E-3 

0.86 

3.630E-4 

5.532E-3 

4.258E-4 

6.799E-3 

4.547E-4 

6.I06E-3 

4.679E-4 

4.726E-3 

4.740E-4 

3.374E-3 

0.84 

4.539E-4 

6.837E-3 

5.I80E-4 

7.396E-3 

5.439E-4 

5.897E-3 

5.544E-4 

4.09IE-3 

5.587E-4 

2.655E-3 

0.82 

5.508E-4 

8.059E-3 

6.136E-4 

7.653E-3 

6.359E-4 

5.4I8E-3 

6.439E-4 

3.388E-3 

6.468E-4 

2.029E-3 

0.80 

6.534E-4 

9.135E-3 

7.129E-4 

7.597E-3 

7.313E-4 

4.785E-3 

7.371E-4 

2.726E-3 

7.390E-4 

1.544E-3 

0.75 

9.330E-4 

1.088E-2 

9.788E-4 

6.464E-3 

9.889E-4 

3.136E-3 

9.9I3E-4 

1.S54E-3 

9.91 9E- 4 
8.923E-4 

0.70 

1.248E-3 

1.105E-2 

1.278E-3 

4.773E-3 

1.283E-3 

1.992E-3 

1.284E-3 

1.048E-3 

1.285E-3 

7.144E-4 

0.65 

1.607E-3 

9.899E-3 

1.625E-3 

3.335E-3 

1.628E-3 

1.443E-3 

1.628E-3 

9.1t3E-4 

1.629E-3 

7.0g9E-4 

0.60 

2.026E-3 

8.072E-3 

2.036E-3 

2.458E-3 

2.038E-3 

1.273E-3 

2.039E-3 

9.244E-4 

2.039E-3 

7.629E-4 

.  0.55 

2.528E-3 

6.278E-3 

2.535E-3 

2.080E-3 

2.536E-3 

1.286E-3 

2.537E-3 

l.OOlE-3 

2.537E-3 
8.495E-  4 

0.50 

3.I48E-3 

4.992E-3 

3.153E-3 

2.0I8E-3 

3.154E-3 

1.390E-3 

3.155E-3 

1.121E-3 

3.155E-3 

9.669E-4 

and  eq.  (2.4-23).  respectively.  Thus,  if  a  dimensionless 
combined  deposition  rate  is  defined  as 

/  =  (3.5-2) 

2p 

it  is  found  that 

/  =  Rel^  [c,, ,  (St„. ,  +  Sr:. , )  +  to,.  ^  Sf  2.,]  ■  (3.5-3) 

The  values  of  to„,  ^  and  w,.  appear  in  this  expression 
due  to  the  different  definitions  of  St^  ^  and  SC.,  (both 
based  on  a  reference  flux  defined  with  respect  to  o>,  „) 
and  SC  ,  (defined  with  respect  to  w,  „.). 

The  behavior  of  the  preexisting  condensate  St^,, 
[given  by  eq.  (2.4-29)]  was  discussed  in  Section  3.2;  the 
direct  vapor  contribution  Sr..,  can  easily  be  calcu¬ 
lated  from  eq.  (2.4-25)  once  d{m.  Pr)  [eq.  (2.3-6)]  is 
known  [values  used  here  are  given  in  eq.  (3.1-1)];  and 


numerical  values  of  /,  and  /j  from  which  Sr^.,  can 
be  evaluated  [eq.  (2.4-30)]  were  given  in  Section  3.3. 

To  illustrate  the  resulting  trends,  values  of 
/  Re^  are  plotted  in  Fig.  5  for  the  particular 

case  m=  1,  Sc  =  2,  if  =  20,  a=0.I,  and  different  values 
of  the  mainstream  condensate/vapor  ratio  cu,.  „  /u>,.  „ . 
Note  that  for  1  the  deposition  rate  vs  the 

surface  temperature  “fingerprint”  is  close  to  that  de¬ 
scribed  in  Section  3.5.  However,  when  tu, 
greatly  exceeds  unity  the  behavior  becomes  domi¬ 
nated  by  the  laws  of  thermophoreticaliy  dominated 
particle  capture  (Rosner  and  Kim,  1985). 

4.  CONCLUSIONS,  IMPLICATIONS  AND 
RECOMMENDATIONS 

By  invoking  the  realizable  assumptions  of  a  local 
vapor-condensate  equilibrium  within  the  thermal 
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Table  7.  Numerical  values  of  /,  (upper  number)  and  /  flower  number)  defined  by  eq.  (2.4-31)  as 
functions  of  the  normalized  wall  temperature  fl„(  =  7'„/r„)for  an  axisymmetric  stagnation  point 
(m  =  i),  a=0.5  and  stated  values  of  the  parameter  J?  [*A/(/l7'*)] 


e. 

It 

0 

y=\5 

if=20 

if  =  25 

if  =  30 

0.98 

6.I59E-4 

2.125E-4 

9.148E-4 

9.33SE-4 

1.187E-3 

1.932E-3 

1.434E-3 

3.117E-3 

1.658E-3 
4.415E-  3 

0.96 

2.301E-3 

1.744E-3 

3.278E-3 

5.I77E-3 

4.088E-3 

9.120E-3 

4.759E-3 

1.302E-2 

5.315E-3 

1.656E-2 

0.94 

4.888E-3 

5.091E-3 

6.699E-3 

1.259E-2 

8.070E-3 

1.972E-2 

9.108E-3 

2.542E-2 

9.896E-3 

2.939E-2 

0.92 

8.254E-3 

1.029E-2 

1.092E-2 
2.21 2E- 2 

1.277E-2 

3.n9E-2 

1.405E-2 

3.658E-2 

1.494E-2 

3.871E-2 

0.90 

1.231E-2 

1.717E-2 

1.578E-2 

3.260E-2 

1.798E-2 

4.t64E-2 

1.939E-2 

4.468E-2 

2.029E-2 

4.361E-2 

0.88 

1.700E-2 

2.S41E-2 

2.I17E-2 

4.301E-2 

2.360E-2 

5.000E-2 

2.504E-2 

4.941E-2 

2.59IE-2 

4.489E-2 

0.86 

2.227E-2 

3.466E-2 

2.703E-2 

5.258E-2 

2.959E-2 

5.592E-2 

3.100E-2 

5.130E-2 

3.181E-2 

4.392E-2 

0.84 

2.810E-2 

4.451E-2 

3.333E-2 

6.081E-2 

3.595E-2 

5  954E-2 

3.731E-2 

5.122E-2 

3.80SE-2 

4.190E-2 

0.82 

3.449E-2 

5.459E-2 

4.008E-2 

6.746E-2 

4.270E-2 

6.126E-2 

4.401E-2 

5.000E-2 

4.471E-2 

3.971E-2 

0.80 

4.I42E-2 

6.4S5E-2 

4.730E-2 

7.250E-2 

4.990E-2 

6.162E-2 

5.n6E-2 

4.836E-2 

5.183E-2 

3.786E-2 

0.75 

6.138E-2 

8714E-2 

6.772E-2 

7.920E-2 

7.027E-2 

5.981E-2 

7.147E-2 

4.513E-2 

7.214E-2 

3.582E-2 

0.70 

8.570E-2 

1.045E-1 

9.24IE-2 

8.099E-2 

9.502E-2 

5.848E-2 

9.630E-2 

4.506E-2 

9.705E-2 

3.724E-2 

0.65 

I  157E-1 
1.167E-1 

1.229E-1 

8.225E-2 

1.258E-1 

6.008E-2 

1.273E-1 

4.8nE-2 

1.282E-I 

4.121E-2 

0.60 

1.535E-I 

1.258E-1 

I.6I6E-1 

8.592E-2 

1.649E-1 

6.510E-2 

1.666E-1 

S.405E-2 

1.677E-1 

4.735E-2 

0.55 

2.023E-I 

1.350E-1 

2.116E-I 

9.353E-2 

2.156E-1 

7.362E-2 

2.177E-1 

6.272E-2 

2.191E-1 

5.586E-2 

0.50 

2.669E  - 1 
1.477E-1 

2.780E-I 

I.061E-1 

2.830E-1 

8.613E-2 

2.857E-I 

7.479E-2 

2.874E-I 

6.743E-2 

boundary  layer,  and  a  thermophoretic  diffusivity  of 
condensate  particles  which  is  insensitive  to  particle 
size,  the  coupled  two-phase  laminar  BL  problem  of 
predicting  vapor  and  condensate  deposition  rates 
from  initially  saturated  particle-laden  streams  is  re¬ 
duced  to  one  of  simple  quadratures — i.e.  the  numerical 
computation  of  several  explicit  integrals.  Interestingly 
enough,  under  these  conditions  it  is  found  that  the 
total  mass  deposition  rate  can  be  split  into  three 
additive  contributions,  each  governed  by  a  calculable 
mass  transfer  coefficient:  a  vapor  transfer  coefficient 
and  two  condensate  mass  transfer  coefficients,  one 
governing  particle  transport  in  the  (hypothetical)  ab¬ 
sence  of  vapor  scavenging,  and  one  based  on  the 
scavenged  vapor.  This  formalism  allows  rational,  if 
approximate,  predictions  of  vapor  and  condensate 


mass  deposition  rates  over  a  rather  wide  range  of 
system  parameters  of  current  interest,  including  those 
characterizing  flow  geometry,  vapor  Pick  diflusivity 
and  particle  thermophoretic  diffusivity,  mainstream 
condensate  mass  fraction,  carrier  gas  Prandtl  number, 
dimensionless  heat  of  condensate  evaporation  and 
wall/mainstream  temperature  ratio,  subject  to  the 
remaining  assumptions  outlined  in  Section  2.  Illustra¬ 
tive  results  are  presented  in  Section  3  for  important 
special  cases  (planar  and  axisymmetric  stagnation 
point  flow,  fiat-plate  flow)  of  air-like  gases  (com¬ 
bustion  products)  in  the  parameter  ranges 
Q.5^TJT^^l.O,  10'’<«tDX0.5,  and  10 < A/ 
(RT^)  <30.  These  resulu  reveal  that  the  total  depo¬ 
sition  rate  at  surface  temperatures  below  the  main¬ 
stream  dew  point  (Figs  2  and  3)  “inherits’'  some 


CtS  «4;4-r 


950 


Jose  L.  Cashelo  and  Daniel  E.  Rosner 


Table  8.  Numerical  values  of  /,  (upper  number)  and  Gower  number)  defined  by  eq.  (2.4-31)  as 

functions  of  the  normalized  wo."  'emperature  9,  for  an  axisymmetric  stagnation  point 

(m=^),  a =0.1  and  stated  values  of  the  parameter  if  [■A/(/ir„)] 


e. 

o 

II 

i 

1 

II 

II 

II 

if=30 

0.98 

1.279E-4 

1.916E-4 

1.896E-4 

5.519E-4 

2.455E-4 

1.025E-3 

Z962E-4 

1.570E-3 

3.421E-4 

2.155E-3 

0.96 

4.825E-4 

1.160E-3 

6.841E-4 

2.818E-3 

8.494E-4 

4.63tE-3 

9.849E-4 

6.358E-3 

1.096E-3 

7.862E-3 

0.94 

I.029E-3 

3.096E-3 

1.400E-3 

6.607E-3 

1.674E-3 

9.732E-3 

1.877E-3 

1.205E-2 

Z028E-3 

1.348E-2 

0.92 

1.740E-3 

5.972E-3 

2.277E-3 

1.131E-2 

Z635E-1 

1.497E-2 

2.875E-3 

1.674E-2 

3.036E-3 

1.698E-2 

0.90 

2.593E-3 

9.655E-3 

3.274E-3 

1.626E-2 

3.684E-3 

1.937E-2 

3.931E-3 

1.960E-2 

4.081E-3 

1.809E-2 

0.88 

3.569E-3 

1.395E-2 

4.364E-3 

2.092E-2 

4.793E-3 

Z244E-2 

5.028E-3 

Z062E-2 

5.156E-3 

1.742E-2 

0.86 

4.655E-3 

1.862E-2 

5.527E-3 

2.489E-2 

5.952E-3 

Z409E-2 

6.161E-3 

Z019E-2 

6.266E-3 

1.576E-2 

0.84 

5.840E-3 

2.343E-2 

6.757E-3 

2.794E-2 

7.I58E-3 

2.447E-2 

7.338E-3 

1.884E-2 

7.421E-3 

1.378E-2 

0.82 

7.117E-3 

2.817E-2 

8.048E-3 

2.996E-2 

8.41 5E- 3 
Z386E-2 

8.566E-3 

1.708E-2 

8.631E-3 

1.193E-2 

0.80 

8.482E-3 

3.261E-2 

9.402E-3 

3.100E-2 

9.731E-3 

Z261E-2 

9.856E-3 

1.527E-2 

9.908E-3 

1.041E-2 

0.75 

I.228E-2 

4.145E-2 

1.311E-2 

3.021E-2 

1.334E-2 

1.857E-2 

1.343E-2 

1.178E-2 

1.346E-2 

8.271E-3 

0.70 

1.671E-2 

4.609E-2 

1.739E-2 

2.692E-2 

1.757E-2 

1.543E-2 

1.764E-2 

1.026E-2 

1.767E-2 

7.837E-3 

0.65 

2.192E-2 

4.679E-2 

2.249E-2 

2.370E-2 

Z264E-2 

1.402E-2 

Z270E-2 

1.015E-2 

2.273E-2 

8.269E-3 

0.60 

2.821E-2 

4.509E-2 

2.871E-2 

2.186E-2 

Z886E-2 

1.405E-2 

Z892E-2 

1.087E-2 

Z896E-2 

9.190E-3 

0.55 

3.600E-2 

4.294E-2 

3.648E-2 

2.171E-2 

3.664E-2 

I.510E-2 

3.672E-2 

1Z18E-2 

3.676E-2 

1.052E-2 

0.50 

4.594E-2 

4.200E-2 

4.645E-2 

2.307E-2 

4.663E-2 

1.698E-2 

4.672E-2 

1.406E-2 

4.677E-2 

1.233E-2 
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Table  9.  Numerical  values  of  /,  (upper  number)  and  Oower  number)  defined  by  eq.  (2.4-31)  as 
functions  of  the  normalized  wall  temperature  0.  (•TJTJ\  for  an  axisymmetric  stagnation  point 
(m='i),  a^O.Ol  and  stated  values  of  the  parameter  X  [■  A/IRT.,)] 


e. 

o 

II 

II 

a 

iP»25 

if-30 

0.98 

1.306E-5 

6.796E-5 

1.935E-5 

1.736E-4 

2.503E-5 

3.085E-4 

3.016E-5 

4.61SE-4 

3.480E-5 

6.237E-4 

0.96 

4.960E-5 

3.862E-4 

7.013E-5 

8.693E-4 

8.68SE-5 

1.382E-3 

l.OOSE-4 

1.8S8E-3 

1.115E-4 

2.261E-3 

0.94 

1.061E-4 

1.018E-3 

1.436E-4 

2.037E-3 

I.7I0E-4 

2.901E-3 

1.9I0E-4 

3.502E-3 

2.056E-4 

3.833E-3 

0.92 

1.795E-4 

1.956E-3 

1332E-4 

3.478E-3 

ZM3E-4 

4.428E-3 

2.913E-4 

4.793E-3 

3.062E-4 

4.7nE-3 

0,90 

2.673E-4 

3.151E-3 

3.344E-4 

4.968E-3 

3.734E-4 

5.644E-3 

3.961E-4 

5.465E-3 

4.094E-4 

4.820E-3 

0.88 

3.672E-4 

4.528E-3 

4.438E-4 

6.315E-3 

4.834E-4 

6.385E-3 

5.038E-4 

5.S26E-3 

5.143E-4 

4.376E-3 

0.86 

4,775E-4 

6.001E-3 

5.595E-4 

7.382E-3 

J.968E-4 

6.628E-3 

6.139E-4 

5.127E-3 

6.217E-4 

3.658E-3 

0.84 

5.968E-4 

7.478E-3 

6.802E-4 

8.089E-3 

7.136E-4 

6.442E-3 

7.270E-4 

4.463E-3 

7.324E-4 

2.894E-3 

0.82 

7.239E-4 

8.873E-3 

8.054E-4 
8.41 5E- 3 

8.339E-4 

5.945E-3 

8.440E-4 

3.710E-3 

8.476E-4 

1219E-3 

0.80 

8.583E-4 

I.OllE-2 

9.351E-4 

8.386E-3 

9.586E-4 

5.265E-3 

9.659E-4 

2.992E-3 

9.681E-4 

1.692E-3 

0.75 

1.224E-3 

1.213E-2 

1.283E-3 

7.167E-3 

1.295E-3 

3.456E-3 

1.298E-3 

1.708E-3 

1.298E-3 

9.850E-4 

0,70 

1.635E-3 

1.236E-2 

1.673E-3 

5.281E-3 

1.679E-3 

ZI90E-3 

1.680E-3 

1.158E-3 

I.680E-3 

7.980E-4 

0.65 

2.I02E-3 

1.105E-2 

2.125E-3 

3.670E-3 

Z127E-3 

1.590E-3 

2.128E-3 

1.017E-3 

2.128E-3 

8.006E-4 

0.60 

2.647E-3 

8.955E-3 

2.659E-3 

2.694E-3 

2.660E-3 

1.412E-3 

2.661E-3 

1.041E-3 

2.660E-3 

8.683E-4 

0.55 

3.298E-3 

6.901E-3 

3.305E-3 

2.283E-3 

3.306E-3 

1.437E-3 

3.306E-3 

1.I35E-3 

3.306E-3 

9.72IE-4 

0.50 

4.099E-3 

5.440E-3 

4,104E-3 

Z228E-3 

4.105E-3 

1.563E-3 

4.105E-3 

1.277E-3 

4.104E-3 

l.inE-3 
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Table  10.  Numerical  values  of  /,  (upper  number)  and  /j  (lower  number)  defined  by  eq.  (2.4-31)  as 
functions  of  Die  normalized  wall  temperature  fl,(=  T./T, )  for  a  two-dimensional  (planar)  stagnation 
line  collector  (m  =  1),  «  --0  5  and  stated  values  of  tlie  parameter  if"  [s  A/(R  7,)] 


e. 

^=10 

^^”  =  20 

1 

1 

II 

K> 

II 

0.98 

7.975E-4 

2.366E-4 

1.184E-3 

l,U4E-3 

1.536E-3 

2.335E-3 

1.856E-3 

3.787E-3 

2.I46E-3 

5.377E-3 

0.96 

2.983E-3 

2.0S8E-3 

4.248E-3 

6.253E-3 

5.295E-3 

1.108E-2 

6.162E-3 

1.587E-2 

6.881E-3 

2.020E-2 

0.94 

6.339E  -  3 
6.095E-3 

8.683E-3 

1.528E-2 

1.045E-2 

2.403E-2 

1.179E-2 

3.I02E-2 

I.28IE-2  • 
3.586E-2 

0.92 

1.071E-2 

1.241E-2 

1.416E-2 

2.693E-2 

1.654E-2 

3.805E-2 

1.819E-2 

4.463E-2 

I.933E-2 

4.721E-2 

0.90 

I.597E-2 

2.080E-2 

2.045E-2 

3.976E-2 

2.328E-2 

5.08IE-2 

2.508E-2 

5.449E-2 

2.624E-2 

5.311E-2 

0.88 

2.205E-2 

3.088E-2 

2.743E-2 

5.249E-2 

3.054E-2 

6.100E-2 

3.238E-2 

6.0)9E-2 

3.348E-2 

5.458E-2 

0.86 

2.888E-2 

4.220E-2 

3.500E-2 

6.418E-2 

3.828E-2 

6.818E-2 

4.008E-2 

6.240E-2 

4.nOE-2 

5.328E-2 

0.84 

3.643E-2 

5.427E-2 

4.315E-2 

7.42IE-2 

4.648E-2 

7.250E-2 

4.82IE-2 

6.218E-2 

4.91 5E- 2 
5.073E-2 

0.82 

4.469E-2 
6.662E  -  2 

5.186E-2 

8.229E-2 

5.519E-2 

7.449E-2 

5.685E-2 

6.060E-2 

5.773E-2 

4.799E-2 

0.80 

5.367E-2 

7.881E-2 

6.118E-2 

8.836E-2 

6.448E-2 

7.481E-2 

6.606E-2 

5.851E-2 

6.691E-2 

4.570E-2 

0.75 

7.945E-2 

1.064E-1 

8.750E-2 

9.623E-2 

9.072E-2 

7.232E-2 

9.224E-2 

5.444E-2 

9.308E-2 

4.32IE-2 

0.70 

1.108E-1 

1.274E-1 

1.193E-1 

9.803E-2 

I.226E-I 

7.052E-2 

1.242E-I 
5.433E-2  . 

I.252E-I 

4.500E-2 

0.65 

1.4y5E-  1 
1.418E-I 

1.586E-1 

9.922E-2 

I.622E-1 

7.239E-2 

1.641E-I 

5.8I6E-2 

1.652E-1 

4.99IE-2 

0.60 

1.982E-1 

1.523E-I 

2.083E  - 1 
1.034E-1 

2.125E-! 

7.847E-2 

2.147E-1 

6.537E-2 

2.162E-1 

5.746E-2 

0.55 

2.609E  - 1 
1.628E-1 

2.726E-1 

1.125E-1 

2.777E-1 

8.882E-2 

2.805E-1 

7.597E-2 

2.823E-I 

6.788E-2 

0.50 

3.439E-1 

1.776E-1 

3.580E-I 

1.276E-I 

3.643E-I 

I.040E-1 

3.678E-1 

9.069E-2 

3.701E-1 

8.202E-2 
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Table  II.  Numerical  values  of  /,  (upper  number) and  /j  defined  by  eq.  (2.4-31)  as 

functions  of  the  normalized  wall  temperature  9«(  s  TJT^)  for  a  two-dimensional  (planar)  stagnation 
line  collector  (m=  1),  a=U.l  and  stated  values  of  the  parameter  Sf  [sA/(/ir„)] 


e. 

if’=10 

II 

^”  =  20  • 

II 

0.98 

I.652E-4 

2.449E-4 

3.I71E-4 

3.825E-4 

4.418E-4 

2.400E-4 

6.942E-4 

1.291E-3 

1.978E-3 

2.71 5E- 3 

0.96 

6.237E-4 

8.843E-4 

1.098E-3 

1.273E-3 

1.416E-3 

1.426E-3 

3.478E-3 

5.723E-3 

7.859E-3 

9.718E-3 

0.94 

1.33IE-3 

1.810E-3 

2.164E-3 

2.426E-3 

2.621E-3 

3.789E-3 

8.111E-3 

1.195E-2 

1.479E-2 

1.654E-2 

0.92 

2.251E-3 

2.944E-3 

3.407E-3 

3.71 5E- 3 

3.922E-3 

7.300E-3 

1.385E-2 

1.833E-2 

2.048E-2 

2.075E-2 

0.90 

3.354E-3 

4.233E-3 

4.761E-3 

5.079E-3 

5.271E-3 

1.180E-2 

1.989E-2 

2.367E-2 

2.392E-2 

2.204E-2 

0.88 

4.617E-3 

5.641E-3 

6.194E-3 

6.494E-3 

6.658E-3 

I.704E-2 

2.557E-2 

7..738E-2 

2.511E-2 

Z116E-2 

0.86 

6.021E-3 

7.144E-3 

7.689E-3 

7.956E-3 

8.090E-3 

2.275E-2 

3.039E-2 

2.935E-2 

2.452E-2 

1.909E-2 

0.84 

7.552E-3 

8.730E-3 

9.244E-3 

9.473E-3 

9.578E-3 

2.863E-2 

3.407E-2 

2.975E-2 

2.284E-2 

1.665E-2- 

0.82 

9.202E-3 

I.040E-2 

1.086E-2 

1.106E-2 

l,114E-2 

3.440E-2 

3.650E-2 

2.896E-2 

2.065E-2 

1.437E-2 

0.80 

1.096E-2 

1.2I4E-2 

I.256E-2 

1.272E-2 

1.278E-2 

3.981E-2 

3.772E-2 

2.738E-2 

1.841E-2 

1.252E-2 

0.75 

I.587E-2 

1.69IE-2 

I,72IE-2 

1.732E-2 

1.736E-2 

5.053E-2 

3.66IE-2 

2.238E-2 

1.415E-2 

9.944E-3 

0  70 

2.156E-2 

2.243E-2 

2.265E-2 

2.273E-2 

2.278E-2 

5.604E-2 

3.247E-2 

1.853E-2 

I.233E-2 

9.454E-3 

0.65 

2.826E-2 

2.898E-2 

2.917E-2 

2.925E-2 

2.930E-2 

5.669E-2 

2.846E-2 

1.683E-2 

1.223E-2 

l.OOlE-2 

0.60 

3.633E-2 

3.697E-2 

3.71 5E- 2 

3.724E-2 

3.730E-2 

5.438E-2 

2.620E-2 

1.690E-2 

1.314E-2 

1.115E-2 

0.55 

4.633E-2 

4.694E-2 

4.714E-2 

4.725E-2 

4.731E-2 

5.I55E-2 

2.60IE-2 

1.820E-2 

1.475E-2 

1.279E-2 

0.50 

5.907E-2 

5.971E-2 

5.995E-2 

6.007E-2 

6.01 5E- 2 

5.026E-2 

2.768E-2 

2.051E-2 

1.706E-2 

1.501E-2 

954 


Jose  L.  Castillo  and  Daniel  E  Rosner 


Table  12.  Numerical  values  of  /,  (upper  number)  and  (lower  number)  defined  by  eq.  (2.4-31)  as 
functions  of  the  normalized  wall  temperature  6.  ( ■  TJTJi  for  a  two-dimensional  (planar)  stagnation 
line  collector  (m«  1),  a«0.01  and  stated  values  of  the  parameter  !t  [wAARrs)] 


0. 

o 

1 

i!'-15 

ir-20 

ir-25 

if-30 

0.98 

1.685E-5 

9.461E-5 

2.496E-5 

2.407E-4 

3.229E-5 

4.270E-4 

3.891E-5 

6.381E-4 

4.490E-5 

8.6I6E-4 

0.96 

6.401E-5 

5.139E-4 

9.050E-5 

1.155E-3 

1.12IE-4 

i.835E-3 

1.296E-4 

Z464E-3 

1.440E-4 

Z995E-3 

0.94 

1.369E-4 

1.335E-3 

1.853E-4 

1667E-3 

Z207E-4 

3.793E-3 

1465E-4 

4.574E-3 

Z654E-4 
5.000E-3  . 

0.92 

2.317E-4 

2.539E-3 

3.010E-4 

4.505E-3 

3.464E-4 

5.727E-3 

3.760E-4 

6.188E-3 

3.954E-4 

6.071E-3 

0.90 

3.450E-4 
4.054E  -  .1 

4.317E-4 

6.379E-.1 

4.S21E-4 
7Z30E-  3 

5.114E-4 
6.985E  3 

5.285E-4 

6.145E-3 

0.88 

4.741E  -4 
5.783E-3 

5.730E  -4 
8.045E-3 

&240E-4 

8.110E-3 

6.504E-4 

6.996E-3 

6.641E-4 

5.521E-3 

086 

6.165E-4 

7.614E-3 

7.223E-4 

9.337E-3 

7.706E-4 

8.353E-3 

7.926E-4 

6.435E-3 

8.027E-4 

4.571E-3 

0.84 

7.705E-4 

9.434E-3 

8.782E-4 

1.017E-2 

9.213E-4 

8.060E-3 

9.386E-4 

5.556E-3 

9.457E-4 

3.582E-3 

0.82 

9.347E-4 

1.114E-2 

1.040E-3 

1.051E-2 

1.077E-3 

7.388E-3 

1.090E-3 

4.583E-3 

1.094E-3 

2.723E-3 

0.80 

1.108E-3 

1.263E-2 

1.207E-3 

1.042E-2 

1.238E-3 

6.501E-3 

1.247E-3 

3.668E-3 

1.250E-3 

Z061E-3 

0.75 

1.580E-3 

1.501E-2 

1.655E-3 

8.798E-3 

1.672E-3 

4.207E-3 

1.675E-3 

Z064E-3 

1.676E-3 

1.186E-3 

0.70 

2.I10E-3 

1.517E-2 

Z159E-3 

6.41 3E- 3 

Z167E-3 

Z637E-3 

1168E-3 

1.392E-3 

2.169E-3 

9.626E-4 

0.65 

2.71 2E- 3 
1.346E-2 

2.741E-3 

4.415E-J 

Z745E-3 

1.907E-3 

Z746E-3 

1Z25E-3 

Z746E-3 

9.702E-4 

0.60 

3.41 3E- 3 
1.082E-2 

3.429E-3 

3.224E-3 

3.431E-3 

1.697E-3 

3.432E-3 

U59E-3 

3.433E-3 

1.056E-3 

0.55 

4.250E-3 

8.277E-3 

4.260E-3 

Z732E-3 

4.262E-3 

1.734E-3 

4.263E-3 

1.378E-3 

4.264E-3 

1.185E-3 

0.50 

5.280E-3 

6.487E-3 

5J87E-3 

2.673E-3 

5.289E-3 

1.892E-3 

5.290E-3 

1.553E-3 

5.291E-3 

1.356E-3 

characteristics  previously  assoaated  with  pure  vapor 
deposition  (Rosner  ti  of.,  1979;  Castillo  and  Rosner, 
1989;  Rosner  and  Liang,  1986;  Liang  and  Rosner, 
1987)  and  some  characteristics  associated  with  pure 
thermophoretically  dominated  fiarticle  transport 
(Rosner  and  Kim,  1983;  Gdko^u  and  Rosner,  1984a), 
with  the  relative  contributions  scaling  with  the  re¬ 
spective  mass  fractions,  co,  ,,(r*)  and  <a,,,  in  the 
saturated  mainstream.  Experiments  are  underway  in 
the  authors  laboratory  to  test  some  of  these  predic¬ 
tions  under  well-defined  seeded  hydrocarbon/air  flat 
flame  conditions,  but  at  Reynolds  numbers  lower  than 
those  assumed  in  the  present  BL  theory  (Re''^>  1). 

The  theory  was  also  extended  into  the  domain  of 
nonnegligible  particle  loading,  of  importance  in  many 
material  processing  applications  (Park  and  Rosner, 


1989;  Kosner  and  Park,  1988).  This  analysis,  and  iu 
predecessor  for  undersaturated  mainstreams  (Castillo 
and  Rosner,  1989),  provide  the  theoretical  back¬ 
ground  necessary  to  examine  the  consequences  of 
relaxing  the  simplifying  assumption  that  the  con¬ 
densate  surface  area  per  unit  volume  is  large  enough 
to  maintain  a  vapor-condensate  equilibrium  every¬ 
where  within  the  thermal  BL  (Castillo  and  Rosner, 
1988;  Rosner  and  Liang,  1988).  While  nonequilibrium 
situations  will  undoubtedly  be  encountered  in  specific 
applications,  the  simplicity  and  generality  of  the 
present  asymptotic  cases,  and  the  insights  obtained 
from  their  investigation,  amply  justify  their  quantitat¬ 
ive  examination  here.  Since  these  two-phase  con¬ 
vective  mass  transfer  phenomena  are  important  in  a 
wide  variety  of  materials  processing — and  energy  con- 
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T(WALL)/T{6AS) 

Fig.  4.  Surface  temperature  dependence  of  the  direct  vapor 
contribution  Sr.,,.  Re'J^  (dashed  tine  d)  and  the  sum 
(Sr.,,  +  Sii,,)Rei'^  associated  with  the  presence  of  vapor  in 
the  mainstream  for  different  values  of  condensate  thermo- 
phoretic  parameter  a.  Conditions:  Pr= 0.7,  Sc  =  2,  i?  =  20, 
in=  I. 


T(WALL1/T(GAS) 

Fig.  5.  Surface  temperature  dependence  of  the  combined 
dimensionless  mass  transfer  coefficient  {[St.,,+SC., 
+(tu,,./<<)„  .ISrS.JRei'^)  for  two-dimensional  planar) 
stagnation  line  collector  (m=  I)  and  Pr=0.1,  a>0.t,  Sc»2, 
if  =  20,  and  stated  values  of  the  mainstream  condensate/ 
vapor  ratio  parameter  .. 


version — technologies,  this  new  body  of  quantitative 
results  should  prove  useful  for  making  rapid  engin¬ 
eering  design  predictions,  and  for  interpreting  exper¬ 
imental  data  obtained  in  the  laboratory  or  field  under 
conditions  of  combined  (interactive)  particle  and 
vapor  deposition. 
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NOTATION 
a  constant  in  eq.  (2.2-1) 

A  function  defined  by  eq.  (2.4-6) 

B  (unction  defined  by  eq.  (2.4-7) 

D  diffusion  coefficient 

/  Blasius  function  [eq.  (2.2-5)] 

j"  local  deposition  rate 

/  combined  dimensionless  deposition  rate  [eq. 
(3.5-2)] 

/i  functions  defined  by  eq.  (2.4-31) 

L  distance  along  the  wall  from  the  stagnation 
point 

if  parameter  defined  by  eq.  (2.4-16) 

m  parameter  defined  in  eq.  (2.2-1)  [m  =  ^/(2 

-«] 

M,  molecular  weight  of  vapor 

p,  vapor  pressure 

Pr  Prandtl  number  (Pr = v/a*) 

f"  local  rate  of  vapor  consumption  [eq.  (2.4-1)] 

R  universal  gas  constant 

Re,  Reynolds  number  (Re,=u,x/v) 

Sc  vapor  Schmidt  number  {Sc=vlDJ 

St„  mass  transfer  Stanton  number  [eqs  (2.4-24), 

(2.2-26)  and  (2.2-27)] 
t  time 

T  temperature  field 

u,  external  (potential)  flow  velocity  along  x  [eq. 

(2.2-1)] 

V  velocity  field  (u,  e) 

X  distance  along  the  wall  from  the  stagnation 

point  (Fig.  1) 

y  distance  normal  to  the  wall  (Fig.  1) 

Creek  letters 

a.  normalized  thermophoretic  coefficient  (a 

^arDJv) 

ti„  thermal  diffusivity 

■r  thermophoretic  factor  [eq.  (2.1-1)] 

included  (wedge)  angle  (Fig.  1) 
y  constant  in  eq.  (2.1-3) 

6  function  defined  by  eq.  (2.3-6)  [5(Pr,  m)] 

ff  similarity  variable  [»|=(>’/x)(u,x/v)‘'^] 

B  dimensionless  temperature  field  (0=  TIT^) 

A  constant  in  eq.  (2.1-3) 

v  momentum  diffusivity  (gas  kinematic  vis¬ 

cosity) 
p  density 

^  stream  function  [eq.  (2.2-5)] 

(u,  vapor  mass  fraction  (cu,=:p,/p) 
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(0^  condensate  mass  fraction  (to,  sp,/p) 

a>"'  dimensionless  vapor  consumption  [eq. 

(2.4-5)] 

Ci  normalized  mass  fractions  [eqs  (2.4-9)- 

(2.4-11)] 

O'"  normalized  vapor  consumption  (O'" 

functions  defined  by  eqs  (2.4- 1 8)  and  (2.4- 1 9) 
Subscripts 

c  condensate  particles 

T  thermophoretic 

V  vapor 

tv  at  the  wall 

00  at  mamstream 

Superscripts 

eq  equilibrium  value  over  a  flat  layer  of  con¬ 

densate 

0  corresponding  to  the  preexisting  condensate 

particles 

v  corresponding  to  the  vapor  scavenged  by  the 

particles 

derivative  with  respect  to  ti 
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Abstract — In  highly  loaded  aerosol  flow  systems  of  industrial  interest,  to  w'hat  extent  is  the  particle  size 
distribution  (PSD)  in  a  deptosit  altered  by  inevitable  ron^u/aiion  events  within  the  thin  two-phase  "boundary 
layer"  adjacent  to  the  collecting  surface?  As  a  timely  example,  under  typical  optical  waveguide  preform 
deposition  conditions  (which  include  thermophorctically  dominated  submicron  particle  deposition  at  high 
particle  mass  loadings),  we  predict  that,  while  Brownian  diffusion  plays  a  negligible  role  in  determining  the 
total  particle  mass  deposition  rate.  Brownian  coagulation  (along  with  gas  shear)  plays  an  important  role  in 
determining  the  size  distribution  of  the  depositing  panicles  of  doped  silica.  Since  the  size  spectrum  of  the 
depositing  panicles,  here  assumed  to  be  spherical,  will  strongly  influence  all  thermophysical  and  structural 
properties  of  the  porous  deposited  glass,  our  mathematical  model  'illustrative  calculations  can  be  used  to 
circumvent  the  difficult  problem  of  optically  probing  the  thin  laminar  thermal  boundary  layer  to  infer  this 
size  spectrum  information  Moreover,  an  understanding  of  “PSD  shifts"  induced  by  coagulation  in  the 
immediate  vicinity  of  sampling  probes  surfaces  (including  "thermophoretic  sampling"  recently  applied  in 
organic  soot  research)  can  be  used  to  correct  electron-microscope-inferred  particle  size.'shape  distributions 
for  the  systematic  effects  of  coagulation  within  such  boundary  layers  in  systems  with  higher  particle  mass 
loadings 
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BOUNDARY  LAYER  COAGULATION  EFFECTS  ON 
THE  SIZE  DISTRIBUTION  OF  THERMOPHORETICALLY 
DEPOSITED  PARTICLES^ 

H.  M.  PARK*  and  DANIEL  E.  ROSNER* 

Department  of  Chemical  Engineering,  Yale  University,  New  Haven,  CT  06S20,  U.S.A. 

(Accepted  in  revised  form  10  March  1989) 

Abstrael — In  hiahiv  loaded  aemtnl  «/>«!/  j-dustris!  interest,  to  wiidi  cment  is  the  particle  size 

distribution  (PSD)  m  a  deposit  altered  by  inevitable  coagulation  events  within  the  thin  two-phase  “boundary 
layer'  adjacent  to  the  collecting  surface'’  As  a  timely  example,  under  typical  optical  waveguide  preform 
deposition  conditions  (which  include  thermophoreticaily  dominated  submicron  particle  deposition  at  high 
particle  mass  loadings),  we  predict  that,  while  Brownian  diffusion  plays  a  negligible  rote  in  determining  the 
total  particle  mass  deposition  rate.  Brownian  coagulation  (along  with  gas  shear)  plays  an  important  role  in 
determining  the  size  distribution  of  the  depositing  panicles  of  doped  silica.  Since  the  size  spectrum  of  the 
depositing  particles,  here  assumed  to  be  spherical,  will  strongly  influence  all  thermophysical  and  structural 
properties  of  the  porous  deposited  glass,  our  mathematical  model/illustrative  calculations  can  be  used  to 
circumvent  the  difficult  problem  of  optically  probing  the  thin  laminar  thermal  boundary  layer  to  infer  %is 
size  spectrum  information.  Moreover,  an  understanding  of  “PSD  shifts“  induced  by  coagulation  in  the 
immediate  vicinity  of  sampling  probes/surfaoes  (including  “thermophoretic  sampling'  recently  applied  in 
organic  soot  research)  can  be  used  to  correct  electron-microscope-inferred  particle  size/shape  distributions 
for  the  systematic  effects  of  coagulation  within  such  boundary  layers  in  systems  with  higher  particle  mass 
loadings. 


INTRODL'CTION 

In  most  previous  particle  deposition  rate  theories  [see, 
for  example,  FriedUnder  (1977)  p.csr.er  {!989) 
(who  explicitly  considered  convcction/Brownian  dif¬ 
fusion);  and  Goren  (1977),  Rosner  and  Park  (1988)  and 
Park  and  Rosner  (1986,  1987)  (who  considered 
thermophoreticaily  driven  submicron  aerosol  particle 
transport  through  nonisothermal  combustion  prod¬ 
uct  gases)]  it  has  been  assumed  that  the  suspended 
particles  were  spherical  and  remained  constant  in 
diameter  up  to  the  moment  of  deposition.  However,  as 
is  well  known,  aerosols  are  unstable  with  respect  to 
coagulation,  and,  especially  in  highly  loaded  aerosol 
systems,  coagulation  may  exert  an  important  influence 
on  system  or  product  performance.  In  previous  in¬ 
vestigations  of  thermophoretic  deposition  rates  under 
conditions  of  high  particle  mass  loading  we  could 
neglect  particle  coagulation  phenomena  by  exploiting 
the  fact  that  since  the  ’bermopboretic  diffusi'vity, 
oiT^r  •tn^ains  nearly  constant  with  respect  to  the 
particle  Knudsen  number  for  submicron  particles  in 
atmospheric  pressure  combustion  products  (Rosner, 
1980),  particle  coagulation  does  nor  affect  the  resulting 
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aerosol  deposition  rate  (Rosner  and  Park,  1988).  How¬ 
ever.  in  many  industrial  applications,  including  the 
manufacture  r.f  “preforms"  for  optical  waveguides,  the 
size  distribution  of  the  depositing  particles  will  exert  a 
strong  influence  on  the  porosity  and  other  important 
microstructural  properties  of  the  deposit 
(Tassopoulos  et  ai,  1989),  thereby  affecting  all  sub¬ 
sequent  processing  (e.g.  drying,  spinning  etc.)  (Reiser, 
1983).  As  a  useful  first  step  in  the  prediction  of  size 
distribution  “shifts"  for  thermophoreticaily  deposited 
particles  we  present  here  a  simple  mathematical  model 
that  describes  particle  coagulation  behavior  across 
nonisothermal  highly-loaded  “dusty-gas"  laminar 
boundary  layers  (BLs). 

THEORETICAL  FORMULATION 
Overall  BL  flow  structure 

If  we  neglect  particle  inertia!  drift  [see  Rosner  and 
Park  (1988,  Appendix)],  the  Eulcrian  BL  flow  equations 
for  highly  particle  mass  loaded  systems  treated  as  a 
continuum  are  [ser^  for  example,  Fernandez  de  la 
Mora  and  Rosner(1982)and  Rosner  and  Park(l988)] 
a  mixture  mass  balance,  x-momentum  balance,  mix¬ 
ture  energy  balance  and  total  particle  mass  (irrespec¬ 
tive  of  particle  size)  balance.  In  their  self-similar  forms 
these  equations,  combined  with  an  appropriate  mix¬ 
ture  equation  of  state  (p  =  [pM,/(/?r)](l  —to,)' '}  and 
boundary  conditions,  were  derived  and  solved  nu¬ 
merically  by  Rosner  and  Park  (1988)  to  obtain  the 
overall  boundary  layer  structure  and  wall  transfer 
rates  of  x-momentum,  mass  and  energy,  under  para¬ 
metric  conditions  relevant  to  optical  waveguide  pro¬ 
cessing.  It  was  pointed  out  [Rosner  and  Park  (1988, 
Appendix  5)]  that,  while  the  explicitly  considered 
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the  case  of  “monodispersed”  submicron  particles  in 
the  absence  of  coagulation,  because  of  the  particle  size 
independence  of  the  particle  thermophoretic  dif- 
fusivity,  our  earlier  solutions  for  the  distribu¬ 

tion  of  the  total  particle  mass  fraction,  w^,  remain  valid 
even  in  the  case  of  nonnegligible  coagulation  (due  to 
Brownian  motion,  gas  shear. .  .  .). 

Because  of  our  present  interest  in  the  size  distribu¬ 
tion  of  the  thermophoretically  deposited  particles  (here 
considered  spherical,  assuming  rapid  coalescence),  to 
the  abovementioned  set  of  equations  we  now  add  the 
following  set  of  particle  balance  equations.  These 
steady-state  Eulerian  balance  equations  [see,  for 
example,  Rosner  (1986)]  one  for  each  selected  size 
class  /( (Ic  =  1,  2, . . .)  and  corrected  to  apply  to  particles 
in  a  variable  density  mixture,  equate  the  net  out¬ 
flow/volume  of  particles  by  convection  and  thermo¬ 
phoretic  drift,  to  the  net  rate  at  which  particles  of  this 
size  class  are  “born”  as  a  result  of  “binary"  coagulation 
events  [see,  for  example,  Friedlander  (1977)].  In  our 
present  notation  (see  Fig.  1).  after  making  the  now- 
familiar  (Re)'  ^  >  1  laminar  oundary  layer  (LBL) 
approximations,  [see.  for  example,  Schlicting  (1979)] 
they  can  be  written  as: 

Particle  (size  class)  balance  equations: 


rn, 

u - h  r — 

r.x  cy 


(1 


c  In  r,  rut 
cy  cy 


n»  div  V, 


+  ::■  Z  P^di,d^)n,nj 

^  i+y** 


Pid,.  <fj)  FI, 


(2-1) 


where  fij  =  particle  number  density  of  size  class 
k  {k-  \,  2,  .  .  .);  Vp  =  particle  velocity  field  given  by 


r..  -I  r  u  -1 

'  = 

,  ^  Ing 

Li-J 

C-(l  -10,15,^0,,-^ 

and  Pld,,  dy)  =  collision  frequency  function  which 
depiends  on  the  sizes  of  the  colliding  particles  and  on 
local  properties  of  the  system  such  as  temperature, 
pressure  etc. 


Fig.  1.  High  Reynolds  number  viscous  flow  configuration; 
body-orienied  boundary  layer  coordinate  system  and 
nomenclature,  axisymmetnc  case  (k  =  I)  shown. 


In  the  “source"  term  containing  the  factor:  (1/2)^ 
(d„dy)  the  notation  i+j^k  indicates  that  the 
summation  is  taken  only  over  those  collisions  for 
which  df  +dj—di  (i.e.  those  binary  encounters  which 
“populate"  size  class  d^). 

Thus,  in  addition  to  the  LBL  equations  already 
stated/solved  in  Park  (1987)  and  Rosner  and  Park 
(1988),  we  now  (subsequently)  solve  the  particle  coagu¬ 
lation  equations,  which,  in  BL  ({,  tj)  coordinates,  take 
the  form 


dn,  dm 

1)^  +  Q(i,  1)77  +  S({,  Fj)Fl4 
dF)  8i 


+:;•  Z  Pid„dj)n,nj-n^Y.  Pidi,dt)ni=0 

(k  =  1.  2, .  . .  K)  (2.2) 

where /is  the  dimensionless  (Blasius)  stream  function, 
g=  T/T„  and,  in  the  notation  of  Rosner  and  Park 
(1988): 

■  ding 


(2-3) 


.^'""-".".'■.9^(6)’' 

sii,  >1)  s  -p.py.fi  — )  — 
p  \L„,J  di 

•  zrf^oV^Sp/f  df\ 

p  VL,.,/  dri\2i  di) 

^  /  fo  Y' d  r  ding] 

Tcoc 

•I' 


where  rj  and  are  the  ‘‘stretched*'  coordinates  given  by 


-1 


F/(x,y)  s(2{)’'’u,  pdy 
Jo 

I  for  axisymmetric  LBL  flow  (cf.  Fig 
0  for  planar  LBL  flow 


The  appropriate  boundary  conditions  on  the  n^  values 
are  simply  that,  at  f;  =  00,  fi,  -*  n, ,  (specified).  Note 
that,  since  the  PDEs  for  the  nj  are  first-order,  no 
condition  on  the  fij  ,  need  be  specified — indeed,  it  is 
the  relative  n,  „  values  which  we  seek. 

As  before,  to  solve  this  additional  set  of  (hyperbolic) 
PDEs  we  used  the  finite-difference  method  of  Keller 
(1974),  applied  extensively  to  the  BL  situations  by 
Cebeci  and  Smith  (1974)  and  Cebeci  and  Bradshaw 
(1976).  This  scheme  is  unconditionally  stable  and 
appropriate  for  the  present  highly  implicit,  nonlinear 
problem.  The  overall  solution  scheme  is  shown  in 
Figure  2. 
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Boundary  layer  coagulation  effects 


Fig  2.  Program  logic  diagram  for  numerically  solving  the 
coupled  laminar  boundary  layer  balance  equations  and 
suspended  particle  coagulation  equations  (general  (nonself¬ 
similar)  easel 


Coagulation  kernels 

Particle  collision  and  coalescence  lead  to  a  reduc¬ 
tion  in  the  total  number  density  of  particles  and  an 
accompanying  increase  in  their  average  diameter.  If 
the  number  of  collisions  occurring  per  unit  time  per 
unit  volume  between  the  two  classes  of  particle  of 
Hiampters  W  ;;  v.’ritter.  ;r.  the  “mass-aciiorr 

form:  P\d, .  d;)  n.riy,  then  8{d„  dj )  is  the  so-called  colli¬ 
sion  frequency  function  or  collision  “kerner  These 
“rate  constants”  depend  on  the  sizes  of  the  colliding 
particles  and  on  the  local  properties  of  the  system, 
such  as  temperature  and  pressure.  Of  course,  to  solve 
the  coagulation  rate  equations  we  must  specify  the 
form  of  8ld,.  dj),  which,  as  discussed  below,  is  deter¬ 
mined  by  the  mechanism  of  particle  collision.  In  all 
coagulation  estimates  below  we  assume  that  each 
encounter  is  “successful" — i.e.,  there  are  no  apreciable 
barriers  to  “sticking"  and  coalescence. 

Brownian  coagulation.  Aerosol  particles  collide  as  a 
result  of  their  Brownian  motion  in  the  high-tempera¬ 
ture  “background"  gas  For  particles  much  larger  than 
the  prevailing  gas  mean-free-path  the  particle-particle 
collision  process  is  diffiision-lirp.tted  (Smcluchowski) 


and  8{di,  dj)  is  given  by  [see,  for  example,  Friedlander 
(1977)] 

2k.T/l  1  \ 

For  particles  much  smaller  that  the  prevailing  car¬ 
rier  gas  mean-free-path  the  relevant  collision  fre¬ 
quency  can  be  obtained  from  the  kinetic  theory  of 
“hard-sphere"  gases,  leading  to 


where  is  the  intrinsic  particle  density.  Fuchs  (1964) 
has  proposed  a  general  interpolation  formula  for  8i  j, 
which  takes  into  account  the  transition  from  the  above 
mentioned  “free-molecule"  regime  to  the  “continuum” 
range.  We  adopted  Fuchs'  interpolation  formula  for 
the  numerical  calculations  described  below,  i.e. 


4D,,(1  -(-/4Xnj)(H-/4A:n,) 

where  =  /?(-)-  Ry,  X,  =  radius  of  particle  i;  /,  = 
mean-free-path  for  particle  i:  y4  =  1.257-1-0.4 
xcApt  — I.lC/A'n,)  (parameter  in  the  Stokes- 
Cunningham  correction  to  the  mobility  of  particles  at 

/8k 

Knudsen  number  Kn,)-,  and  Cj  =  ( — ^1  (mean 

Vnmj  / 


thermal  speed  of  particle  I).  Before  discussing  other 
coagulation  mechanisms  it  is  relevant  to  observe  that, 
even  though  in  these  enviro.iments  thermophoresis 
dominates  the  Brownian  diffusion  as  a  mechanism  for 
microparticle  transport  to  the  macroscopic  surface, 
this  does  not  imply  that  Brownian  motion  will  necess¬ 
arily  make  an  insignificant  contribution  to  the  rate  of 
particle-particle  encounters  within  the  LBL. 


Laminar  shear-induced  coagulation.  Particles  of 
finite  diameter  in  a  laminar  shear  flow  will  encounter 
one  another  becauce  cf  their  relative  motion.  This 
mechanism  is  described  by  a  collision  kernel  ^(d^,  dj) 
(Friedlander,  1977)  of  the  form 


where  \duldy\  is  the  local  deformation  rate  (“shear 
rate”)  of  the  gas  mixture  in  the  BL. 

As  is  well  known,  there  is  also  a  lift  force  on  particles 
which  “slip”  relative  to  a  shear  flow  [see,  for  example, 
Saffman  (1965)].  In  general,  this  phenomenon  causes  a 
differential  velocity  which  would  also  give  rise  to 
coagulation.  However,  in  the  present  case  the  (inertial) 
particle  stopping  times  are  small  enough  to  render  the 
required  “slip"  negligible.  Thus,  when  the  so-called 
“diffusion  model”  for  treating  such  a  two-phase  mix¬ 
ture  is  valid  [see  Rosner  «iiu  Park  ( 1 988)  and  Park  and 
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Rosner  ( 1 989)]  this  vorticity-induced  “lift”  mechanism 
of  coagulation  can  be  neglected. 

While  not  pursued  further  here,  it  is  interesting  to 
note  that,  if  the  coagulating  particles  did  not  quickly 
coalesce  to  form  spheres,  then  nonspherical  particles 
of  all  orientations  would  be  present  within  the  thermal 
LL.  Recent  work  of  Garcia-Ybarra  and  Rosner  (1989) 
reveals  that  even  nonspherical  particles  of  equal  size 
but  different  orientations  (cf  —grad  7")  would  over¬ 
take  one  another  in  such  an  environment.  Moreover, 
Brownian  rotation  of  nonspherical  particles  in  a  tem¬ 
perature  gradient  will  also  bring  about  encounters  due 
to  particle  drift  perpendicular  to  —grad  T.  The  rate 
constants  and  consequences  of  these  “new”  mechan¬ 
ism  of  coagulation  will  be  treated/discussed  elsewhere 
(Garcia-Ybarra  et  ai,  1988). 

RESL  LTS  AND  DISCUSSION 

For  illustrative  purposes  Figure  3  shows  a  com¬ 
parison  of  coagulation  rate  constants  for  particles  of, 
say,  0.2  /tm  diameter  (the  particle  diameter  in  the 
mainstream)  interacting  with  particles  of  diameters 
between  0.02  and  2  pim.  The  shear-induced  coagula¬ 
tion  kernel  is  based  on  |ru/oi  =  10^s“ ',a  value 
typical  of  the  BL  flow  region  in  some  optical  wave¬ 
guide  manufacturing  processes.  Note  that,  while 
Brownian  coagulation  is  initially  dominant  under 
these  conditions,  shear-induced  coagulation  is  by  no 
means  negligible,  and  at  1500  K  becomes  comparable 
to  Brownian  coagulation  for  “monomers”  interacting 
with  "hexamers"  (particle  volume  equal  to  six  primary 
particles). 

Figure  4  shows  our  predicted  results  for  the  size 
distribution  of  depositing  particles  when  we  assume 
for  simplicity  that  in  the  local  mainstream  (station  ®) 
all  particles  are  of  the  same  size  (d^  =  0.2  ptm).  Here  the 
total  coagulation  kernel  has  been  assumed  to  be 
the  sum  of  Brownian  coagulation  kernel,  ^Brown<  3nd 
local  shear  coagulation  kernel,  .  Our  results  show 
that  even  if  the  particles  are  all  of  the  same  size  (i.c. 
"monodispterse")  at  the  outer  edge  of  the  BL,  signifi¬ 
cant  particle  coagulation  occurs  within  the  LBL  due  to 
both  the  particle  Brownian  motion  and  the  intense 
fluid  shear.  Indeed,  nonnegligible  concentrations  of 
even  the  “hexamer"  are  indicated  at  the  “dusty 
gas"/deposit  interface.  Of  course,  in  practice,  a  signifi¬ 
cant  amount  of  (Brownian)  coagulation  would  also 
occur  outside  of  the  BL.  However,  considering  the 
expierimentai  difficulty  of  optically  measuring  the  par¬ 
ticle  size  distribution  (PSD)  within  very  thin  non- 
isothermal  BLs,  and  the  more  straightforward  meas¬ 
urement  of  the  particle  size  distribution  in  the  local 
mainstream  (outside  the  BL),  the  present  mathemat¬ 
ical  model  and  numerical  methods  could  be  judic¬ 
iously  combined  with  the  experimentally  measured 
mainstream  PSD  to  infer  the  size  distribution  of  the 
depositing  particles. 


'Equation  (3-1)  corrects  a  typographical  error  (of  omis¬ 
sion)  in  eqs  (A5-I)  and  |A5-3)  of  Rosner  and  Park  (1988) 
(absence  of  the  exponent  —  I  in  the  expression  for  t^,). 


Particle  Radius,  Rp  (jim) 

Fig.  3.  Comparison  of  suspended  particle  coagulation  rate 
constants  fi  {[(particles/cm’)  (s)]"’}  for  binary  collisions 
with  a  “test"  particle  of  diameter  0.2  /im. 


Since  the  dimensionless  particle  mass  transfer  coef¬ 
ficient,  St„,  or  the  closely  related  capture  fraction, 
are,  generally,  particle-size-dependent  [see,  for  example, 
Friedlander  (1977)  and  Rosner  (1986,  1988b)]. 
and  the  mainstream  is  usually  “polydispersed”  (multi¬ 
sized),  there  will,  of  course,  be  a  calculable  “shift”  in 
the  PSD  across  the  BL,  even  in  the  absence  of  BL 
coagulation  processes  [see,  for  example,  Rosner  and 
Tassopoulos  (1989)].  However,  an  additional  shift 
and  broadening  can  occur  due  to  BL  coagulation 
processes  emphasized  here.  In  the  present  cases,  this 
can  be  anticipated  whenever  the  characteristic  time  for 
coagulation  is  not  negligible  on  the  time-scale  of 
particle  drift  across  the  BL.  The  ratio  of  these  two 
characteristic  times,  which  can  be  regarded  as  a  coagu¬ 
lation  “Damkohler  number”  (Rosner,  1986;  Rosner 
and  Park,  1988),  can  be  written  as’ 


(Dam)^^ 


T, 


(ajD,)T.-T^ 


47tC, 


tiip' 


(3-1) 


for  Brownian  coagulation  of  a  single  size  class.  Ac¬ 
cordingly,  PSD  shifts  associated  with  Brownian  co¬ 
agulation  in  a  thermophoretically  dominated  BL 
should  be  expected  whenever  (Dam)^,,,  given  by  eq. 
(3-1)  is  not  negligible  compared  fo  unity.  Note  that  the 
product  (Kn,_Nu^)  is  the  ratio  of  the  gas  mean-free- 
path  to  the  (slope)  thickness  of  the  thermal  BL,  6j,  and 
C,|,p  is  the  Stokes-Cunningham  “slip”  correction  fac¬ 
tor  [see,  for  example,  Friedlander,  (1977)].  For  com¬ 
pleteness,  the  analogous  parameter  (Dam)^^ 
governing  the  importance  of  BL  coagulation  in 
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Fig.  4.  Predicted  mass  fraction  distribution  of  the  depositing 
particle  (at  station  (w) )  (see  Fig.  2). 


nearly)  isothermal  convective-diffusion  systems  can  be 
written: 


(I) 


3{NuJ^  m. 


<0. 


again  revealing  the  importance  of  the  particle  mass 
loading,  or,  Here,  N, ,  is  the  gas  molecule  number 
density  and  Nu„{  =  ReScSt^)  is  the  nondimensional 
mass  transfer  coefficient  (Nusselt  number  or 
Sherwood  number)  based  on  the  reference  target 
dimension  L  [see,  for  example,  Rosner  (1986)]. 

We  expect,  and  are  currently  studying,  the  decisive 
role  of  the  PSD  of  thermophoretically  depositing 
particles  on  the  microstructure  and  thermophysical 
properties  of  the  porous  glass  “preform”  (Tassopoulos 
et  al,  1989).  Indeed,  this  investigation,  combined  with 
its  predecessors  (Rosner  and  Park,  1988;  Park  and 
Rosner,  1988a-c)  sets  the  stage  for  long  overdue 
quantitative  studies  of  the  important  relationship 
between  deposition  mechanism,  state  of  aerosol 

that  would  evidently  be  useful  in  many  technologies 
involving  “powdery”  deposits 


CONCLUSIONS  AND  IMPLICATIONS 
We  have  developed  and  illustrated  a  mathematical 
model  that  predicts,  under  typical  high  particle  mass 
loading  conditions,  the  size  distribution  of  thermo¬ 
phoretically  depositing  particles  if  the  PSD  of  the  local 
mainstream  (outside  the  BL)  is  specified.  Here,  we 
have  assumed  that  the  principal  mechanisms  of  aer¬ 
osol  particle  coagulation  within  the  nonisothemial 
LBL  are  Brownian  coagulation  and  laminar  shear 
coagulation,  both  of  which  are  found  to  make  non- 
negligible  contributions  under  conditions  typical  of 


industrial  processes  used  in  optical  waveguide  manu¬ 
facture  [see,  for  example,  Keiser  (1983)]. 

In  the  present  class  of  applications  (thermophoreti¬ 
cally  dominated  dep>osition  of  particles  with 
Sc  s  v/Df  t>  1,  Kn,  P  1)  it  is  interesting  that  BL  co¬ 
agulation  does  not  appreciably  alter  the  total  mass 
deposition  rate,  but,  rather,  broadens  (he  size  distribu¬ 
tion  of  depositing  particles — inevitably  leading  to 
more  “opjcn”,  porous  deposits  (Tassopoulos  et  al, 
1989).  More  generally,  BL  coagulation  would  be  ex¬ 
pected  to  alter  (usually  reduce)  the  total  mass  depo¬ 
sition  rate  by  virtue  of  the  attendant  reduction  in 
effective  Brownian  diffusivity. 

Since  the  depositing  particle  size  distribution  helps 
to  determine  important  structural  and  thermophysical 
properties  of  the  resulting  deposits  (e.g.  porosity, 
pjcrmcability,  thermal  conductivity, . . .),  properties 
which  strongly  influence  the  subsequent  materials 
processing  (e.g.  drying,  melting,  consolidation, . . .)  in 
optical  waveguide  manufacture,  the  present  math¬ 
ematical  model  and  illustrative  results  may  have  im¬ 
portant  practical  implications.  This  formulation/brief 
discussion  can  also  serve  as  a  rational  starting  point 
for  subsequent  mathematical  models  which,  depen¬ 
ding  upon  the  specific  environment,  will  inevitably 
require  further  refinements. 

Finally,  this  approach  can  lead  to  a  quantitative 
understanding  of  transport/coagulation-induced 
“shifts"  in  PSD  which  inevitably  occur  in  “intrusive” 
sampling  schemes  [see,  for  example,  Eisner  and 
Rosner  (1985)  and  I>obbins  and  Megaridis  (1987)], 
enabling  inferences  of  mainstream  PSDs  from 
observed  (e.g.  electron  microscope)  PSDs  on  the 
urget. 
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NOTATION 

parameter  in  Cunningham-Millikan 
“slip”  correction  factor  [cq.  (2-6)] 
mean  thermal  speed  of  particle  i 
Cunningham-Millikan  slip  correction 
factor 

Damkohler  number  governing  particle 
coagulation 

diameter  of  (spherical)  particle  i 
Brownian  diffusion  coefficient  for  particle 
;  with  respect  to  particle  i 
particle  Brownian  diffusivity  in  mixture 
dimensionless  (Blasius)  stream  function 
[eq.  (2-3)] 

dimensionless  temperature  ratio  (T/T,) 
mixture  thermal  conductivity 


A 

(^•lip 

Dum„., 

d, 

D.j 

f 


9 

k 


LtS  «4/lO-J 
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kg  Boltztnapn  constant 

kg  gas  phase  thermal  conductivity 

Kn,  Knudsen  number  (l/d^) 

Krii^  Knudsen  number  based  on  target  dimen¬ 

sion  L 

I  gas  mean-free-path 

/,  mean-free-path  for  particle  i 

L  characteristic  dimension  of  target 

L„,  reference  length 

trig  mass  of  gas  molecule 

nip  mass  of  particle 

Mg  molecular  weight  of  gas 

tit  particle  number  density  of  size  class  k 

Np  particle  total  number  density 

Nu  Nusselt  number  (dimensionless  transfer 

coefficient) 

p  pressure  of  gas  phase 

P  function  defined  by  eq.  (2-3) 

Q  function  defined  by  eq.  (2-3) 

r  radial  coordinate  in  axisymmetric  ge¬ 

ometry  (Fig.  1) 

rgfx)  radial  coordinate  to  local  body  surface 

(Fig.  1) 

R  ideal  gas  constant 

Re  Reynolds  number 

Rj  radius  of  spherical  particle  i 

Rjj  Rj  +  Rj 

S  function  defined  by  eq.  (2-3) 

Sc  Schmidt  number  (momentum/mass  dif- 

fusivity  ratio)  (v/Dp) 

T  mixture  temperature 

Tg  gas  temperature 

Tp  particle  temperature 

u  x-direction  mass-averaged  velocity 

(Fig.  I) 

V  y-direction  mass-averaged  velocity 

V,  gas  phase  velocity  vector 

v,  particle  phase  velocity  vector  [eq.  (2-1)] 

X  distance  along  the  wall  (Fig.  I) 

y  distance  locally  normal  to  the  wall  (Fig.  1) 

Greek  letters 

oit  thermal  diffusion  factor  for  particle  trans¬ 

port 

P  coagulation  rate  constant 

S„  Brownian  boundary  layer  (slope)  thick¬ 

ness 

Sj  thermal  boundary  layer  (slope)  thickness 

ti  similarity  variable  defined  after  eq.  (2-3) 

K  index  (0  for  planar  flow,  1  for  axisym¬ 

metric  flow) 

/i  dynamic  viscosity  of  mixture 

V,  gas  momentum  diffusivity  [={ft/p)gj 

(kinematic  viscosity) 

{  streamwise  variable  defined  after  eq.  (2-3) 

p  mass  density  of  mixture 

Pp  intrinsic  mass  density  of  each  particle 

(Op  particle  mass  fraction  in  mixture 

Subscripts 

B  Boltzmann 


coag  pertaining  to  microdroplet  coagulation 

e  at  the  outer  edge  of  the  boundary  layer 

g  gas  phase 

k  pertaining  to  size  class  k{k=l,2,...,K) 

L  pertaining  to  reference  length  L 

m  pertaining  to  mass  transfer 

p  particle  phase 

T,  h  pertaining  to  heat  transfer  (thermal  BL) 

w  at  the  wall  (surface  of  the  particulate 

deposit) 

Abbreviations 

LBL  laminar  boundary  layer 

OWG  optical  waveguide 

PSD  particle  size  distribution 

Operators 

div  (spatial)  divergence 

I  I  absolute  value 

grad  .  spatial  gradient 
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High  Temperature  Kinetics  of  Solid  Boron  Gasification  by 
B203(g):  Chemical  Propulsion  Implications 

R.  Zvuloni,*  A.  Gomez.t  and  D.  E.  Rosnert 
Yale  University,  New  Haven,  Connecticut  06520  USA 


New  now  reactor  measurements  are  reported  of  the  intrinsic  kinetics  of  the  gasification  of  solid  boron  by  each 
of  these  important  vapors:  BjOjig).  0](g),  CO](g).  and  H]0<g)  at  surface  temperatures  between  1330  and  2050 
K.  For  illustrative  purposes,  our  data  for  the  remarkably  efficicni  BjOjfgl/Bts)  reaction  and  the  Ojigl/Bis)  ' 
reaction  are  used  to  discuss  the  expected  sequence  of  ratc>controlling  processes  for  the  combustion  of  individual 
Bis)  particles  in  air  under  typical  ramjet  conditions.  A  diagram  of  (log-)  particle  diameter  vs  (log-)  chamber 
pressure  is  shown  to  be  particularly  usetul  for  (his  purpose,  as  well  as  to  display  the  onset  of  nonconlinuum  be¬ 
havior  and  the  locus  of  expected  particle  extinction  due  to  passivation  associated  with  (be  kinetically  controlled 
onset  of  condensed  BjOy  on  the  gas/solid  interface.  In  this  way  we  show  that,  whereas  most  previous  boron  par¬ 
ticle  combustion  and  extinction  laboratory  experiments  have  been  performed  in  the  regime  of  gas-phase  diffu¬ 
sion  control,  under  conditions  of  actual  ramjet  interest  (he  gas/solid  kinetics  for  the  efficient  BjOyfgj/BCs)  reac¬ 
tion  and  the  slower  Oi(g)/B(s)  reaction,  as  well  as  nonconlinuum  transport  effects,  become  rale  limiting. 


I.  Introfiuction 

Because  the  combustion  of  boron  in  an  oxygen-contain¬ 
ing  gas  has  an  appreciable  potential,  considering  all  possi¬ 
ble  chemical  elements  in  terms  of  gravimetric  and  espe¬ 
cially  volumetric  energy  density,  it  has  been  recognized  as  a 
potentially  attractive  fuel  (see.  e.g.,  Ref.  I).  At  typical  antici¬ 
pated  operating  conditions  (temperature,  pressure,  gaseous 
environment)  and  based  on  its  thermochemical  properties, 
boron  burns  as  a  solid  particle.' '  Because  of  the  necessarily 
Short  combustor  residence  times,  the  required  particle  di¬ 
ameters  are  sufficiently  small  that  the  burning  is  expeaed  to 
be  kinetically  limited  during  most,  if  not  all,  of  the  burning 
time.’'^  Nevertheless,  experimental  and  theoretical  research  in 
the  late  1960s  and  early  1970s-‘'  concentrated  on  diffusion- 
controlled  combustion,  revealing  only  some  of  the  features  of 
boron  particle  combustion  of  the  underlying  semimetal.  In¬ 
direct  determination  of  some  kinetic  parameters  during  ig¬ 
nition  appears  in  recent  work.'  Diffusion-controlled  quasi¬ 
steady  surface  oxidation  of  boron  (like  carbon)  is  found  to  be 
a  two-step  process  since  ambient  Oj  molecules  can  react 
in  the  gas  phase  with  boron  suboxides  to  form  B^Oy,  i.e.,  Oy 
does  not  necessarily  reach  the  particle  surface.  In  such  cases 
the  higher  boron  oxide  vapor,  B}Oj(g),  is  the  main  surface 
gasifier,  playing  the  same  role  as  CO;  in  carbon  gasification. 
However,  as  the  particle  gets  smaller,  this  picture  is  expected 
to  break  down  since  the  following  new  phenomena  become  in¬ 
volved:  1)  kinetics  (homogeneous  and  heterogeneous)  begins 
to  dominate  over  vapor  phase  diffusion,  and  2)  when  the  par¬ 
ticle  diameter  becomes  comparable  to  the  gas  mean  free  path, 
the  individual  panicle  flow-field  is  no  longer  continuum  and, 
hence,  the  transfer  of  heat  and  mass  to/from  the  particle  exhi¬ 
bits  new  characteristics.  ByO,  condensate  may  play  an  impor¬ 
tant  role  under  these  conditions  also.  Under  kinetically  con¬ 
trolled  surface  oxidation  conditions,  ByOyfe)  may  be  present 
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on  the  boron  particle  surface  as  a  continuous  submicroscopic 
layer  or  as  patches,  even  at  temperatures  higher  than  the  (equi¬ 
librium)  condensation  temperature.  Only  by  experimentally 
studying  the  surface  reaction  kinetics  (below)  can  we  reliably 
determine  the  conditions  leading  to  bare  or  covered  surface 
behavior  in  such  nonequilibrium  cases. 

Except  for  a  qualitative  understanding,  until  now  a  lack  of 
experimental  data,  especially  for  the  less  predictable  surface 
kinetics,  has  precluded  accurate  predictions  of  boron  particle 
combustion  behavior  (via  surface  and  gas  phase  kinetics/ 
transport  theoretical/numerical  models)  in  the  kinetically  lim¬ 
ited.  and  possibly  noncontinuum,  regime. 

To  appreciate  the  relative  importance  of  the  previously- 
mentioned  chemical  reactions  (homogeneous  and  heterogene¬ 
ous)  and  transport  processes  we  have  summarized  the  prelimi¬ 
nary  calculations  in  Fig.  I .  The  diagonal  straight  lines  on  our 
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Fig.  I  Boron  particle  combustion  map  displaying  expected:  1)  diffu- 
eion-coRirolled  or  kinetically  controlled  regimes  for  BjOjIg)  and  0](g) 
reactions  with  ilie  surf  ere.  2)  'ransilion  to  nonconlinuum  behavior, 
and  3)  extinction  due  to  surface  passivation. 
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proposed  (log)  particle  diameter  vs  (log)  total  pressure  plane 
define  loci  of  transition  from  the  diffusion-controlled  regime 
to  the  kinetically  controlled  regime  for  surface  reactions  of 
B:0,(g)  and  Oj(g)  with  solid  boron  and  for  the  B^Ojfg)  ho¬ 
mogeneous  formation  reaction.  Also  shown  is  the  Knudsen 
number  locus  An  =  1,  i.e.,  approximately  when  the  continuum 
approach  fails.  A  knowledge  of  the  relative  position  of  these 
three  locii  gives  a  clearer  picture  of  what  are  likely  to  be  the 
important  gaseous  species  and  rate-controlling  mechanisms  in 
the  history  of  a  burning  particle.  In  constructing  this  figure 
(see  Sec.  IV  for  details),  we  estimated  the  homogeneous  kinet¬ 
ics  and  the  0-(g)/B(s)  kinetics  based  on  pievious  fragmentary 
results.  We  deliberately  assumed  the  upper  limit  surface  reac¬ 
tion  probability,  «  =  1,  for  the  BiO,(g)/B(s)  kinetics  (which, 
remarkably,  was  found  to  be  close  to  the  measured  reaction 
probabilities;  see  Sec.  Ill)  and  concluded  that  this  heterogene¬ 
ous  reaction  would  be  important  over  more  than  one  order  of 
magnitude  in  particle  diameter  and,  hence,  three  orders  of 
magnitude  in  particle  mass  (the  vertical  segment  from  the  Oj 
kinetics  locus,  based  on  <  *  0.2,  w  here  B^OjIg)  becomes  the 
dominant  species,  until  the  homogeneous  kinetics  locus  below 
which  B;0,(g)  does  not  have  adequate  time  to  be  formed). 
Since  «  for  the  B;Oj(g)/B(s)  reaction  turned  out  to  be 
somewhat  smaller,  this  interval  would  be  even  broader.  Moti¬ 
vated,  in  part,  by  these  initial  estimates  our  objective  was  to 
study  experimentally,  under  well-defined  conditions,  the  in¬ 
trinsic  kinetics  of  the  high-temperature  surface  reaction  be¬ 
tween  solid  boron  and  B;0,(g)  (structurally  OBOBO,  with  a 
central  B-O-B  angle  in  the  range  95-125  deg).  For  comparison 
purposes  we  also  briefly  examined  the  reagents  0;(g),  CO-(g), 
and  H;0(g). 

II.  Experimental  Techniques 

Principles  and  experimental  techniques  for  measuring  the 
intrinsic  kinetics  of  efficient  gas^solid  reactions  at  realistic 
reagent  pressures  wjthout  encountering  external  transport  lim¬ 
itations  have  been  developed  at  this  laboratory  and  are  dis¬ 
cussed  in  detail  elsewhere.''"'  It  was  found  that  under  condi¬ 
tions  of  small  specimen  size,  high  gas  velocity,  and 
subatmospheric  pressure,  a  laborators  test  environment  ap¬ 
propriate  for  such  kinetic  measurements  can  be  achieved.  For 
monitoring  the  boron  gasification  rate  we  utilize  a  technique 
called  microwave  induced  plasma  emission  spectroscopy 
(MIPES),"  ''  a  sensitise  yet  simple  chemical  element  detec¬ 
tion  technique  capable  of  instantaneous  measurements, 
together  with  high-temperature  flow-reactor  techniques  devel¬ 
oped  earlier  in  our  laboratory  .’ 

Our  experiments  have  been  performed  in  a'transonic,  low- 
pressure  (ca.  0.5  Torr),  steady-flow  chemical  reactor  (Fig.  2). 
^^'e  developed  an  electrically  heated  platinum  boat  source  and 
obtained  measurable  amounts  of  B:0.(g)  effusing  through  a 
slit  (0.5-mm  width)  at  known  conditions  (ca.  T=  1450  K,  at 


Fig.  2  Flo*  reactor  configuration  for  kinetic  itndies  of  gns''iolid 
reactions  using  product  detection  via  microwive  induced  plasma 
emission  spectroscopy  (MIPES). 


which  the  equilibrium  vapor  pressure  is  reported”  to  be  about 
0.2  Pa).  Under  equilibrium  conditions  it  is  known  that  BjOjd) 
vaporizes  predominantly  to  BjOjfg)  with  less  than  O.l^o 
boron  suboxides  simultaneously  present.”  The  downstream 
boron  filament  specimen  (obtained  via  AVCO  Specialty 
Materials),  of  O.I42-mm  diam,  was  electrically  heated  to  the 
desired  temperature  (calculated  from  optical  pyrometer  meas¬ 
urements  using  a  spectral  emittance  of  0.69,  see  Ref.  14  for 
details)  and  attacked  by  the  selected  gaseous  reactant 
(B203,02....)  in  crossflow  using  Ar  as  the  ca'rrier  gas.  The 
reaction  product  stream,  collected  through  a  skimmer  imme¬ 
diately  downstream  of  the  central  (uniform  temperature)  re¬ 
gion  of  the  filament,  meets  an  opposed  jet  of  argon  metastable 
atoms  Ar*  generated  by  the  microwave  plasma  discharge." 
This  leads  to  reaction  product  excitation  and  subsequent  char¬ 
acteristic  radiation  emission.  (In  an  earlier  configuration,'*  we 
found  that  BjOj  condensed  on  the  reactor  walls  was  then 
removed  by  Ar*  and  diffused  back  into  the  central  probe 
volume,  thereby  interfering  with  such  measurements.  Our 
modified  counterflow  geometry  successfully  eliminates  this 
problem.)  Emission  of  the  strongest  boron  line,  at  249.7  nm. 
coming  from  neutral  boron  atoms, was  focused  by  a  35-mm 
fl  fused  silica  lens  onto  the  slit  of  a  0.5-m  monochromator 
(Jarrel-Ash,  Model  84-110),  with  the  signal  collected  into  a 
photomultiplier  tube  (Hamamatsu,  R212)  and  the  output  con¬ 
verted  to  a  voltage  signal  by  a  picoammeter  (Gencom,  Model 
1012).  Since  the  reactant  BjOjlg)  itself  contains  the  element  B. 
a  signal  is,  of  course,  obtained  even  without  surface  reaction. 
Therefore,  the  change  in  signal  over  the  reactant  contribution, 
and  over  the  boron  filament  sublimation  signal,  is  the  signal 
assigned  to  the  surface  reaction  to  form  B-containing  vapor 
products.  A  linear  output  vs  boron  element  mass  flow  rate  was 
obtained  over  ca.  4  decades  of  B-flow  rate.  Further  details  of 
the  experimental  procedure  are  given  elsewhere.'* 

III.  Experimental  Results 

In  Fig.  3,  we  present  our  results  for  the  surface  reaction  rate 
between  solid  boron  and  individual,  important  anticipated 
gaseous  species  as  a  function  of  the  inverse  of  the  solid  surface 
temperature.  Reaction  rate  results  are  shown  in  terms  of  a 
reaction  probability  c,  a  nondimensional  overall  rate  constant 
for  the  (nonelementary)  surface  reaction,  defined  as  the  ratio 
of  the  net  flux  of  boron  atoms,  irrespective  of  speciation, 
emerging  from  the  surface  as  a  result  of  chemical  reaction,  to 
the  arrival  flux  of  the  gaseous  reactant  B.O,.  or  Oj,...  on  the 
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Fig.  3  Reaction  probabilities  for  gasification  of  solid  boron  by 
B]0)(g),  0](g),  H]0<g),  and  CO](g)  at  reactant  pressure  of  the 
order  of  10 ■'  Pa. 
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surface.  Accordingly,  this  presentation  is  independent  of  the 
identity  of  the  reaction  products.  The  boron  sublimation 
branch  (ca.  132  Kcal/mole)  shows  what  would  be  the  contri¬ 
bution  to  the  apparent  reaction  probability  from  the  boron 
atom  flux  subliming  into  a  vacuum  (the  left  line  pertains  to  the 
heavy  reactant  molecule  BjO]  and  the  right  line  pertains  to  the 
lighter  molecules  Oj,  H2O).  The  02(g)  and  0(g)  reactions  on 
high  temperature  boron  surfaces  have  been  studied  before  us¬ 
ing  different  experimental  conditions  and  techniques.'^  We 
repeated  a  portion  of  the  02(g)/B(s)  reaction  study  using  the 
present  MIPES  technique  and  found  similar  behavior.^'  In 
both  cases,  the  reaction  probability  in  the  active  regime 
(relatively  insensitive  to  surface  temperature)  is  ca.  <=0.2. 
Our  new  results  for  the  B202(g)/B(s)  reaction  are  p.esented 
here  in  greater  detail,  along  with  a  discussion  (Sec.  IV)  of  their 
propulsion  implications.  This  reaction  probability  was 

aSSWa^Mn  >  W>  .a..-'.  • 

K  at  an  estimated  partial  pressure  of  10'^  Pa.  Remarkably 
high  reaction  probabilities  {<  =  0.5)  were  inferred,  exhibiting 
very  low  sensitivity  jo  surface  temperature  over  the  raage 
1450-1800  K.  Boron  gasification  by  B20](g)  is  evidently  more 
efficient  than  boron  gasification  by  02(g),  H20(g),  or  C02(g) 
and  is  comparable  to  that  attained  (over  a  narrower  tempera¬ 
ture  interval)  by  atomic  oxygen,  0(g).'’  At  still  higher  surface 
temperatures,  the  B203(g)/B(s)  reaction  probability  rises  to  a 
maximum  of  <  =  0.9  near  1950  K  and  then  falls  steeply.  Below 
about  1450  K,  we  also  observed  a  sharp  reduction  in  reaction 
probability.  The  conditions  at  which  this  fall-off  occurs  (the 
so-called  active-to-passive  transition")  are  of  primary  im¬ 
portance  for  predicting  particle  extinction,  as  discussed  below. 
The  slope  of  the  Arrhenius  curve  (on  the  log  <  vs  i/T plane)  at 
each  point  gives  the  local  overall  activation  energy  of  the  sur¬ 
face  reaction  and  provides  valuable  clues  about  the  detailed 
surface  processes.'*  In  the  aforementioned  fall-off  regime, 
inis  Slope  IS  found  to  coriespund  lu  about  60  Kca!/  muie.  Aiso 
shown  are  our  MIPES  estimates  for  B(s)  gasification  hy 
measured  gaseous  fluxes  of  HjOfg)  or  C02(g)  It  can  be  seen 
that  H2O  contributes  B  atoms  to  the  gaseous  environment  at 
about  the  same  rate  as  boron  sublimation  at  the  measured 
temperatures,  1800-2000  K.  The  observed  reaction  probability 
for  B(s)  attacked  by  C02(g)  is  0.01-0.02  in  the  temperature 
range  1500-1900  K,  with  much  lower  and  T-dependent  appar¬ 
ent  activation  energies. 

In  Fig.  4,  we  summarize  our  results  for  the  active-to-passive 
transition  locus  of  the  B20](g)/B(s)  reaction  as  inferred  from 
experiments  similar  to  the  ones  summarized  in  Fig.  3  but  at 
different  B2O]  pressures.  The  resulting  transition  condition 
establishes  a  locus  that  effectively  divides  the  Pb203*7'  field 
into  two  qualitatively  different  regimes.  The  active  regime  is 
charaaerized  by  high  reaction  probabilities  with  low  apparent 
activation  energies.  The  passive  regime  is  characterized  by 
lower  reaction  probabilities  and  higher  activation  energy  (the 
transition  was  found  to  be  more  abrupt  as  PB2O2  reduced). 
We  have  also  estimated  theoretically  the  active-to-passive 
transition  locus  based  on  a  quasi-equilibrium  approach*  '*'^ 
and  obtained  the  same  general  trend:  the  expected  transition 
temperature  increases  with  B2O}  partial  pressure.  (However, 
the  QE-predicted  slope  was  slightly  different  from  that  ob¬ 
served;  see  Ref.  14  for  further  details.) 

IV.  Chemical  Propulsion  Implications 

As  pointed  out  previously,  measurements  of  the  true  rates 
of  these  surface  reactions  (without  diffusional  falsification) 
enable  us  for  the  first  time  to  estimate  the  relative  importance 
of  the  reaction/diffusion  processes  during  the  burning  history 
of  boron  particle  in  an  oxygen-containing  environment.  In 
Fig.  1,  we  include  four  different  kinds  of  information  on  the 
suggested  logarithmic  graph  of  particle  diameter  vs  total 
R^***“f*  A  typical  gas  temperature  of  2000  K  was  chosen  for 
these  calculations.  The  locus  of  unit  Knudsen  number  (transi¬ 
tion  10  noncontinuum  behavior)  at  this  temperature  is  also 
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Fig  .  4  Aclive-io-passive  transition  locus.  Solid  line:  experimentally 
determined'*:  dashed  line:  inferred  from  quasi-equllibiium  theory. 

shown.  Separated  by  the  diffusion-to-kinetics  transition  loci, 
large  particles  at  high  pressures  experience  diffusion-con- 
trolled  p'article  combustion  and  small  particles  at  low  pres¬ 
sures  lead  to  kinetically  controlled  combustion,  possibly 
in  a  free-molecular  flowfield  (on  the  scale  of  the  individual 
particle  diameter).  The  loci  for  the  02(g)/B(s)  and 
B20,(g)/B(s)  reactions,  consistent  with  our  gas/solid  kinetic 
measurements  (cf..  Fig.  3)  together  with  the  B20)(g)  homoge¬ 
neous  formation  (oxidation  of  the  suboxides  BO(g)  and 
(BO)2(g))  kinetics  shown  on  this  map,  display  an  estimate  of 
when  the  kinetics  of  each  of  these  reactions  is  expected  to 
become  important  compared  to  the  relevant  diffusional  trans¬ 
fer  of  these  species.  While  O2  diffuses  from  the  ambient 
toward  the  boron  surface,  if  B2O)  forms  in  the  gas  phase  near 
the  surface  its  diffusion  rate  is  enhanced  by  a  calculable  factor 
(/>„^’  here  estimated  to  be  about  twofold),  compared  to  sim¬ 
ple  diffusion  in  the  absence  of  homogeneous  reaction.  The 
homogeneous  kinetics  band  shown  here  covers  the  range  of 
results  from  the  highest  possible  bimolecular  collision  rate 
(left  boundary)  to  an  estimated  overall  formation  rate  of  B2O3 
from  boron  suboxides  (right  boundary).  We  based  our  nonele¬ 
mentary  reaction  rate  estimate  on  fragmentary  experimental 
measurements’**’*  and  theoretical  estimates  summarized  in 
Ref.  27  for  selected  gaseous  elementary  reactions  between 
boron-containing  species  and  oxygen-containing  species;  i.e., 
the  rate  of  homogeneous  B203(g)  formation  was  estimated  by 
deducing  what  would  be  the  rate  determining  step  from  the 
possible  rate  constants  appearing  in  Ref.  27.  Homogeneous 
formation  of  atomic  oxygen  in  the  B,0  system  was  predicted 
to  be  negligible  compared  to  B203(g)  formation  in  Ref.  27  and 
consequently  is  not  considered  further  here.  Since  our  meas¬ 
urements  of  the  kinetics  of  the  B203(g)/B(s)  reaction  in¬ 
dicated  higher  reaction  probabilities  than  for  the  competing 
02(g)^B(s)  surface  reaction  we  conclude  (i.e.,  based  on  the 
relative  position  of  the  locii)  that  B203(g)  would  be  the  main 
B(s)  gasifier  in  the  kinetic  regime  if  it  can  be  formed  at  an  ade¬ 
quate  rate  in  the  gas  phase  diffusion  boundary  layer.  Conse¬ 
quently,  a  boron  particle  of  diminishing  size  at  constant 
pressure  (see  the  vertical  path  in  Fig.  1)  will  exhibit  a  slower 
combustion  rate  under  a  critical  size  when  homogeneous  ki¬ 
netics  begins  to  limit  the  formation  of  B203(g)  (thereby  caus¬ 
ing  the  direct  02(g)/B(s)  reaction  to  be  the  main  surface  reac¬ 
tion)  even  though  conditions  favor  active  kinetics  for  both 
surface  reactions.  Another  important  feature  of  these 
kinetically  controlled  combustion  processes  is  possible  extinc¬ 
tion  due  to  the  transition  from  active  to  passive  behavior  for 
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the  surface  oxidation  reaction.  Since  the  overall  oxidation 
reaction  is  exoergic,  when  the  reaction  rate  falls,  less  chemical 
energy  is  released  and  the  particle  surface  temperature 
necessarily  drops.  This  unidirectional  process  leads  to  a  fur¬ 
ther  reduction  in  the  reaction  rate  and  the  particle  surface  tem¬ 
perature,  ultimately  causing  extinction.  We  estimated  the 
active-to-passive  locus  (the  curved  boundary  on  the  graph) 
based  on  our  rather  preliminary  aciive-to-passive  transition 
data  for  the  0}(g)/B(s)  reaction  [data  similar  to  Fig.  4  for  the 
BjOifgl/Bfs)  reaction].  Then  using  a  quasisteady  energy  bal¬ 
ance  for  an  individual  particle,  assuming  maximum  radiation 
losses,  we  estimated  particle  temperatures  as  a  function  of  par¬ 
ticle  diameter  and  total  pressure  (at  T,  =  2000  K  and 
Po^/p»0.20)  and  the  conditions  under  which  passivation 
should  occur  due  to  the  (temperature  dependent)  formation  of 
a  protective  B.Oj(c)  layer  (i.e..  Fig.  4).  Although  this  locus  is 
independent  of  particle  diameter  in  the  free-molecular  regime, 
in  the  continuum  kinetically  controlled  surface  reaction 
regime  the  slope  of  the  curve  is  determined  by  the  solution  of 
the  energy  balance  and,  therefore,  is  not  known  a  priori.  We 
find  that,  in  the  continuum  regime,  lower  pressures  are  needed 
for  extinction  by  passivation  compared  to  the  free-molecular 
regime.  On  the  same  graph  we  also  present  three  rectangular 
domains  of  practical  interest:  I)  the  domain  of  most  previous 
experimental  boron  particle  combustion  research,  which  is  es¬ 
sentially  in  the  diffusion-controlled  domain;  2)  the  domain  of 
oxygen  pressure  and  specimen  size  in  which  we  have  been 
measuring  true  gas''solid  reaction  kinetic  data  (not  falsified  by 
gaseous  diffusion);  and  3)  the  domain  of  principal  ramjet  in¬ 
terest,  which  falls  between  the  domains  of  diitusion- 
controlled  and  kinetically  controlled  reaction  and  also  be¬ 
tween  continuum  to  free-molecular  flow  domains.  Thus,  in 
such  applications  one  cannot  defend  simplifying  assumptions 
frequently  made  as  to  the  rate-controlling  steps  and  local 
flow  fields. 


V.  Conclusions 

Our  experiments  lead  us  to  conclude  that  B^Ojfg)  is  a  very 
efficient  reactant  for  gasifying  solid  boron  at  high  tempera¬ 
ture-much  more  so  than  other  possible  stable  reactants 
(Onlg),  HiO(g),  CO;(g)]  of  chemical  propulsion  interest.  Not 
only  is  B^Ojfg)  found  to  be  locally  comparable  to  0(g)  (cf. 
Refs.  15  and  17)  but  it  is  efficient  over  a  much  broader  surface 
temperature  range.  It  follows  that,  provided  there  is  adequate 
residence  lime  (in  the  gaseous  boundary  layer  near  a  burning 
particle)  to  form  B;0](g)  by  the  vapor  phase  oxidation  of 
boron  suboxides  (BO,  (BO);,...],  the  BjOj(g)/B(s)  heteroge¬ 
neous  reaction  will  be  the  most  important  channel  through 
which  B(s)  is  gasified.  We  estimate  that  at  atmospheric 
pressure  boron  particles  under  about  30-Mm  diam  would 
undergo  kinetically  limited  combustion  and  the  surface  attack 
would  be  governed  by  the  B203(g)/B(s)  reaction  until  the  par¬ 
ticle  diameter  reached  ca.  3  (im.  This  means  that  a  particle  of, 
say,  30-3im  initial  diameter  would  deliver  as  much  as  99.9%  of 
its  mass  and  energy  under  conditions  of  BjOjfgj/Bfs)  rate 
control,  whereas,  if  we  considered  a  particle  of  IO->im  initial 
diameter,  97.8%  of  its  mass  and  energy  would  be  delivered 
under  the  same  conditions.  Under  ca.  3  ^m  particle  diameter, 
we  estimate  that  the  particle  surface  would  be  attacked  mainly 
by  Ojfg),  thereby  reducing  the  gasification  rate  by  some  2-3 
times.  From  the  above  arguments,  we  conclude  that  this  tran¬ 
sition  to  the  Ojfgl/Bfs)  surface  reaction  would  not  be  impor¬ 
tant  for  initially  large  particles  (say,  10-30  fim)  since  the 
relative  amount  of  mass  and  energy  released  at  this  latter  stage 
would  be  negligible.  However,  fine  fuel  panicles  (about  l-^tm 
initial  diameter  or  less)  would  undergo  kinetically  controlled 
surface  reaction  by  the  slower  Ojfgl/Bfs)  reaction  with  a  cor¬ 
respondingly  slower  energy  release  rate.  Furthermore,  at 
about  I -Mm  diameter,  the  burning  particle  boundary  layer  can 
evidently  no  longer  be  considered  a  continuum.  Thus, 
continuum-io-free  molecular  transition  flow  theories  should 


be  included  in  simulation  calculations  if  an  appreciable  frac¬ 
tion  of  energy  is  expected  to  be  released  under  such  condi¬ 
tions.  Our  calculations  also  indicate  that  near  atmospheric 
pressure  a  small  solid  boron  particle  undergoes  heterogeneous 
reaction  in  the  kinetically  active  regime  and  would  be  likely  to 
remain  in  this  regime  through  its  entire  burning  time.  This  im¬ 
plies  that  a  successfully  ignited  particle  in  the  environments 
considered  here  should  not  extinguish  due  to  a  possible  reduc¬ 
tion  of  the  surface  gasification  rate  resulting  from  “surface 
passivation"  by  BjOjfc). 

With  the  help  of  experimental  measurements  for  several  im¬ 
portant  gas/solid  reactions,  we  have  shown  that  it  is  possible 
to  identify  the  chemical  kinetic  and  physical  phenomena  likely 
to  play  a  dominant  role  at  each  stage  in  the  combustion  history 
of  a  solid  boron  fuel  particle.  These  considerations  should  be 
included  in  future  mathematical  models.  As  is  well  known,  in 
practice,  hydrogen-  and/or  carbon-containing  species  may 
also  be  present  and  thus  complicate  the  simple  picture  illus¬ 
trated  here  for  the  B/O  system.  However,  using  the  same  gen¬ 
eral  strategy,  i.e.,  experimentally  obtaining  the  missing  neces¬ 
sary  information  (which  in  most  cases  today  falls  in  the  area  of 
chemical  kinetics  of  homogeneous  and,  especially,  heterogene¬ 
ous  reactions:  see,  e.g..  Ref.  28)  under  well-defined  condi¬ 
tions,  combined  with  environmentally  specific  transport 
calculations,  one  can  identify  the  appropriate  phenomena  to 
include  in  a  sufficiently  comprehensive  model  of  boron  parti¬ 
cle  combustion  in  airbreathing  propulsion  systems. 
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Abstract 

Intrinsic  heterogeneous  kinetics  of  the  high  temperature  gasification  of  solid  boron, 
carbon,  and  boron-carbide  by  several  important  vapors  are  investigated  utilizing  newly 
designed  low-pressure  Transverse  Filament  Flow  Reactor  techniques,  together  with  a 
sensitive,  'real-time'.  Microwave  Induced-Plasma  Emission  Spectroscopy  element 
detection  technique.  Reactions  of  solid  boron  with  each  of  the  vapors:  B203(g),  02(g), 
C02(g).  and  H20(g).  as  well  as  mixtures  of  B203(g)  and  H20(g),  are  investigated.  The 
carbon  reaction  u  ith  B203(g)  and  the  boron-carbide  reaction  with  B203(g)  and  02(g)  were 
also  measured  in  an  effon  to  identify  key  surface  reactions  in  ramjet  combusors  utilizing 
boron-containing  hydrocarbons  fuels.  Experimental  conditions  covered  surface 
temperatures  between  1300  K  and  2100  K  and  reactant  partial  pressures  between  ca.Kh^  to 
10'*  Pa.  Quasi-Equilibrium  (QE)  theory  was  used  to  provide  complementary  information 
on  the  thermodynamically  favored  surface  product  distribution. 

Results  revealed  remarkably  high  reaction  probabilities  for  B203(g)  attacking  boron  and 
pyrolytic  carbon,  with  a  maximum  close  to  unity  near  2000  K,  much  higher  than  that  for 
the  02(g)/B(s)  reaction  and  comparable  to  that  previously  observed  for  atomic  reactants, 
e.g.,  0-atom  attack  of  boron.  The  C02(g)  and  H20(g)  contribution  to  B(s)  gasiHcadon  is 
modest.  B4C(s)  was  found  to  be  an  excellent  protective  material  in  an  oxidizing 
environment  of  02(g)  or  B203(g).  Transition  conditions  for  'passivation'  of  the 
B203(g)/B(s)  reaction  were  identified  experimentally  and  found  to  be  in  qualitative 
agreement  with  Quasi-Equilibrium  model  predictions 


QE  results  provided  ancillary  information  on  the  partial  pressure  distributions  of  the 
gaseous  products.  For  the  B203(g)/B(s)  system  the  reaction  products  are  primarily  the 
monomer  BO  in  the  high  temperature  regime,  1500-2200  K  and  the  dimer  (BO)2  in  tl^e 
intermediate  temperature  regime,  ca.  1050-1500  K.  Under  the  conditions  investigated,  the 
addidon  of  hydrogen-containing  species  (e.g.  HiOig))  to  the  oxygoi/boron  system  resulted 
mainly  in  hydrogen  products  in  the  form  of  H  and  H2  rather  than  complex  products  ( i.e., 
containing  B,0,  and  H  atoms).  QE  results  for  the  B203(g)/C(s)  reacdon  revealed  that  at 
temperatures  higher  than  ca.  1600  K  the  main  gaseous  products  were  CO  molecules  and  B 
atoms  while  in  the  lower  temperature  range,  ca.  1100-1600  K  the  main  Q£-predicted 
surface  reacdon  products  were  the  dimer  (BO)2  and  CX)  at  comparable  partial  pressures.  QE 
results  together  with  the  experimental  measurements  of  the  observed  (overall)  Idnedcs  of 
the  gasificadon  of  boron,  graphite,  and  boron-carbide,  provided  the  basis  for  our  analysis, 
of  the  mechanisdc  implicadons  (i.e.  elementary  steps)  of  each  of  these  reacdons. 

Our  data  for  the  remarkably  efficient  B2C)3(g)/B(s)  reaction  and  the  02(g)/B(s)  reacdon 
have  also  been  used  to  discuss  the  expected  sequence  of  rate-controlling  processes  for  the 
combustion  of  individual  B(s)  particles  in  air  under  typical  ramjet  condidons.  A  diagram  of 
(log-)  particle  diameter  vs.  (log-)  chamber  pressure  is  shown  to  be  particularly  useful  for 
this  purpose,  as  well  as  to  display  the  onset  of  non-continuum  behavior  and  the  locus  of 
expected  particle  extinction  due  to  "passivation"  associated  with  the  Idnedcally-controlled 
onset  of  condensed  B2O3  on  the  gas/solid  interface.  In  this  way,  we  have  shown  that, 
while  most  previous  bore  r*  particle  combustion  and  extinction  laboratory  experiments  were 
performed  in  the  regime  of  gas-phase  diffusion  control,  under  conditions  of  actual  ramjet 
interest  the  gas/solid  kinetics  for  the  efficient  B203(g)/B(s)  reaction  and  the  slower 
02(g)/B(s)  reaction,  as  well  as  non-continuum  transport  effects,  becenne  rate-limiting. 

As  an  important  "by  product'  of  this  research,  we  also  present  details  of  flow  reactor 
improvements  and  current  capabilities  of  the  M1PE5  detection  technique. 


